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Module 1

Partial Differential Equation
Topics & Contents:
* Origin of Partial Differential Equations (PDEs)
* Linear and Nonlinear PDEs of First Order
* Lagrange's Equations
* Charpit's Method
* Cauchy's Method of Characteristics
* Solution of linear PDEs of higher order with constant coefficients

* Equations reducible to linear PDEs with constant coefficients

Motivations and Context : The aim of this is to introduce and motivate partial differential
equations (PDE). The section also places the scope of studies in APM346 within the vast
universe of mathematics. A partial differential equation (PDE) is an gather involving partial
derivatives. This is not so informative so let’s break it down a bit. The mathematical
formulations of many problems in science and engineering reduce to study of first-order PDEs.
For instance, the study of first-order PDEs arise in gas flow problems, traffic flow problems,
phenomenon of shock waves, the motion of wave fronts, It is therefore essential to study the
theory of first-order PDEs and the nature their solutions to analyze the related physical
problems. we shall study first-order linear, and nonlinear PDEs and methods of solving these
equations. An important method of characteristics is explained for these equations in which
solving PDE reduces to solving an ODE system along a characteristics curve. Further, the
Charpit’s method for nonlinear first-order PDEs are discussed. Partial Differential Equations
arise when physical laws involve functions that depend on more than one independent variable,
such as space and time. They are obtained by eliminating arbitrary constants or arbitrary

functions from equations.

A Partial Differential Equation (PDE) involves an unknown function z = f(x, y)and its partial

derivatives with respect to independent variables xand y.



e Standard Notation:

0z 0z 0%z 0%z 0%z

=, = -, =, -, t:—
P=5 4 dy T2 B oxy dy?

Order of a PDE: The order of the highest derivative term in the equation is called the order
of the PDE.

e Formation:

1. By Eliminating Arbitrary Constants: For f(x,y,z, a, b) = 0, differentiate partially
with respect to X and y to eliminate a and b.

Example. Form a partial differential equation fromx* + y* + (z — ¢)® = a%

Solution.x* + y*> + (z — ¢)®> = a® ...(1)
(1) contains two arbitrary constants a and c.
Differentiating (1) partially w.r.t.x we get
2x + 2(z — ¢)(0z/0x) = 0
or x+(z—-—¢cp=0...(2)
Differentiating (1) partially w.r.t.y we get
2y + 2(z — c)(0z/dy) = 0
ory+ (z—-—¢q=20 ...(3)
Let us eliminate c from (2) and (3)
From (2): (z — ¢) = —x/p
Putting this value of z — cin (3), we get
y—(&/p)q=0
or yp — xq = 0.
2. By Eliminating Arbitrary Functions: For ®(u,v) = 0, differentiate partially with
respect to xand yto eliminate the arbitrary function ®.

Example. Form the partial differential equation fromz = f(x* — y?)

Solution.z = f(x* — y*) ...(1)
Differentiating (1) w.r.t.x and y:
p=0z/0x = f(x* —y) - 2x ...(2)
q=0z/dy = f(x* = y*) - (=2y) ...(3)
Dividing (2) by (3) we get:

p/q = —x/y or py = —qx

or yp +xq = 0.



Linear & Non-Linear First-Order PDEs:
o Lagrange's Quasi-Linear PDE: An equation of the form:

P(x,y,2)p+Q(x,y,2)q = R(x,y,7)

e Non-Linear First-Order PDE: An equation involving p and q in non-linear forms,

classified into standard types or solved using Charpit’s Method.
Derivations & Analytical Methods:
Method 1: Lagrange’s Method for Quasi-Linear First-Order PDEs
Derivation:
Let the quasi-linear PDE be:
P(xy,2)p +Qxy,2)q =R(xy,2) --(1)

Let u(x,y,z) = ¢, and v(X,y,z) = c, be two independent solutions of the associated auxiliary

system. Taking total differentials:

do=ax Py + Mz = o
Tox Ty Y T
v+ P+ %= 0
Tax ey Y T, T

Since zis a function of xand y, substituting dz = p dx + qdy:

<6u+ au)d +<6u+ au)d _ 0
ax " Paz dy 19) %Y =

Equating coefficients of dxand dyto zero gives:

du/ 0x du/ dy

P="%uw/az2 17 "au/az

Substituting pand qinto (1):

P(~5u790) * U Gran) -
Jdu Jdu

du
$P6—+Q—+ aZ =0



This yields the Lagrange Subsidiary/Auxiliary Equations:

Example:
Solve x(y—z)p +y(z—x)q = z(x —y).
Solution:

Auxiliary Equations:

dx  dy  dz
x(y—2z) yz-x%  z(x—y)

Using Multipliers (1,1,1):

1-dx+1-dy+1-dz _dx+dy+dz
x(y—2) +yz—x) +z(x—y) 0

=dx+dy+dz=0=>x+y+z=¢
Using Multipliers (1/x,1/y,1/z):
1 1 1 1 1 1
;dx+§dy+zdz _idx+§dy+zdz
-2+ @Z-x+&-y) 0

1 1
=>;dx+§dy+;d2=0=>~lnx+lny+lnz=lnc2 = XyZ = C,

General Solution:®(x + y + z,xyz) = 0.

Method 2: Cauchy's Characteristic Method:

Derivation: Consider a first-order quasilinear partial differential equation of the form:
a(u/ox) + b(0u/ady) = f(x,y) + Ku, u(0,y) = h(y) --(1)
Here coefficients a, b, and f depend on x, y, and u, but not on the derivatives of u.
Let u(x, y) be the solution of equation (1). Total derivative:
du = (du/ 0x)dx + (du/ dy)dy (Total derivative)
= dx(0u/ 0x) + dy(du/ dy) = du ——— (2)

From (1) and (2), we get the Auxiliary Equations (A.E.):



dx/a = dy/b = du/[f(xy) + Ku] ——-—(3)
Taking the first two fractions from equation (3):

dx/a =dy/b = bdx —ady = 0
On integrating: bx — ay = ¢ ——— (4)

Taking the first and third fractions from equation (3):
dx/a = du/[f(xy) + Ku]
Substituting y = (b x - ¢) / a from equation (4):
dx/a = du/[f(x,(bx — ¢)/a) + Ku]
= (du/dx) — (K/a)u = (1/a)f(x,(bx — c)/a) ——— (5
which is an ODE in u. The complete solution of (5) is:
u = Gxc)+c ———(6)
where c; = g(c) and replacing ¢ = bx — ay from equation (4):

>u==G6G(xc)+g(c)=>ulxy) =G bx —ay)+ g(lbx — ay).

Example:

Solve : (Ou/ 0x) + (Ou/ dy) = x+y, ux0) =0

Solution: Here (du/ dx) + (Qu/ dy) = x+y ——-— (1)
Here A.E. is:

dx /1 =dy/1 =du/(x+y) ——-— (2)
Taking first two fractions:

dx =dy = dx —dy =0

On integrating: X —y = c¢; ——— (3)
Taking second and third fractions:
=>dy=du/(x+7y)
= dy = du/(2y + c¢;) from (3)
= du = (2y + c1) dy

On integrating:



uxy) =y’ + ay +c
Letc, = g(cy) then:

Suxy) =y + x—-yy+gx-—y
= uxy) =xy+gx—-y) ———(5)

where g is an arbitrary function.
Condition: u(x,0) = 0
From (5): u(x,0) = 0 + gx) = 0 = g(x)
~gx-y)=0 ——-(6)
Using (6) in (5):

uxy) = xy

General solution: u(x,y) = xy.

Solve the following First-Order Partial Differential Equations:
1. ux — yu = 0, with condition u(0,y) = 1

2. Uy + uy, = u,

with condition u(x,0) = 1 + €* Ans. u(xy) = e* + ¢

Method 3: Charpit’s Method for Non-Linear First-Order PDEs:

Derivation: Consider a general non-linear first-order PDE:

fxy,zp@) =0 --(1)

We seek an additional relation g(X,y,z,p,q) = 0 --- (2) such that pand gcan be solved from

(1) and (2) to render dz = p dx + q dy integrable.
Difterentiating (1) and (2) partially with respect to xand y:

of of odfodp 0dfadq
—4p—t——t——=
0x dz Jdpox 0qo0x
d dg 0gdp 0go
0x Jz O0pdx dJqo0dx



Eliminating Z—E and using the compatibility conditions Z_z = g—z, we obtain Charpit's
Auxiliary Equations:
dx dy dz _dp _ dq
of of of of — of of  of of

"9 "aq Pap 99q P oyt %
1. Example:
Example. Solve: px + qy = pq
Solution.f(x,y,z,p,q) = Oispx + qvy — pq = 0 ...(1)

of/ox = p, df/dy = q, 0f/0z = 0, df/dp = x —
q 0f/dq =y —p
Charpit’s equations are:

dx/-(x—q) =dy/—-@y —p) =dz/[-px—q@ —qy — p)] =dp/p
=dq/q =d¢ /0

We have to choose the simplest integral involving p and q:

dp/p =dq/q = logp =logq +loga = p = aq
Putting for p in the given equation (1), we get:

q@@x+y) =aq®> = q=(y+ax)/a
- p=aq =y + ax

Now,dz = pdx + qdy ...(2)

Putting for p and q in (2), we get:
dz = (y + ax)dx + [(y + ax) /a]dy

adz = (y + ax)dx + (y + ax)dy
adz = (y + ax) (adx + dy)
Integrating:
az = (y + ax)?/2 + b
General solution: az = % (y + ax)? + b.

Higher-order linear PDEs with constant coefficient:
ap (0"z/ 0x™) + a; (d"z/ 9x" ' dy) +...+a,(0"z/ dy") = F(xy) ...(1)

is called a homogeneous linear partial differential equation of nth order with constant
Coeffients .

It is called homogeneous partial differential equation.

(a@eD" + a; D™D’ +...+a, D™z = F(xy)



or
f(D,D")z = F(x,y)

RULES FOR FINDING THE COMPLEMENTARY FUNCTION (C.F.):
Consider the equation

ao (0%°z / 0x%) + a; (0%z/ 0x0dy) + a, (9°z/ dy*) = 0

or (apD* + a;, DD’ + a,D'?)z =0

1st step: PutD = mand D’ = 1 to obtain the auxiliary equation:
aom® + ajm+ a; = 0

2nd step: Solve the auxiliary equation.

Example .Solve: (D> — 4D?D' + 3DD'¥)z = 0

Solution. Given (D* — 4D*D’ + 3DD'?*)z = 0.PutD = m,D' = 1.
Its auxiliary equation is:

m>* —4m* +3m =0 or m(m* —4m + 3) =0
m(m-1)(m—-3)=0 > m=20,1,3

The required solutionis: z = f;(y) + f2(y + x) + f3(y + 3x)
Example . Solve: 0°z/ 0x* — 4 3%z/(0xdy) + 4 9°z/dy* = 0
Solution.(D* — 4DD’ + 4D'*)z = 0.PutD = m,D’ = 1.

Its auxiliary equation is:

m>—4m+4=0o0or (m—-—2?2* =0 = m=22

The required solutionis: z = f;(y + 2x) + xf,(y + 2x).
EXERCISE :

Solve the following equations:

1.0%z/ 0x* + 4 0%z/(0xdy) — 5 d%z/ dy? = 0 z
= fi(y + x) + f(y — 5x

2622+562Z+2azz=0 z

" 0x? 0x dy dy?

= Ry — x) + f,(y — 2x).

RULES FOR FINDING THE PARTICULAR INTEGRAL (P.L.):
Given partial differential equation: f(D,D") Z = F(x,y)
P.I.= [1/f(D,D)] F(x,y)



(i) When F(x, y) = e(@*+by)

P.L.= [1/f(D,D")] e@*+b¥) = g(@x+by) /f(3,b) [PutD = a, D' = b]

(ii) When F(x,y) = sin(ax + by)orcos(ax + by)

P.I.= [1/f(D*DD’,D'?*)]sin(ax + by)orcos(ax + by)

PutD? = —a®>,DD’ = —ab,D* = —b*

P.I.= [sin(ax + by)orcos(ax + by)]/f(—a% —ab,—b?

(iii) When F(x,y) = x™y"

P.I.= [1/f(D,D")] x™y™ = [f(D,D")]"* x™y"

Expand [f(D,D")]™* in ascending powers of D or D’ and operate on x™y™ term by term.
(iv) When F(x,y) = Any function

P.I.=[1/(D — mD")]F(xy)
= [ F(x,c — mx)dx where cisreplacedby y + m x after integration.

Case 1.When R. H.S. = e(@x+by)

Example
Solve: 0%z/ 0x°> — 3 0%z/(0x*dy) + 4 03z/ dy® = e(*+2¥)
Solution. Given equation in symbolic form is:

(D®> = 3D*D' + 4D"®) z = ™)
ItsA.E.ism® — 3m? + 4 = 0,whencem = —1,2,2.

C.F.=fi(y —x) + f2(y + 2x) + xf5(y + 2x)
P.l.= [1/(D® — 3D2D’ + 4D)] e+2»)

PutD = 1,D" = 2:

P.L=e*2)/ (1 - 6 + 32) = e+ 27

Hence complete solution is:
z=f1(y — x) + fo(y + 2x) + x f3(y + 2x) + (1/27)e*+2»)

EXERCISE :

9%z & = e(x+237)

"oxz oy?
Ans.z = f;(y + x) + f,(y — x) — Yse™+2)
0%z 0%z 0%z
2'6x2_ 56X6y+ 66y2
= fi(y + 2x) + f,(y + 3x) + Yee**Y

= XtV Ans. z




Case 2.WhenR.H.S.= sin(ax + by)orcos(ax + by)

Example.
Solve: 0%z/ 0x® — 4 3%z/(0x*dy) + 4 9°z/(0x0dy*) = 2sin(3x + 2y).
Solution. Putting d/ dx = D,d/dy = D"
(D® — 4D?D’ + 4DD'*)z = 2sin(3x + 2y)
AEm(m—-2)2=0>m=0,22.
C.F.=f1(y)+f(y +2x) + xf3(y + 2x)
P.I.=2-[1/D(D? — 4DD’ + 4D'®)]sin(3x + 2y)
PutD* = —9,DD' = —6,D'* = —4:
P.1.=2-[1/D(-9 — 4(—6) + 4(—4))]sin(3x + 2y)
= (—2/D)sin(3x + 2y)
= —24[—cos(3x + 2y)]
= 24cos(3x + 2y)

General solution : z = f1(y) + fo(y + 2x) + xf3(y + 2x) + Z5cos(3x + 2y)

EXERCISE :
0%z ) 0%z +6zz
0x? 0xdy  0y?
= fi(y + x) + xfo2(y + x) — sinx
2.(D?-= DD")z = cosxcos2. z = f;(y)+ f,(y + x) + Yacos(x + 2y) —
1
(g) cos(x — 2y).

1. = sin x. Z

Case 3.When R.H.S.= x™y"

Example. Find the general integral of: 0%z/0x* + 30%z/(0x0y) + 20°z/0y* = x + y.
Solution. (D?+ 3DD' + 2D )z =x+y

AE:m*+3m+2=0=>m=-1,-2.

C.F.=fi(y—x)+ f2(y — 2x)

P.1.=[1/(D?*+ 3DD’' + 2D'®)](x + y)

= (1/D*)[1+ (3D'/D) + (2D"*/D)] ™ (x + )

= (1/D*)[1 - 3D'/D)+...1(x + y)

= (1/D)[x +y — 3/D)(D)]



= (1/D*)[y — 2x]

= Yex?y — (x*/3)

Hence complete solution:

z=fily —x0)+ Ly — 2x)+ Vex’y — Vx>

EXERCISE
Solve the following partial differential equations:

0%z 0%z 5 ,
Lo 7= XV 2= hy—% + Ly +x + (3/6) — (y/2)

0%z 0%z 9%z , \
2'67+ 3 3%y + 2 ay7) = 12xy. z = fi(y —x) + fo(y — 2x) + 2x°y — (3x*/2)

2.Case IV.When R. H.S. = Any Function

Example
Solve 0%z/dx* + 0%z/0xdy — 6(8°z/0y*) = ycosx.

Solution:

In operator form: (D?> + DD’ — 6D'*)z = ycosx

Auxiliary Equation: m*+m—-6=0=> (m+3)(m—-2)=0=>m=2,-3
C.F.= f1(y + 2x) + f2(y — 3x)
P..= [1/(D — 2D")(D + 3D")]ycosx
Puty = ¢ + 3x:

= [1/(D — 2DN]J (¢ + 3x)cosxdx = [1/(D — 2D")][(c + 3x)sinx + 3cosx]
= [1/(D — 2D")][ysinx + 3cosx]

Puty = ¢ — 2x:

= [ [(c — 2x)sinx + 3cosx]dx = —(c — 2x)cosx — 2sinx + 3sinx
= —ycosx + sinx

Hence, the complete solution is:

z=f1(y + 2x) + f.(y — 3x) + sinx — ycosx

EXERCISE

Solve the following equations:

1. (D — D)(D + 2Dz = (y + 1)e~ z =6 +x)+ L — 2%+ ye"
9z 02
Z.T;—#z tan®x tany — tan x tan3y. z =0y +x)+ LY -—x +

(1/2) tanx tany.



Question Bank

1. Form the PDE by eliminating aand bfrom z = (x + a)(y + b). Ans:z
=pPq

2. Define quasi-linear, semilinear, and non-linear partial differential equations.

3. Write down Charpit’s auxiliary equations for f(x,y,z,p,q) = 0.
Ans :dx/f, = dy/fy = dz/(pf, + afy) = —dp/(f + pf) = —da/(f, + af;)

4. State the condition for the equation P dx + Q dy + R dz = Oto be integrable.
AnsP0Q/0z — 0R/dy + QOR/0x — 0P/dz + ROP/dy — 3Q/dx =0

5. Solvep +q = 1. Ans z=ax +
A-a)y+c

6. Find the complete integral of p? + q% = 1. Ans z = ax +
Vvl —ad)y+c

7. Solve z = px + qy + pq(Clairaut’s form). Ans :z = ax +
by + ab

8. Find the CF of (D3 — 3D2D’ + 3DD'2 — D'3)z = 0.
Ans.CF = f1(y + x) + xfo(y + x) + x*f3(y + x)

9. Find the PI of (D? — 2DD’ + D'?)z = X*Y, Ans P] =
(1/2)x%e*+¥)

10. Define the Cauchy Problem for first-order PDEs.

11. Solve ptanx + qtany = tanz. Ans sinz = sinx -
@ (sinx/siny)

12. Find the general solution of D(D — 2D’ — 1)z = 0. Ans z =
f1(y) +e*f2(y + 2x)

13. Transform x2 2% — y? %2 _ 0 into constant coefficient form.

x? ay?

Ans Withx = e*andy =e": [D,(D,—1)—-D,(D, —1)]z=0
14. What are characteristic curves of a first-order linear PDE?
15. Find the complete integral of p = z + gx. Ans :z =ae”* +

bxe*orz = ce* — ax

1. Derive Cauchy’s Method of Characteristics for solving a general non-linear first-order

PDE f(x,y,z,p,q) = 0.



10.

Ans: System of characteristic ODEs:dx/ds = f,,dy/ds = f,,dz/ds = pf, +

qfg dp/ds = =(f; + pf), dq/ds = =(f, + af;)
Solve using Charpit's Method: (p? + g?)y = qz. Ans : z° = a’y* +
(x + b)?
Find the complete integral and singular integral of z = px + qy + p? + 2.
Ans: Completelntegral: z = ax + by + a® + b* « SingularIntegral: 4z =
—(x* +y%)
Solve Lagrange’s equation: (x? — yz)p + (y? — zx)q = z% — xy.
Ans: p(x +y+z,(x—y)/(y—2)) =0
Solve (y+z)p+ (z+x)q=x+y.
Ans: o((x +y +2)(x =% (x =)/ (y—2)) =0
Using Charpit's Method, solve px + qy = pq. Ans : z = ax + by + ab.
Uy + uy = u, with condition u(x,0) =1+ e*, u(x,y) =e*+¢.
Ans: u(x,y) = e¥ + e*+Y)
Solve the reducible non-homogeneous equation: (D> —D'2 + d — D")z = e2X*3Y +
Xy.
Ans::z=f1(y+x)+ef(y —x) + (1/6)e@*3Y) —xy —x +y + 1
Find the general solution of (D? — 5DD’ + 6D'?)z = ysinx.
Ans: z = f1(y + 2x) + f2(y + 3x) — ysinx — 5cosx
Solve (x2D? — 4xyDD’ + 4y2D'? + 6yD")z = x3y?using transformation variables
x=eYy=e". Ans:z=f,;(yx?)+ Inx - fo(yx*) + (1/6)x3y?



Module 2

Variable Separable Solutions to Linear PDEs
Topics & Contents:
* Variable separable solutions to Linear Partial Differential Equations
* Classification of linear partial differential equations of second order
* Method of separation of variables
* Solution of the wave and heat conduction equations up to two dimensions

* Laplace equation in two dimensions

Classification of Second-Order Linear Partial Differential Equations: The general
second-order linear partial differential equation in two independent variables (X%, y)is given
by:

d%u d%u d’u _du _du

A B D—+E—+Fu=
6x2+ 6X6y+cay2+ aX+ ay+ u=G(,y)

where coefficients A, B, C, D, E, Fare real constants or functions of xand y. The classification
depends strictly on the discriminant B? — 4AC:

Discriminant Type of Canonical / Physical Example
Condition PDE Physical
Prototype
B2 — 4AC Elliptic Laplace Steady-state temperature, Electrostatics
0 . d%u
< Equation: P} +
o*u _
ayz
B2 — 4AC Parabolic 1D Heat Transient heat flow, Diffusion processes
= Conduction
Equation: 22 =
quation: —- =
20%u

0x2



Discriminant Type of Canonical / Physical Example

Condition PDE Physical
Prototype
B2 — 4AC Hyperbolic 1D Wave Vibrating strings, Acoustic waves
. d%u
>0 Equation: pro
2 0%u
0x?

1.The Method of Separation of Variables: This method assumes that the solution to a linear
homogeneous partial differential equation can be factored into a product of functions, each

depending on a single independent variable.
For a function u(x, t):
u(x, t) = X(x) - T(t)

Substituting this product into the PDE transforms the partial differential equation into a set of
ordinary differential equations (ODEs), linked by a constant known as the separation constant

(k or —A?).

2. Comprehensive Method Derivations: Derivation Complete Solution of One-Dimensional

Wave Equation:
The 1D Wave Equation is given by:

0’u 0%
e e W

Step 1: Assume a product solution
u(x,t) = X)T(t)

Difterentiating partially with respect to xand t:

2 aZ

a u " u _ 1
7z = X'CTM, =7 =XCT"(0)

Step 2: Separate variables Substitute into (1):

XE)T' () = c*X"(X)T(t)



Divide both sides by c2X(x)T(t):

T”(t) _ X”(X)
c2T()  X(x)

= K (Separation Constant)

This yields two coupled Ordinary Differential Equations:

I. X"x)—KX(x) =0

2. T"(t) = Kc?T(t) =0
Step 3: Analyze possible values of K

e Casel: WhenK =10

X'"=0=Xx) =Cx+C,
T"=0=T(t) = C3t+ C,
u(x,t) = (C;x+ C,)(Cst+ Cy)

(Non-periodic; does not satisfy boundary conditions of fixed endpoints).

e Casell: When K =p? >0

X" —p?X =0 = X(x) = CsePX + C e PX
T" — p2c?T = 0 = T(t) = C,ePt + CgePct
u(x,t) = (CsePX + Cze PX)(C,ePt + Cge™PY)

(Exponential growth/decay; physically invalid for periodic wave vibration).

e Caselll: WhenK = —-p?2 <0

X" + p?X =0 = X(x) = Cqcos(px) + Cyq sin(px)
T" + p%c?T = 0 = T(t) = C;; cos(pct) + C4, sin(pct)
u(x,t) = (Cq cos(px) + Cyq sin(px))(Cq; cos(pct) + Cy, sin(pct))

Conclusion: Case III is the only physically correct solution representing wave motion.
Derivation : Complete Solution of One-Dimensional Heat Conduction Equation

The 1D Heat Conduction Equation is:



ou 0%
- S W

Step 1: Variable separation Let u(x,t) = X(x)T(t). Substituting partial derivatives:

Tl XII

XT’=c2X"T=>ﬁ=Y=K
Step 2: Solve the coupled ODEs
. X'—KX=0
2. T'=Kc*T=0
Setting K = —p?to ensure thermal decay over time t — oo:

X"+ p2X = 0 = X(x) = C; cos(px) + C, sin(px)
dT 22
T+ pPc®T =0 = — = —p’c’dt = T(t) = Ce ™"
Step 3: General Solution
u(x,t) = (C; cospx + C, sinpx)eP*c’t

Derivation: Solution of Two-Dimensional Laplace Equation in Cartesian Coordinates:

Laplace’s equation in 2D steady-state conditions:

0%u N 0’u 0
ox2  dy?
Assuming u(x,y) = X(x)Y(y):
X'Y+XY'=0 X v K
= = — = — — =
X Y

Assuming separation constant K = —p?:

. X"+p?X=0=X(x) =C;cospx+ C,sinpx
2. Y'=p?Y=0= Y(y) = C3coshpy+ C,sinhpy
The resulting standard steady-state solution is:

u(x,y) = (C; cospx + C, sinpx)(Cz coshpy + C, sinhpy)



3. Step-by-Step Solved Examples:
Example (Wave Equation)

Problem: A tightly stretched string of length Iwith fixed ends x = Oand x = lis initially at rest

in its equilibrium position. If it is set vibrating by giving each of'its points a velocity v, sin (%),

find the displacement u(x, t)at any time t.
Solution:
e Boundary Conditions (BCs):
1. u(0,t)=0, vt=0
2. u(Lt)y=0, VvVt=0

 Initial Conditions (ICs): 3. u(x,0) =0 4. % t=0 = Vg sin (?)

The general periodic solution is:
u(x,t) = (C; cospx+ C, sinpx)(Cz cospct+ C,sinpct)
Applying BC (1): u(0,t) = 0 = C;(C3cospct+ Cysinpct) =0 = C; = 0.
u(x,t) = C, sin(px) (C3 cosp ct + C, sinp ct)

Applying BC (2): u(1,t) = 0 = C, sin(pl) (...) =0 =sin(p) =0 = pl=nn = p = —.

1
_/NTX nmct _/nTict
u(x,t) = sin (T> [An cos (T) + B, sin (T)]

Applying IC (3): u(x,0) = 0 = A, sin (2%) = 0 = A, = 0.

nTx ntct
u(x, t) = anin( l )sin( 1 )

Differentiating with respect to t:

% =B, (mch) sin (mlrx) cos (m;ct)

Applying IC (4) at t = 0:

o)

Bn (?) sin (?) = Vvp Sin (?)
=1

n

Comparing terms for n = 1:

Forn#1,B, = 0.



Substituting B, back into the solution yields:

Vol X mct
u(x,t) = n—ocsm( 1 )sin (T)

Example (Heat Equation):

Problem: A rod of length Lhas its ends Aand Bkept at 0°C. The initial temperature distribution
in the rod is u(x, 0) = 50x(L — x). Find the temperature distribution u(x, t)at any subsequent
time t.

Solution: The general solution for the 1D heat equation is:
u(x,t) = (C; cos px + C, sinpx)e Pt

Applying BCs u(0,t) = 0and u(L,t) = 0:

nm
C; =0 and p=T

By superposition:

2 2C2t

- _(MTxy DT Ct
u(x, t) = Z b, sin (T) e L
n=1
Applying IC  u(x,0) = 50x(L — x):
_ /NTX
Z b, sin (T) = 50x(L — x)
n=1
Using Fourier Sine Series coefficient formula:
nTx 100 nTx
j SOX(L—X)Sln( )dx——J (LX—XZ)SIH( )dx

Integrating by parts:

2

100 L nTmx L nmx
b, = (Lx — x?) (— —cos —> —(L-=-2x)(- sin—
nt L n2m?

L
L3 nmx\ "
+ (-2) 530S 0

100 213 213 20012 n
b, = T | me cos(nm) + ey Rty [1-(—1D"]
400L2
b — W 1fnls Odd
0 if n is even

Final solution:



10.

1.

12.

13.

14.

400L2 nmxy _nimic’t
ux, t) = = sin( )e L?

n=1,3,5...

Question Bank

9%u | 9%u
4+ —
oxdy  dy?

2
Classify the partial differential equation: 3 37121 +4 = 0. Ans

y parabolic(SinceB* — 4AC = 4* — 4(3)(1) = 4 > 0)
Write down the discriminant expression used to classify second-order linear PDEs .Ans
Classify the two-dimensional Laplace equation.

State the physical significance of the separation constant K < Oin the 1D wave

equation.

Write all three possible mathematical solutions for the one-dimensional heat equation

obtained via variable separation.

What are the boundary conditions for a vibrating string fixed at both ends x = Oand

x =L?

Write the transmission line equations (Telegrapher's equations) in terms of voltage Vand

current I.

Convert the radio-frequency transmission line equation into a high-frequency wave

equation format.
State the steady-state conditions for a 1D heat conduction bar.

Define the fundamental frequency of vibration for a stretched string of length L.

9%u 0%u _
axdy = ay?

2
Classity the equation: 37121 + 2 0.

Write the 2D Laplace equation in polar coordinates (r, 0).

Which form of solution is suitable for solving Laplace's equation when u(x,y) — Oas

y—>oo?

Give an example of a parabolic partial differential equation occurring in engineering

physics.



15.

16.

17.

18.

19.
20.

a2u a2
What physical quantity does c?represent in the wave equation — P = c? a—xlzl?

Define steady-state temperature distribution in a thin rectangular plate.
Write the boundary conditions for an insulated end at x = Oin a heat conduction

problem.

Classify x + ya > = Ofor region x > 0,y > 0.

Ans. Elliptic(SinceB?> — 4AC = 0 — 4(x)(y) = —4xy < Oforx > 0,y > 0)
State the principle of superposition for solutions of homogeneous linear PDEs.

Write down the 2D heat equation in steady state.

Classify the general second-order PDE Auy, + Buyy, + Cuyy + Duy + Euy, + Fu =

0and reduce the equation y?uy, — quyy = Oto its canonical form for x > 0,y > 0.
Ans. Canonical Form (y*u,x — x*u,y = 0 is Hyperbolic): 9*u/(0¢dn) = (1/
4en)[n(0u/98) + §(du/on)lwhered = y* + x°,n = y* — x°

A tightly stretched string with fixed end points x = Oand x = lis initially in its position
of equilibrium. If it is set vibrating by giving each point a velocity v = kx(1 — x), find

the displacement u(x, t)at any distance xand time t.

Ans.u(x,t) = (8kI*/(n*c))¥n1 35.. (1/nY)sin(nmx /Dsin(nmct /1)

Solve 2 a_ =c —subject to the boundary conditions u(0,t) = 0, u(l,t) = Ofor all t >

0, and the initial condition u(x, 0) = sm( ) 1 2sin (STX)

Ans. u(x, t) = sin(3rx/1)e "9t/ 4 25in(5mx/1)e 257 ¢t/
A uniform bar of length Lhas its ends maintained at 0°C. The initial temperature

throughout the bar is given by u(x, 0) = 100 sin ( ) Find u(x, t).

Ans. u(x, t) = 100sin(mx/L) e ct/LY)

. Derive the equations of high-frequency transmission lines (Telegrapher's equations)

and prove that both voltage Vand current Isatisfy the wave equation when resistance

Rand conductance Gare negligible.



6.

10.

1.

A rectangular plate with insulated surfaces is bounded by x =0,x =a,y =0,y = b.
The temperatures along the edges are u(0,y) =0, u(a,y) =0, u(x,b) =0, and
u(x,0) = f(x). Find the steady-state temperature u(x, y)in the plate.

Ansu(x,y) = ¥ Aysin(nrx/a)sinh(nr(b — y) /a)whereA, = [2/
(asinh(nmb/ a))]foaf(x)sin(nnx/a)dx

2 2
Solve Laplace's equation 37121 + 37121 = Oin a square plate of side 10 cmsubjected to
boundary conditions: u(0,y) = 0, u(10,y) = 0, u(x,10) = 0, and u(x,0) = 100.

Ans.u(x,y) = (400/m)Yn-1 35, [sin(nmx/10)sinh(nm (10 — y)/10)]/
[nsinh(nm)]
A string is stretched and fastened to two points at x = Oand x = 1. Motion is started by

displacing the string into the form u(x, 0) = Asin (%)from which it is released at time

t = 0. Find the displacement u(x, t).
Ans.u(x,t) = Asin(nx /) cos(mct /1)

Find the steady-state temperature distribution in a thin rectangular plate bounded by
x=0,x=1y =0,y = oo, where the edges x = Oand x = lare kept at 0°C, the edge

y = oois maintained at 0°C, and the edge y = Ois kept at constant temperature Uj.

Ans. u(x,y) = (4Uo/M) i1 35, (1/n)sin(nmx /e /Y

. d 2 . . a
Solve the 1D heat equation — = a—subject to boundary conditions — =0,
ot 0x? oxlx=¢o
) . .
= = 0, and initial condition u(x, 0) = x.
oxlyx=1,

Ansu(x,t) = (L/2) — (4L/T)Tiy 55, (1/n?)cos(nmx /L)e emm/Lro

. 0? a2 . . I
Solve the wave equation 6_'; =4 a—xlzlfor a string of length | = mwith fixed ends, initial

. et 1, 1.
velocity zero, and initial displacement u(x,0) = 35inx — =sin 3x.

Ans. u(x,t) = (1/3)sinxcos(2t) — (1/6)sin(3x)cos(6t)



12.

An infinitely long plane uniform plate is bounded by two parallel edges x = Oand x =
mand an end at y = 0. The sides x = 0and x = mare kept at 0°C. The end y = 0is kept

at temperature u(x, 0) = kx(m — x). Find the steady-state temperature distribution.

Ans.u(x,y) = (4/mM) Ty 35, (A)sin(nx)e " [or2yi, (-1D™D + 1)/

nsin(nx)e(_"y)]

13.

14.

15.

16.

Derive the two-dimensional heat equation in Cartesian coordinates under non-steady

state conditions and reduce it to Laplace's equation for steady state.

Solve Z%‘+ 327121 = Osubject to u(0,y) =0, u(lLy) =0, u(x,0) =0, and u(x,a) =
. nmx

sin (T)
Ans. u(x,y) = sin(nnx/l)[sinh(nmy/l)/sinh(nra/l)]

A string of length Lis released from rest from the initial position u(x,0) = i—}zlx(L —X).

Derive the expression for the displacement u(x, t).
Ans. u(x,t) = (8h/m*) Y135, (1/n*)sin(nmx/L)cos(nmct/L)

Derive the separation of variables form for the 2D Laplace equation in polar coordinates

9%u | 10u |, 19%u _ 0
or? ror r2902

Ans.(1/R)d/dr[rdR/dr] = 2%,(1/0)d*6/d6* = —2*u(r,0) = (Ar* +
Br("D)(Ccos)lG+ DsinAf)



Module-3

Laplace and Fourier Transforms
Topics & Contents:
e Review of Fourier Series
e Fourier Transform
e Fourier sine and Fourier cosine transforms and their properties
e Review on Laplace Transform and Inverse Laplace Transforms

Periodic Functions: A function f(t) is periodic if its value repeats at equal intervals on the
horizontal axis:

f(t) =f(t+T) = f(t+ 2T) = -+
Here, T is the period of f(t). For example, sinx = sin(x + 2m) = sin(x + 4m), so sinx is

periodic with period 2.

Fourier Series: A non-sinusoidal periodic function can be expanded into a series of sines and
cosines:

a
f(x) =?0+a1cosx+a2c052x+--~+blsinx+bzsin2X+---

In summation notation:

a
f(x) = 70+Zancosnx+2bnsinnx
n=1 n=1

e a,: Constant term (d.c. component in electrical systems)
e a4,b;: Fundamental frequency components
e a,,b,: Harmonics and Fourier coefficients

Dirichlet's Conditions: For f(x) to be expandable in a Fourier series over (—m, ), it must
satisfy:

1. f(x) is single-valued and bounded.
2. It has a finite number of maxima, minima, and discontinuities.
3. f(x+ 2m) = f(x) outside [—m, T].

At continuous points, the series converges to f(x). At points of discontinuity, it converges to:

% [f(x + 0) + f(x — 0)]

Advantages of Fourier Series:Discontinuous functions can be represented (unlike Taylor
series).



o Useful for expanding functions periodic only outside a closed interval.
o Expands oscillating functions into all oscillation modes.
e Term-by-term integration is generally valid.

Useful Standard Integrals: [ 02n sinnxdx = 0

21
J, cosnxdx =0

21,
Jy sinnxdx =m

2T
Jy cos?nxdx=m

foznsinnx-sinmxdx =0 (n#m)

2
foncosnx-cosmxdx =0 (n#m)

2m .
J, sinnx-cosmxdx =0

sinnmt=0, cosnm=(-1)" (n€Z)

fuvdx=uv; —u'vy, + u''vy —u""'vy + -

Determination of Fourier Coefficients (Euler's Formulae):

f(x) = az—o+ a;CcosX+a,;cos2X+ +-+a,Ccosnx+......... +b; sinx+ b, sin2x + -
b, sinnx+...... (1)

1. To find ay: Integrate f(x) from 0 to 2m:

2T
ay = — f f(x) dx
TJo
2. To find a,: Multiply f(x) by cos nx and integrate from 0 to 2m:

1 2T
anzgf f(x) cosnxdx
0

3. To find b,: Multiply f(x) by sin nx and integrate from 0 to 2m:

1 2T
bn=—f f(x) sinnxdx
TJo



Example. Given that f(x) = x + x? for —m < x < m, find the Fourier expression of f(x).

2
Deduce that = = 1 + = + = 4+ — + -
6 22 32 42

Solution. Let x + x% = a;°+ a;Co0SX+a;cos2x+ -+ bysinx+b,sin2x+ -+ (1)

J. f(x)dx-lfﬂ(x+xz) dx

+ T[ T[
_n 2 MR
1 T
an=—f f(x)cosnxdx——j (x + x?) cosnx dx
m)_ T .

_ %[(x +x2) sinnnx (x4 1) (— coz nx) o (_ sir;? X)]:T
cos(— nﬂ)l 1 [411 cos nT[] _ 4(—1)"

T n2 n2

1" 1 ("
=—f f(x)sinnxdxz—f (x + x?) sinnx dx
T . T .

17 cosnx sinnx cosnx|"
== |x+x3) (- )—(2x+1)<— . )+2 - ]
ml n n® I,
1y ,,COSNT _COSnT , COSNT _COSNT
= —|—(m+ %) +2—— 0+ (—m+ 1) —2— ]
ml n n n
11 2n 2
== ——COSIlT[]=——(—1)n
nl n n

Substituting the values of ay, a,, by, in (1) we get:

+2—ﬂ2+4[ +1 2 ! 3x+ - ]
X+x°=- coSX + -7 C0S2X — 77 oS 3X
1 1
—2[—sinx+§sin2x—§sin3x+---] ..(2)

Putx = min (2), T+ 2 = —+4[1+ totmte] )

Putx:—nin(z),—n+n2=—+4[1+ tot ot &)

Adding (3) and (4):

) 212 1 1 1
2T =T+8 1+?+§+E+ ]
4 2



2 1 1 1 =1
Tttty "=2§ Ans.

n=1
Example . Find the Fourier series for the periodic function:

, —m<x<0
f(X)_{x, 0<x<m
f(x + 2m) = f(x)
Solution. Let f(x) = aZ—O+ a;cosx+a,cos2x+ -+ bysinx+bysin2x+ - ...(1)

1 (° 1 (" 1[x2]" 1/n?\ =
aOZE-]- 0'dX+EJ‘XdX:;[7 :‘T[ 7 :E
—Tr 0 0

_1[“ q _1[ sinn x (1)( cosnx)]1T
an—ﬂoxcosnx X=X — =

0
D" 1 2 . .
=— ——|=——— whennisodd =0 whenniseven.
| n? n? n2T
1 (™ 1 cosnx sinnx\1" 1 -1 -1
bn=—f xsinnxdx=—[x(— )—(1)(— 2 )] =—[—n( )l=—( )
T/, 118 n n o T n n
Substituting the values of agy, a;,a, ... by, by, ... in (1), we get:
£ 18 2[cosx+0053x cosSx ] [smx sm2x+sin3x+ ] A
S — - ns.
VIR TRl T3 2 3
Exercise
1. Find a Fourier series to represent f(x) = m—x for 0 < x < 2m.
Ans. 2 [sinx + lsin2x +lsin3x + - +lsin nx -+ ]
2 3 n
2. Find a Fourier series to represent x — x* from x = — to ™ and show that:
2 11 N 1 1 N
12 12 22 32 42
2 COSX  COS2X |, €COS3X  COS4x smx sin2x | sin3x  sin4x
Ans. == 4[12_ 2 T "o T ]+2[ 2 3 4 +]

3. Find a Fourier series to represent: f(x) = xsinx, for 0 < x < 2.
Cos 2X cos 3X COoS 4X +. ]

. 1
Ans.—1+nsmx——cosx+2[ +
2 22-1 321 42 1

4. Find a Fourier series to represent the function f(x) = e*, for —m < x < 1 and hence

derive a series for ——.
sinh T



2sinhm /1 1 1 1 1. .
Ans. [(—— cosXx + COS2X — c053x+...)+ sinx — sin2x +
s 2 1%2+1 2241 3241 21 2711
. T 1.1 1

sm3x...]' , =1+2[——+——_+...]
3241 ’  sinhm 2 5 10

Discontinuous Functions:
At a point of discontinuity, Fourier series gives the value of f(x) as the arithmetic mean of left
and right limits.

At the point of discontinuity, x = c

[f(c—0) +f(c+0)]

N =

Atx = ¢ f(x) =

Example. Find the Fourier series for f(x), if f(x) = {_XT[ —01'[ <<XX <<1TO

2

101 1 T
Deduce that 5 + 7 + 5 + -+ = —.

Solution. Let f(x) = a?°+ a;cosx+a,cos2x+--+a,cosnx+ -+ bysinx +
b,sin2x+ -+ b,sinnx+ - ..(1)

1 T
aoz—f f(x) dx
T n
0 T
1 1 0 2 /oy _ L 2 2 n
Thena0=E (—m) dx+ | xdx =E[—Tt(x)_ﬂ+(x /2)0]=T—[(—1T + 7 /2)=—§
—Tr 0
1 T
anz—f f(x) cosnxdx
T —TT
1 0 TC
anz—U (—n)cosnxdx+f xcosnxdxl
L —Tr 0
1[ sinnx\° xsinnx cosnx\"
A et e
Tr n /_; n n 0

1 1 1 1
=—[O+—2cosn11——2 =—(cosnm—1)
T n n n

1 T
bn:_f f(x) sinnxdx
LU

1[r° _ T 1[/mcosnxy© cosnx sinnx\"
b, =— f (—Tt)smnxdx+f xsinnxdx|=— (—) +<—x +— )
) 0 T n - n nz J,




1

Tt

g1 i1 1
[—(1 — cosnT) ——cosnn] =—(1—-2cosnm)
n n n

cos3x cos5x sin2x 3sin3x

™ 2 .
f(X)__Z_E(COSX-I_ 32 + 2 +--->+3smx— >+ 3
sin 4x
- . (2
A e)

Putting x = 0 in (2), we get f(0) = —E—%(l +3i2+5i2+ 00) ..(3)

Now f(x) is discontinuous at x = 0.
[f(0—0)+f(0+0)] =—m/2

N| =

But f(0 —0) = —mandf(0+0) =0 -~ f(0) =

T T 2|1 1 1
From(3),—;= i §+3_2+5_2+"']

T2

1 1 1
5 —§+3—2+§+"' Proved

Example. Find the Fourier series expansion of the periodic function of period 2m, defined by

31

f(x) = if 1T< <1T f(x) = fn< <
X—X,12X2,X—T[X,12X2

Solution. Let f(x) = az_o_|_ a;cosx+azcos2x+ -+ bysinx+b,sin2x+ -

1 (7/2 1 37/2 1 /x2\™? 1 <2\ 3?2
a0=—] de+—j (T[—X)dX=—<—> +—<T[X——>
TJmy2 T2 T\ 2 2 2 /2
1 m?  m? 1/3n?> 9n? 1'[2+T[2 B (3 9 1_|_1>_0
“n\8 " 8)"w\2 "8 278) ™28 2787
1 /2 31/2
ap =—f xcosnxdx+—f (M —x) cosnxdx
T —T/2 L /2
11 sinnx cosnxy]™? 1 sinn x cosnxy1°™?
-2 (-20)] om0 - o (-2
TC n n —1/2 T n n /2
. AT ntm i O nm
_1 sin; +cos 7 msin- cos
|2 n n2 2 n n2
1 sin 3nm cos 3nm sinr11T cos or
mSiIn—— 5 TSI 5
R DL I B S A
ml 2 n n2 2 n n2
1 hi ( ) 3mt+ ) mt) 1 ( 3nm mT)]
= |75 \sin— sin— S \cos— cos
17 m™ . nm 2  nm
=—[——smnncos—+—sm—smnn]=0
ml n 2 2 2



1 /2 31/2
bn=—f Xsinnxdx+—J (T —x)sinnxdx
T —-T/2 T /2

2 /2 3m/2
=—f Xsinnxdx+—f (m—x) sinnxdx
TJo T2
2 cosnx sinnx cosnx sinnx\1°™?
-2 - (S| e () - oo (-5
T n n? n /2
2 cos sin il 1 | cos 3nm sin SmT cos or sin—- il
_Z|_T 2 21, " 2 2 i 2 2
T Zn-l_n2 +T[2 n n? +2n+n2
nm . DT 3nmt . 3nm
1| mcos—- 351n7 T COS— sin—
==|-= + +- —
2 n n? 2 n n?
[ ( 3nm nT[)+ 3 nm 1  3nm
o cos cos > = sin > T2 sin >
_1[ +3 nm 1 _3nTr_ 1 3_mr ~ 3nm
== rlsm 5 smnn sin > T2 sin > | = 77 sin 5 sin >
Substituting the values of agy, a;,a; ... by, by, ... we get:
4r1sinx sin3x sin5x
f(x) =— Z 3 + R ] Ans.

Example . Find the Fourier series of the function defined as:

f(X):{X-I-T[ for0<x<m

C—m for —m<x<0 and f(x + 2m) = f(x).

Solution. a, = % [T ) dx = % [2 £ dx + % £ () dx

10 1(m 1/ x? ¢ 1(x? i
=—f (—X—n)dx+—f (X+‘I‘[)dX=—<———T[X> +—<—+‘I‘[X>
) o m™J, s 2 T\ 2
—T 0
Y G +1 1T2+ 2| = (1 1)+ <1+1>—
“a\z ) TR\ T )T AV A
1 (" 1 (° 1 ("
anz—f f(x)cosnxdxz—f f(x)cosnxdx+—f f(x) cosnxdx
TJ)_g LAV TJo

10 1 (™
=—f (—x—n)cosnxdx+;[ (x + m) cosnxdx
0

[( ‘o) sinnx D {_ Corslzn X}]o N % [(x i) sinnnx _ 0 {_ corslznx}]n

— 0

_1[_i+<—2“]+1 GO L 4
T

— | = n_ . .
pul Ry | = 7 (D" —1] = e if n is odd.

=0 ifniseven.



1 (™ 1 (° 1 (™
bnz—f f(x)sinnxdxz—f f(x)sinnxdx+—f f (x) sinnxdx
T)_, m)_, )/,

10 1 (T
=—f (—X—n)sinnxdx+—f (x+ m) sinnxdx
) _ mJy

- 2lexmm (=) - oo ()

n
Lo (-5 oy (-
B2 E o+ I = i - 20+ @) = 2 - )

4 .
=—, ifnisodd.

n
=0, 1ifniseven.
Fourier series is:

a
f(x) =70+31COSX+a2 cos2X+ -+ b;sinx+b,sin2x+ -

T 4(cosx cos 3X ) (sinx sin3x

f(x) = = — —
) =3 1z T3z E

+ ) Ans.
T

Exercise :
1. Find the Fourier series of the function:

1 for0<x<Tm
41 . 1, 1. 1.
Ans.—[—smx+—sm3x+—sm5x+—sm7x+---]
il 3 5 7

where f(x + 2m) = f(x).

2. Find the Fourier series for the function:

T
—— for —m<x<0

f0) =4 o
Z for0<x<m
and f(—m) = f(0) = f(m) = 0,f(x) = f(x + 2m) for all x.
Deduce that:
11_1 1+1 1+ A sinx+sin3x+sin5x+sin7x
4- 737577 ns- = 3 5 7

3. Find the Fourier series of the function:

0 for—m<x<0

T
f(x) = 1 f0r0<x<5

T
0 forESXSn



4. Obtain a Fourier series to represent the following periodic function:

fx) =0 when0<x<T
f(x) =1 whenmt<x<2m

Ans.l—z(sinx+lsin3x+isin5x+---)
2 1t 3 5

5. Find the Fourier expansion of the function defined in a single period by the relations:

f(X)={1 for0<x<m

2 form<x<2m

1

and from it deduce that = = 1—l+——l+--~
4 3 5 7

Ans.E—£(sinx+lsin3x+lsin5x+ )
2 T 3 5
6. Find a Fourier series to represent the function:

0 for —m<x<0
fi =11
(x) —TIX for0<x<m

2
and hence deduce that — = lz + iz + iz + -
8 12 32 ' 5

(-1)"n

2 (-1)h-1
Ans. — % [—cosnx— sinnx ]
S- 16 + 2= 4n2 +

7. Find the Fourier series for f(x), if:

fx) =—m for —m<x<0
=x for0<x<m

— - forx=0
= 2 or X =

2

101 1 n
Deducethat1—2+3—2+5—2+ o=

€c0S3X |, €OS5X . 1. 3 o
-|-—+---)+351nx——51n2x+—sm3x
32 52 2 3

T 2
Ans.————(cosx+
4

1 .
Zsm4x+

8. Obtain a Fourier series to represent the function:

fx) =|x| for —m<x<m

n? 1 1 1
and hence deduce — ==+ —+—=+ -
8 12 32 52

n 4 1 1
Ans.———[cosx+—0053x+—cosSx+---]
2 b1 32 52

9. Expand as a Fourier series, the function f(x)defined as



T
m+x for—n<x<——

2
1 i1 T
f(x) = 3 for—§<x<5
m
m—X fOI‘E<X<‘IT
A 31T+2 ! 2 052% + = cos3x + ]
ns. 3 12cosx 22cos X 32cos X

10. Obtain a Fourier series to represent the function
f(x) = |sinx| for —m<x<m

. _(—sinx for —m<x<0
[Hmt fGx) _{ sin x for0 < x < T

A 2 4[ 2 +1 4 +1 6x+ ]
ns. —— —|3C0S2X + 72 C0S4X + - C0s 6

11. An alternating current after passing through a rectifier has the form
i=Isin® for0<B<m
=0 formr<O<2m

Find the Fourier series of the function.

A I 21(c0529+cos46
ns. 3 15

I
+ --)+—sin6
T T 2

12. If f(x) = Ofor —-m < x < 0

=sinx for0<x<m

sinx COS 2mx
——Zm 1T Henceshowthat———+—— 00 =
2 4m2-1 . 5.7

Prove that f(x) = % +
;(m=2)

Even Function: A function f(x)is said to be even (or symmetric) function if,

f(—x) = f(x)

The graph of such a function is symmetrical with respect to y-axis [f(x) axis]. Here y-axis is a
mirror for the reflection of the curve.

The area under such a curve from —Tto Tis double the area from Oto Tt.

J._nf (x) dx = 2 f 1Tf (x) dx

Expansion of an even function:



1 (™ 2 (™
aO:E,f f(x)dx=;f f(x) dx
-1t 0

1 (™ 2 ("
aanf f(x)cosnxdx=;f f(x) cosnxdx
—TC 0

As f(x)and cos n xare both even functions . The product of f(x) - cos nxis also an even
function.

1 TT
bnz—f f(x)sinnxdx =0
L

As sinnx is an odd function so f(x).sin nx is also an odd function. We need not to calculate
b,. It saves our labour a lot.

The series of the even function will contain only cos terms.

Odd Function: A function f(x)is called odd (or skew symmetric) function if
f(—x) = —f(x)

Here the area under the curve from —1tto Tuis zero.

g
f f(x)dx=10
—T
Expansion of an odd function :

1 T
aO:Ef f(x)dx=10
i 18

s
ap = EJ f(x)cosnxdx =0 [f(x)-cosnxis odd function.]
-T

1 (" 2 ("
b, = —f f(x)sinnxdx = —f f (x) sinnxdx
T n TJo
[f(x) - sinnx is even function.]
The series of the odd function will contain only sin terms.

The function shown below is neither odd nor even so it contains both sine and cosine terms.



Example . Find the Fourier series expansion of the periodic function of period 21
f(x) =x% -nm<x<m

o101 011
Hence, find the sum of the series = — =+ = ——=+ -+
12 22 32 42

Solution.
f(x) =x?, —-m<x<m
This is an even function. - b, =
E1s b1 2 [x3 n 2112
ag =—f f(x)dx——f x? dx——l—] =__
0 0 m|3 0 3

2 (" 2 ("
a“=Ef f(x)cosnxdx=1—_[j x? cosnx dx
0 0

-2 () o0 (-1 o (- 25

2 [112 sinnT N 2T Ccosn T Zsinnnl _AC-D°

m n n2 n3 n?

. . . a
Fourier series is f(x) = 7°+ a;cosx+azcos2x+azcos3x+--+ajcosnx+ -

X4 = — — —_ —_

T cCOSX cos2xX cos3Xx cos4x+ ]
3 12 22 32 42

O=——4|=—=+—>——

3 12 22 * 32 427"

1 1 1 1 2

or F—2—2+§—E...=E Proved.

2 1 1 1 1]

Example . Obtain a Fourier expression for
f(x) =x3 for —m<x<m
Solution. f(x) = x3is an odd function.
~ap=0 anda, =0
2 T

T 2
-bnz—f f(x)sinnxdxz—f x3 sinnxdx
TJo TJo

U uv=uv; —u'vy, +u''vg —u''v, + ]



sinn x

A

n#

) sin 3x l Ans.

2 cosnx sinnx cosnx
— 3(_ _ 2 _ —
_T[[X ( n ) 3x ( n2 >+6X( n3 ) 6(
2[ m3cosnm 6Tcosnm ™ 6
i1 n n3 n n3
. 3_2 T[2+ 6 . + 1T2+ 6 . 2 1T2+ 6
. x3 = Ttz )sinx 5 53 sin2x IEE

Half-Range Series, Period 0 To T:

The given function is defined in the interval (0, )and it is immaterial whatever the function
may be outside the interval (0, ). To get the series of cosines only we assume that f(x)is an

even function in the interval (—Tr, ).
2 T
ap, = E_]- f(x)cosnxdx andb, =0
0

To expand f(x)as a sine series we extend the function in the interval (—

function.
2 T
b, = Ef f(x)sinnxdx anda, =0
0

Example 10. Represent the following function by a Fourier sin series :

Tt
t, 0<tSE
f(t) = T
—, —<t<
2’ 2 T

Solution. b, = %f; f(t)sinntdt

2

T, 1r)as an odd

n n

/2 2 (™ 1
=—J tsinntdt+—J —sinntdt
T J, m T[/22
2 [t( cosnt) (1)( sinnt)]“/2 2T cosnt]"
TC n n?z /i, TC 2 n g
2 cosmT sian cos
m -5 -5 SNT -5
==|-3 2 n 2 n 2

2 n n2

ES
-] :

TC T

b, = —
1 2

2 2

——cos—+sin—] + [— cosn-i—cos;] :%[0 +1]+

2
[1]:E+1



b _2 T COS T smn] [c052n+cos1'[ m(—-1) 40 [ 1 1
2Tl 2 2 2 | n| 2 2 2 2
2 [m 1 1
=zlgl-1=3-1=-3
2 cos sm31T 3 cos
i cos3m
by = =|—= 2+ 2 _ 2
m| 2 3 32 3 3

[“*”‘ﬂ E*ﬂ ~5*3

2 . 1 2 1\
f(t)=<—+1)51nt——sm2t+(——+—)sm3t+--- Ans.
T 2 ot 3

Example . Find the Fourier sine series for the function f(x) = e®*for 0 < x < 1 where a is
constant.

e [asinbx — bcosbx]

Solution. [ e**sinbxdx =

aZ+b?
2 T
b, = —f e sinnx dx
TJo
2 eax
=E[az+—nz(asinnx—ncosnx)]

21 €3’ ) n
=—[—(asmnn—ncosnn) +—]

mlaZ + n? a% + n?
= e ] = o [1— (~1)"e]
a2 + n? (a2 + n?)m
_2(1+e"““) _2-2-(1—ea")
7 @+1)n’ 2T (@24 29)m
ax 2|14 e™™ 2(2 —e?™) .
e :E a2+—1251nX+a2+—2251n2X+“' AIlS.

Exercise :

1. Find the Fourier cosine series for the function

T
1 for0<x<z

f(x) = -
0 forE<x<1T
A 1+2 ! 3 +1 5 ]
ns.2 1Tcosx 3cos X 5cos X

2. Find a series of cosine of multiples of xwhich will represent f(x)in (0, T)where



i
f(x)=0 for0<x<E

Tr T
f(x)=§ fOI‘E<X<T[

Deduce that 1 1+1 1+ =
— — — — — ---w—
educe tha 3Tz 7

1A

Ans. = + L cos3x— Lcos5x 4
ns. 4 COS X 3 COSo X 5 COSoX

3. Express f(x) = xas a sin series in 0 < X < .

1 1
Ans. 2 sinx—zsin2x+§sin3x— ]

4. Find the cosine series for f(x) = 1 — xin the interval 0 < x < .

cos3xXx cos5x
ML

A 1T+4( +
ns. > - COSX 32 52

5.If f(x) = x, forO<X<§

i
=T —X, f0r§<x<1t

Show that:

1 1
() f(x) = <51nx—§51n3x+¥51n5x— >

f(x) = 2(1 2% + = cos6x + = 10x+ )
(1) f(x) = 12cos X 32 Ccos 6x 52cos X

6. Obtain the half-range cosine series for f(x) = x?in 0 < x < .

Ans. & 4( ! cos2x 4 = cos3 )
ns. 3 - COoS X 22 COS 22X 32COS X

7. Find (i) sine series and (ii) cosine series for the function

f(x) =e* for0<x<Tm.

Ans. (1) —Z Il_( e lsinnx (i1) eﬂ_l—ziﬂcosnx

241 1 B nz+1

n=1

8. If f(x) = x+ 1, for 0 < x < m, find its Fourier (i) sine series (ii) cosine series. Hence
deduce that

S l11 o m 1+1+1+1+ o
O1=g+g—g+—=7 (@) 52 ~ 8



2 i1 1 i1
Ans. (i) - (n+2)sinx—§sin2x+§(n+2) sinSX—Zsin4x+---]

cos3x cos5x
ve)

T
(11)E+1—4(cosx+ 32 + =

9. Find the Fourier series expansion of the function

f(x) = cos(sx), —-m<x<T
) ) 1 20 26
where s is a fraction. Hence, show that cot® = - + + + -
0  02-m2  02—4m?

ns.

S+n S—n

sints 1 (sin(sn +nm) sin(sm— m‘r))
+ cosnx
TS s

Change Of Interval and Functions having Arbitrary Period: In electrical engineering
problems, the period of the function is not always 21 but Tor 2c. This period must be converted
to the length 2m. The independent variable xis also to be changed proportionally. Let the
function f(x)be defined in the interval (—c,c). Now we want to change the function to the

period of 21 so that we can use the formulae of a,,, b, ,2c is the interval for the variable x.

~ 1 is the interval for the variable = o2

. . . X+ 2mW TIX
~ 21 is the invertal for the variable = e = <

X ZC
soputz=— oOorx=—
c m

Thus the function f(x)of period 2cis transformed to the function f( )or F(z)of period 2.

F(z)can be expanded in the Fourier series.

CczZ a
F(z) =f(—) =?O-I-81COSZ+aZCOSZZ-l-blSan-i-bZSanZ-l-
i1

where ay = %fOZHF (z)dz = %foznf(ir_z) dz
1 r2c TIX 1 3¢ X
=_J f(X)d(_)z_f fG)dx putz=—
cJy c ¢Jo y

1 (%" 1 (%™ ,cz X
ap, =— F(z)cosnzdz = — f(—)cosnxdz Putz = —
/), mJ, i C

nmx

1 2c
=—J. f(x)cos—d = ff(x)cos—dx
TJo



. 1% . nmx
Similarly b, = — f f (x) sin— dx.
cJy C

Cor. Half range series [Interval (0, c)] Cosine series:

ag X 21X nTmx
f(x) = ?+ a, cos—+ a, cosT + -+ a, cosT + -

2 (€ 2 (€ nmx
where ay, = —f f(x)dx, a, = —f f (x) cos— dx
cJy cJo C
Sine series.

. TX . 21X . NhTX
f(x)=blsln?+b251nT+---+bn51nT+---

2 (€ . nmx
where b, = —j f (x) sin— dx.
cJo C

Example . A periodic function of period 4 is defined as
fx)=]x|, —-2<x<2.
Find its Fourier series expansion.
Solution. f(x) = |[x| —2<x<2
fx) =x 0<x<2

=—-—x —-2<x<0

1 ¢ 1 (2 1 (°
aozzf f(x)dxzzfxdx+§f (—x) dx
—c 0 -2

[ l [ (4 0) += (0+4)_2
1 ¢ nmx 1 (2 nmx
an=—j f(x)cos—dx=—f Xcos—dx+ f( X)cos—dx
cJ_. o 2,
_1[ (2 _ nnx) ) ( 4 nnx)]z
=5 [X\gesin— (D 530S .
+1[( )(2 _ nT[X) ( 1)( 4 ) nmx]°
5|0\ osin— 5.2) C0s .
=3[+ 3[0- 1|
) 2 1'[2 n21T2

: 24 D~ 114 (—1)"] = o [(~1)" — 1]
T Tt



8
= — 7 if n is odd.

=0 ifniseven.
b, = Oas f(x)is even function.

Fourier series is

X 27X X 21X
f(x)—?+a1cos—+azcosT+ +blsm—+bzsmT+
8 [cos Tt cosE cosE

— 2 2 2
fx)=1- = + 32 + =2 + | Ans.

Example . Find Fourier half-range even expansion of the function,

fx)=(—x/D+1, 0<x<L

Solution. a, =%f;f(x) dx=%fol(—?+1) dx
] I T I B 1+1]_1
I R R 112

2 ! nmx 2 (', x nmx
an=ij(X)COSTdX=TJ (_T+1)C05de
0 0

_2( X+1)<1 . rlT[X) ( 1) 12 nmx\|
"1\ o D\ 0z T )|

2
] = T D 1) =
4

2 n
s (=17

== when n is odd.
" n2m

=0 whenniseven.

fx) = 4 1 T[X+1 3nrx 1 5mx ] A
X —2 2 |12 cosl 32Cos l 52cos T ns.

Example . Find the Fourier half-range cosine series of the function
f)=2t, 0<t<1
=22-1), 1<t<2
Solution. f(t) =2t, 0<t<1
=22-1), 1<t<2

Example . Expand f(x) = e*in a cosine series over (0,1).



Solution. f(x) = e* andc=1

2 (€ 2 (!
aozsz(x)dxzif e*dx=2(e—1)
0 0

2 (¢ nmx 2 (" nmx
anzzf f(x)cos?dxzife cosde
0 0

X 1
e
=2 [— (nmsinnmx + cos nnx)]
0

n?m? + 1
[ e* ( ) N ) 1
————(nmsinnm+ cosnm) - ———
n?m? + 1 n?m? +1
=—— [(-Dre—1
n2n2+1[( ) |
do
f(x)=7+a1cos1'tx+a2c052nx+a30053nx+~- .........
x ) bl cosamxt o cos3m+ | A
eX=e— COSTIX + ———C0S2TX + ———COS 3 TIX + - :
m+1 4m? +1 on? +1 ns
Exercise:

1. Find the Fourier series to represent f(x), where

fx)=—a —c<x<0

=a 0<x<c
4af . mx 1  3mx 1  5mx
Ans. — sm—+—sm—+—sm—+~--]
118 c 3 c 5 c

2. Express f(x) = x as a cosine, half range series in 0 < x < 2.

. 8[1 T[X+1 31‘[X+1 51'[x+ ]
ns. = 12cos > 32cos > 52cos >

3. Find the Fourier series of the function

—2 for —4<x< -2
f(x) =1 x for —2<x<2
2 for2 <x<4

48_1‘[X2_2T[X(4- 8)_31TX 2 4mx
3t 3%m

Ans. — + —sin— — —sin— + sin— — —sin——+ -+
™ T2 4 T 4 4 21 4

4. Find the Fourier series to represent

fx) =x*—2 from —2<x<2.



Ans. — 5~ —3|c0s57 —<cosmx+ scos——...

2 16 mx 1 1 31TX]
3 T 22 4 9 2

Laplace Transforms
Introduction:Laplace transforms help in solving differential equations with boundary values

without finding the general solution and the values of the arbitrary constants.

Definition: Let f(t) be a function defined for all positive values of t, then

F(s) = f Ooe‘Stf(t)dt
0

provided the integral exists, is called the Laplace Transform of f(t). It is denoted as

[ee]

LIf(t)] = F(s) = J e S'(t)dt

0

Important Formulae:

1.L(1)=1/s

n!
gh+1’

2.L(t") =

whenn=0,1, 2,3, ...

3.L(e?) =1/(s-a) (s>a)

4. L(cosh at) =ﬁ (s> a?)
5.L(sinhat) = ﬁ (s2 > a?)
6. L(sin at) =ﬁ (s > 0)
7.L(cos at) =ﬁ (s > 0)

Properties of Laplace Transforms:
(1) Linearity Property:

Llaf;(t) + bf,(t)] = aL[f;(t)] + b L[f,(t)]
(2) First Shifting Theorem:

If L f(t) = F(s),then L[e?f(t)] = F(s — a).

Important results:

n!

L(e™t") = (s — a)ntt



2.L(e?t coshbt) =((s —a))/ [(s — a)? — b?]
3. L(e®'sinhbt) = b/[(s — a)? — b?].

4. L(e?'sinbt) = b/[(s — a)* + b?].

5.L(e?" cosbt)= (s —a)/[(s — a)* + b?].
Examples:

1. Find the Laplace transform of cos? t.

L(cos?t) = L[1/2(cos2t + 1)] = 1/2[s/(s* + 4) + 1/s].

1
2. Find the Laplace Transform of t 2.

()

L(t™Y2) = =22 = V(n/s).
s2
1. L[t + t* + t?] Ans.1/s* +2/s* + 6/s*
2. L[sintcost] Ans.1/(s* + 4)
3. L[t%e — 2t] Ans.6/(s + 2)*
4. L[sin32t] Ans.48/[(s* + 4)(s* + 36)]
5.L[sin2tcos3t] Ans.2(s?* — 5)/[(s* + 1)(s* + 25)]

Laplace Transform Of the Derivative Of F(t):
L[f'(t)] = sL[f(t)] — f(0) where L[f(t)] = F(s)

Proof: Integrating by parts,

o)

LIf'(D)] = f e St f/(t)dt

0

= [T — j (—s e~ (D) dt

0
= —f(0) + s Lf(t).
Note: Roughly, Laplace transform of derivative of f(t) corresponds to multiplication of the

Laplace transform of f(t) by s.

Laplace Transform Of Derivative of Order n:
L[f"(t)] = s"L[f(t)] — s""1f(0) — s"72f'(0) — ... — 71(0)
Proof by successive application of derivative formula:
L[f"(t)] = sL[f'(t)] — f'(0) = s2L[f(t)] — s f(0) — f'(0)
L[f"" ()] = s3L[f(t)] — s2f(0) — sf'(0) — f"(0)



Laplace Transform of Integral of F(t):
L[ fo o dtl - %F(s),where LIED] = F(s)
Proof: Let @(t) = [, f(t) dt with @(0) = 0,50 ¢'(t) = (V).
LIo'()] = sLig()] = Lip(] = (5 ) LICO]

Laplace Transform of t. F(t) (Multiplication By t)

n

d
) [FG)]

Proof: Differentiating F(s) = f * e7StE(t) dt w.rt. s yields

L[ 0] = (1"

F(s) e Stf(t) dt = —L[tf(1)].

Extending to n-th order yields the result.
Examples

1. Find the Laplace transform of t sinh at.

2as

_%[(52_32)] = (s2—a2)2 -’

L[tsinh at] =

2. Find the Laplace transform of t* cos at.

2

d s _ 2s(s?-3a?)
L[t? cosat] = e = e ey

Laplace Transform of (1/t)f(t) (division by t)

o] = [ ro as

Proof: Integrating F(s) w.r.t s from s to c gives
7 F(s) ds=[7 e St [(1/0) f(p)] dt = L[(1/t) f(t)].

Examples:

(sin2t)

1. Find the Laplace transform of

Ll(sin20)/t] = [["[2/(s* + 4 ]ds = cot™'(s/2).

(1 —cost)
2

2. Find the Laplace transform of



1 —cost
L]

s s2
= -1 -1 -
2 cot™"s+ (2) og l(sz n 1)1.

Exercise :

. 2as
1.L[tsin at] S. 2+ a2)?"

1 s —1
2.L[(—) 1 - et)] Ans. log[ ]

t S

1 s+ b

- —at _ ,-Dbt 1
S'L[(t) (e ¢ )] Ans.log [s + a]

Unit Step Function: The unit step function u(t — a) is defined as follows:

_ (0 whent < a
ut —a) = {1 whent > a

Example: Express the following function in terms of unit step functions and find its Laplace
transform: f(t) = 8fort < 2,f(t) = 6fort > 2.

Solution:

f\)=84+0(t<2),8—-2({t>2)=8-2u(t—-2)

LIf®)] = 8L(1) — 2Lt - 2)] = (3) - z(e(_ZS)) .

S S

Example: Express the following function in terms of unit step function:

t—1,f0r1<t<2
f(t)_{ 3 _tfor2 <t< 3,

find its Laplace transform.
Solution: Solution:
f)= (t — DJut = 1) — ult — 2)]+ (t — 3)ult — 2) — u(t — 3)
=t - Dut—-1)— 2t — 2)ult — 2)+ (t — 3u(t — 3)
Lol = () - 2(57) + (%),

Formula: Laplace Transform of Unit Step Function:

e—as

Llu(t—a)] =

Second Shifting Theorem: If L[f(t)] = F(s), then L[f(t — a)u(t —a)] = e(=29F(s).
Theorem:

LIf()u(t — a)] = eC2L[f(t + a)]

Example : Find the Laplace Transform of t*u(t — 3).
L[t?u(t — 3)] = e39[(2/5%) + (6/5%) + (9/5)] (Ans.)



Example: Represent f(t) = sin2t for 2m <t < 4m and f(t) = 0 otherwise, in terms of

unit step function and then find its Laplace transform.

Lf(D] = (eC2™) — e419)) . [2/(s* + 4)] (Ans.)
Exercise:
1. f(t) = t— 1(1 < t < 2), 0 otherwise Ans (e09) — e(=29)) /52 — (e(=29)/5)
2.etu(t—1) Ans.e(=6=1D) /(s = 1)
3.2 u(t—2) Ans. (029 /s%) (45 + 4s + 2)
4. sint u(t — 4) Ans. (e<—4S> /(s + 1)) [cos4 + ssin]
5.f(t) = K(t—2)[U(t—=2) = U(t—3)] Ans. (K/sH)[e29) — (s + 1)e(=39)]

Impulse Function & Unit Impulse Function:

() for t=a

1. Unit Impulse Function:6(t—a) = {0 fort # a

, with fS(t—a)dtzl.
0

2. Laplace Transform of Unit Impulse Function:
L[§(t — @)] = eC9LIf()6(t — a)]

= eCOF(QLIfF () (t - a)]

= —d/dt[eOf (O]l =q

Exercise : Find the laplace transform :

1. fooo e 3t §(t — 4)dt Ans.e™ 12,
2. fooo sin2t §(t — m/4)dt Ans. 1

3. ffooo e 3t§'(t— 2)dt Ans. 3e(-®)
4.8(t—4)/t Ans.e(™%9) /4
5.e408(t - 3) Ans. e(-3(+9)

Periodic Functions: Let f(t)be a periodic function with Period T, then:

LIF®)] = farmy Jo € f(Dd

1-e(=sT)
Example:

2t
f(t)=§ for 0 <t<3.



2[1 — (1 + 3s)e35]e™3s
3s?(1 — e™39)

L[f(D)] = (Ans.)

Example (Half Wave Rectifier):
f(t) = { sinmt for 0<t<m/w
0 for m/w<t<2m/w

LIf()] = w/[(s* + 0D (1 — eCTs/@)] (Ans.)

Example (Saw Tooth Wave):
f(t) = (k/T)Ht for 0<t<T.
—ke(=sT) k

LI =+

A—eD) " 757 (Ans.)

Example (Rectangular Wave)

f(t)—{ A for 0 <t<T/2
T -A for T/2 <t<T
A sT

L[f(t)] = ;tanh vy (Ans.)

Example (Periodic Square Wave)
f(t) = et for 0<t<2m
1— eZT[(l—S)

(1 —e(-2m))(s — 1)

L[f(D)] = (Ans.)

Exercise :
1.f(t) = e* for 0<t<2m. Ans. (e2(79™ — 1)/[(1 — s)(1 — e™2™)]
2. Full wave rectified sin wave: f(t) = sinwt <t<m/w)

Ans. (0/(s* + w?))coth(ms/2w)
3. Staircase function: f(t) = kn, np<t< (n+ 1)p Ans. ke /[s(1 — e7P9)]
4.f()=t3 0<t<2, f(t+2)=1£(t
Ans. (2 — e™%5 — 4se725 — 45%e72%) /[s3(1 — e™%5)]

[ t,0<t<c 2
5.f(t) = {Zc _t c<t<2c Ans. (1/s*)tanh(cs/2)
coswt, 0<t<m/w
6.£(t) = {0 ) mT/w < t<2m/w

Ans. (s/(s* + 0%))(1 — e™™/®)



Convolution Theorem:

L I f 60 fa(t— X)dxl = Fy(s) - F(s)

Laplace Transform Of Bessel Functions Jo(X) And J:1(X):
L] = 1/V(s* + 1)
Lo(ad)] = 1/V(s* +a%)
L] =1-s/ N+ 1)

Evaluation Of Integrals:

Example: Evaluate | ot t e 3tsin tdt.

(Ans.) 3/50
. ® ot Sint % sint
Example :Evaluate [ e™* =—dt and [~ ——dt.
0 _t sint _
Jy e —dt =m/4 (Ans.)
® sint
f Tdt =1/2 (Ans.)
0

Exercise

Evaluate the following by using Laplace Transform:

1. f, te™*sintdt Ans. 8/289

2. [} 72 TR gy Ans. (1/2)tan"%(1/2)
3. fooo Sitnzztdt Ans. /2

4. foooe_t_te_4t Ans.log4

Formulae Of Laplace Transform:

S.No. f(t) F(s)
1. e(at) 1/(s — a)

2 t" I'n+l1) /s@Vor pnt/s®+D
3 sinat a/(s*+ a®)
4. cosat s/(s* + a?)

5 sinhat a/(s*—a%)

6 coshat s/(s* —a?)



7. Ut —a)

8. 6(t—a)

9. e®sinat

10. e®Dcosat

11. (1/2a)sinat

12. tcosat

13. (1/2a®)(sinat — atcosat)
14. (1/2a)(sinat + atcosat)

PROPERTIES OF LAPLACE TRANSFORM

S.No. Property

l. Scaling

2. Derivative

3. Integral

4. Initial Value

5. Final Value

6. First shifting

7. Second shifting
8. Multiplication by t
9. Division by t

10. Periodic function
11. Convolution

f(t)
f(at)
df(t)/de
d*f(t)/dt’
d*f(t)/dt®

Jotf(t)dt
lime_of (t)
limg_ef (t)
eCaOf (1)
f@®OU —a)
tf (t)
t"f(6)
(1/0f©®

f®

f@)+g(®)

e(_as)/s
e(=as)
a/[(s — b)? + a?]
(s = b)/[(s — b)* + a’]
s/(s* + a*)?
(s* — a®)/(s* + a®)?
1/(s* + a%)?
s?/(s* + a?)?

F(s)
(1/a)F(s/a),a >0
sF(s) — f(0),s >0

s?F(s) —sf(0) — f'(0),s > 0

s°F(s) — s*f(0) — sf'(0)
—f"(0),s >0

(1/s)F(s),s >0

limg_,o,SF(s)
lims_,oSF(s)

F(s+a)

eCBLE(t + a)
—d/dsF(s)
(=1)"(d"/ds™)F(s)
. F(s)ds
[ oTesOf(t)dt]

/(1 —eD), F (e
+T)=f(®)

F(s)G(s)

Inverse Laplace Transforms: Now we obtain f(t) when F(s) is given, then we say that inverse

Laplace transform of F(s) is f{t).

If Lf(t) = F(s), then L7'F(s) = f(t).



where L1 is called the inverse Laplace transform operator. From the application point of view,

the inverse Laplace transform is very useful.

Important Formulae:

M L(1/s) = 1.

QLY (1/s™) =t /(n — 1)L

3L (1/(s—a)) =@,

(4) L™*(s/(s* — a®)) = coshat.

(5) L™(1/(s* — a®) = (1/a)sinhat,

(6) L™*(1/(s* + a?) = (1/a)sinat.

(7) L™*(s/(s* + a%)) = cosat.

(8)L™I[F(s — a)] = e@Of(t).

(9) L2(1/[(s — a)® + b?]) = (1/b)e@sinbt.

(10) L™((s — a)/[(s — a)? + b?]) = e@cosbt.

(11) L™*(1/[(s — a)? — b?]) = (1/b)e@sinhbt.
(12) L((s — a)/[(s — a)? — b?]) = e(@coshbt.
(13) L™*(1/(s* + a%)?) = (1/2a%)(sinat — atcosat).
(14) L™*(s/(s* + a®)*) = (1/2a)tsinat.

(15) L™*((s* — a?)/(s* + a®)?) = t cosat.

(16) L™*(1) = 8(v).

(17) L7*(s?/(s* + a®)?) = (1/2a)[sinat + at cosat].

Example : Find the inverse Laplace Transform of the following:

(i)1/(s—2) Ans. e9

(i) 1/(s* —9) Ans. (1/3)sinh3t
(iii) s/(s* — 16) Ans. cosh4t

(iv) 1/(s* + 25) Ans. (1/5)sin5t
(v)s/(s*+9) Ans. cos3t

Example. Find the inverse Laplace transform of:
1. (3s —8)/(4s* + 25) Ans. (3/4)cos(5t/2) — (4/5)sin(5t/2)
2.3(s* = 2)%/(2s) Ans.(3/2) — 3t + (1/2)t*
3.(2s —5)/(4s* + 25) + (4s — 18) /(9 — s?)

Ans. (1/2)[cos(5t/2) — sin(5t/2)] — 4cosh3t + 6sinh3t
4.(5s —10)/(9s* — 16) Ans. (5/9)cosh(4t/3) — (5/6)sinh(4t/3)
5.(1/4s) +16/(1 — s%) Ans. (1/4) — 16sinht



6.1/[(s —2)2+1] Ans. e@Vsint

7.(s—1)/[(s — 1)* + 4] Ans. etcos2t
8.1/[(s+ 3)*—4] Ans. (1/2)e(~39sinh2t
9.(s+2)/[(s +2)*>—25] Ans. e"29¢osh5t
10.1/(2s = 7) Ans. (1/2)e(7t/2)
Multiplication by S

L™sF(s)] = (d/dv)f(t) + f(0)8(t)

Example : Find the inverse Laplace transform of:

(i)s/(s*+1) Ans. cost

(i) s/(4s* — 25) Ans. (1/4)cosh(5t/2)

(iii) 3s/(2s + 9) Ans. —(27/4)e"11t/2) 4 3/
Exercise :

1.s/(s+5) Ans. —5e(5Y 41

2.2s/(3s + 6) Ans. (2/3)[-2e29 + 1]
3.5/(2s* - 1) Ans. (1/2)cosh(t/V2)

4.5%/(s* + a%) Ans. —asinat + 1
5.(s*+4)/(s*+9) Ans. —(5/3)sin3t + 1
6.[s?/(s* + 4)?] Ans. (1/4)sin2t + (t/2)cos2t

Division by s (multiplication by 1/s)
“HF(s)/s] = f L [F(s)] dt = f f(t) dt.

Example :Find the inverse Laplace transform of:

(1) 1/[s(s + a)] Ans.(1/a)[1 - e(‘at)]
(i) 1/[s(s* + 1] Ans. 1 — cost
(iii) (s® + 3)/[s(s* + 9)] Ans. (1/3)[2cos3t + 1]

Exercise : Find the inverse laplace transform:

1. 1/[25(5 —-3)] Ans.(1/2)[e®Y/3 — 1]
.1/[s(s + 2)] Ans.(1—e"29)/2

3. 1/[s(s2 —16)] Ans. (1/16)[cosh4t — 1]

4.1/[s(s* + a%)] Ans. (1 — cosat)/a®

5.(s*+ 2)/[s(s* + 4)] Ans. cos’t



6.1/[s%(s + 1)] Ans.t—14 e
7.1/[s3(s* + 1)] Ans. (t?/2) + cost — 1
8.1/(s(s*+ 1)) Ans. 1 — cost
First Shifting Property:
If L"YF(s)] = f(t), then L[F(s+ a)] =L F(s)].

Example :Find the inverse Laplace transform of

() 1/(s +2)° Ans. e(=29(t*/24)

(i) s/(s* + 4s + 13) Ans. e("29¢os3t — (2/3)e("2Ysin3t
(iii) 1/(9s% + 6s + 1) Ans. (teCY3) /9

Exercise:

1.(s+8)/(s*+4s+5) Ans. e=29(cost + 6sint)
2.s/[(s+3)* + 4] Ans. (3 (cos2t — 1.5sin2t)
3.s/(s+ 7)* Ans.eC79(t2/6)(3 — 7t)
4.(s+2)/(s*—2s—8) Ans. et(cosh3t + sinh3t)
5.s/(s* + 6s + 25) Ans. e(=39[cos4t — (3/4)sin4t]
6.1/[2(s —1)*+ 32] Ans. (e'/8)sin4t

7. (s — 4)/[4(s — 3)% + 16] Ans. (1/4)e®Ycos2t — (1/8)eBYsin2t

Second Shifting Property:
L™ *[eC39F(s)] = f(t — a)U(t — a)

Example :Find inverse Laplace transform of

(1) e /(s + 3) Ans. e(=3EM)y(t — 1)

()e9 /(s + 1)3 Ans. eCCED)[(t = 1)2/2]U(t — 1)

Exercise :

1. [se=5/2) + me=9] /(s* + m?) Ans.[U(t—1/2) — U(t — 1)]sinmt
2.e9 /(s + 2)3 Ans. e [(t = 2)2/2]U(t - 2)
3.e029 /[(s + 1) (s + 25 + 2)] Ans. eC-2)[1 — cos(t — 2)]U(t — 2)
4.9 /(s + 1) Ans. e=D) /(m(t — 1))U(t - 1)

5. [eCT/D) 4 (=3TS/2)] /(5% + 1) Ans. cot[U(t — 3m/2) — U(t — 1t/2)]
6.e("*) (s +2)/(s® + 4s + 5) Ans. e(=2t=D) cos(t — 4)U(t — 4)

7. e(-as) /g2 Ans.f(t) =t—a whent>a;0 whent<a



8.e"™) /(5% 4+ 1) Ans. —sintu(t — m)

Inverse Laplace Transforms of Derivatives:
“(d/ds)F(s)] = —tL7'[F(s)]
= —tf(t)
or L[F(s)]=—(1/OL7'[(d/ds)F(s)]

Exercise :

1.log(1 + w?/s%) Ans. —(2/t)coswt + 2

2.log(1 + 1/s%) Ans. (2/t)[1 — cost]

3.5/(1+s*+s% Ans. (2//3)sin(V3t/2)sinh(t/2)
4.(s+1)/(s*+ 6s + 13)? Ans. (e(=39Y/8)[2tsin2t + 2tcos2t — sin2t]
5.5/(s* + a%)? Ans. (tsinat) /2a

6. slog[s/V(s? + 1)] + cot's Ans. (1 — cost) /2

7. (1/2)log[(s* + b?) /(s — a)?] Ans. (@9 — cosbt)/t

8.tan"'(s+ 1) Ans. —(1/t)eDsint

Inverse Laplace Transform of Integrals:

[ TF(s)ds] = f(t)/t = (1/OL[E(s)]

Example: Find the inverse Laplace transforms of %.
Solution :Partial fraction decomposition
(s+4) 1 1 1
SG-DE+d sTGe-D (52+4)
.-.L‘ll (s+4) l L~ [ ]
s(s —1)(s% + 4) s—1) (s? +4)

=—-L1/s] + L [1/(s— 1] - (1/2)L" [2/(5 +29)]
= —1+e"'— (1/2)sin2t Ans.

Example : Find the Laplace inverse of s?/[(s? + a%)(s* + b?)].
Solution. Let us convert the given function into partial fractions.
“1[s?/(s* + a?)(s* + b?)]
1a%/(a®? —b?) - 1/(s* + a%) — b?/(a®* — b?) - 1/(s* + b?)]
= 1/(@%* - bH)La?/(s* + a®) — b?/(s* + b?)]
= 1/(a® — b [a*((1/a)sinat) — b*((1/b)sinbt)]
= 1/(a® — b%)[asinat — bsinbt] Ans.

Exercise : Find the inverse transforms of



1.(s*+2s+6)/s® Ans.1 + 2t + 3t?

2.1/(s? = 7s + 12) Ans. e*t — 3t

3.(s+2)/(s*—4s+ 13) Ans. e**cos3t + (4/3)e?'sin3t

4. (3s+1)/[(s—1D(s*+ 1)] Ans. e* — 2cost + sint

5.(11s®> — 2s 4+ 5)/(2s® — 3s> — 3s 4+ 2) Ans. 2e”t + 5%t — (3/2)e'/?
6.(2s>— 65+ 5)/[(s — 1) (s — 2)(s — 3)] Ans. (1/2)e' — et + (5/2)e%
7.(s—4)/[(s —4)? + 9] Ans. e*tcos3t

8.16/(s* + 2s + 5)* Ans. e *(sin2t — 2tcos2t)

9.1/[(s + 1)(s* + 2s + 2)] Ans. e (1 — cost)

10.1/[(s — 2)(s*> + 1] Ans. (1/5)e? — (1/5)cost — (2/5)sint

Inverse Laplace Transform by Convolution:
t
L[ 109 + ol = 0k = Fa(5) - Fats)
0
t
[ 1160+ (e = 0dx = 17 o)
0

Example : Using the convolution theorem, find L™*[s?/(s* + a*)(s®* + b*)],a # b.
Solution. We have
L(cosat) =s/(s*+a*) and L(cosbt) = s/(s* + b?)

Hence by the convolution theorem
t
Lf cosax cosb(t — x)dx = s?/[(s* + a®*)(s®* + b?)]
0
Therefore, L™[s%/(s* + a®)(s* + b?)] = fot cosax cosb(t — x)dx

t
= (1/2) f [cos(ax + bt — bx) + cos(ax — bt + bx)] dx
0

=(1/2) jtcos [(a—Db)x+ bt]dx + (1/2) Jtcos [(a+ b)x + bt]dx
0 0

= [sin[(a — b)x + bt]/2(a — b)]o" + [sin[(a + b)x — bt]/2(a + b)]o*
= (sinat — sinbt) /[2(a — b)] + (sinat + sinbt) /[2(a + b)]
= (asinat — bsinbt) /(a® — b?) Ans.



Example: Obtain L™*[1/s(s* + a%)].

Solution. L™*[1/s] =1  and L[1/(s* + a®*)] = (sinat)/a
Hence by the convolution theorem
t  sina(t—x) 1
L f 1- dx = — >
0 a s(s® + a%)

t
L 1/s(s* +a%)] = f 1 - sina(t — x)/adx

0

= [—cos(at — ax)/(—=a®)]o"
= (1/a*)[1 — cosat] Ans.

Exercise: Find the inverse Laplace transform by convolution:
1.s?/(s* + a%)? Ans. (1/2)tcosat + (1/2a)sinat

2.1/(s*+1)3 Ans. (1/8)[(3 — t?)sint — 3tcost]

Solution of Differential Equations by Laplace Transforms: Ordinary linear differential
equations with constant coefficients can be easily solved by the Laplace Transform method,
without finding the general solution and the arbitrary constants. The method will be clear from

the following examples.

Example: Using Laplace transforms, find the solution of the initial value problem

y'" — 4y + 4y = 64sin2t, y(0) =0,y'(0) =1
Solution: y'' — 4y’ + 4y = 64sin2t... (1)
Taking Laplace transform of both sides of (1), we have
[s*y — sy(0) — y'(0)] — 4[sy — y(0)] + 4y = (64 x 2)/(s* + 4)... (2)

On putting the value of y(0) and y'(0)in (2), we get

s’y — 1 —4sy + 4y = 128/(s* + 4)

(s>—4s+4)y=1+128/(s*+4)

(s—2))y=1+4+128/(s*+4)

y=1/(s—2)*+ 128/[(s — 2)*(s* + 4)]

=1/(s—2)>*—8/(s—2)+16/(s— 2)*+8s/(s* + 4)
y=L"1-8/(s—=2)+17/(s —2)*+8s/(s* + 4)]
y = —8e?" + 17te?" + 8cos2t Ans.



Example:Using the Laplace transforms, find the solution of the initial value problem:
y'"" + 25y = 10 cos5t,y(0) = 2,y'(0) =0

Solution. Taking Laplace transforms of the given differential eq., we get

[s*y — sy(0) — y'(0)] + 25y = 10s/(s* + 25)

s?y — 2s + 25y = 10s/(s* + 25)

(s* + 25)y = 2s + 10s/(s* + 25)

y = 2s/(s®* + 25) + 10s/(s* + 25)>

L [y] = L™'[2s/(s* + 25) + 10s/(s* + 25)?]

y = LY[2s/(s® + 25) + 10s/(s* + 25)?]

= 2cos5t + L™10s/(s* + 25)?]

= 2cos5t + L™![(d/ds) — 5/(s* + 25)]

= 2co0s5t + tsin5t Ans.

Example : Applying convolution, solve the following initial value problem:
y" +y = sin3t,y(0) = 0,y'(0) =0
Solution. y"’ + y = sin3t
Taking Laplace transformation of both the sides, we have
[s°9 — sy(0) —y' (D] +§ = 3/(s*+9)...(1)

On putting the values of y(0), y'(0) in (1) we get

s’y +y=3/(s*+9)

(s2+ 1)y =3/(s*+9)

y=3/[(s*+1)(s* + 9)]

= @3/8)[1/(*+1) —1/(s* + 9)]

Taking the inversion transform we get

y = 3/8)L7[1/(s* + D] — (3/8)L7'[1/(s* + 9)]

y = (3/8)sint — (3/8) x (1/3)sin3t

= (3/8)sint — (1/8)sin3t Ans.

Example : Using Laplace transforms, find the solution of the initial value problem
y'" + 9y = 6¢c0s3t,y(0) = 2,y'(0) =0
Solution. y" + 9y = 6cos3t... (1)
y(0)=2,y'(0) =0

Taking Laplace transform of (1), we get

[s%y — sy(0) — y'(0)] + 9y = 65/(s* + 9)...(2)
Putting the value of y(0) and y'(0)in (2), we have

s’y — 2s + 9y = 6s/(s* + 9)

(s*+9)y = 2s+ 6s/(s*+9)



or y = 2s/(s* +9) + 6s/(s* + 9)?
y = L [2s/(s* + 9)] + L™[6s/(s* + 9)?]
= 2cos3t + 3L7*[(d/ds) — 3/(s* + 9)]
= 2cos3t — L7 (d/ds)3/(s* + 9)]
= 2c0s3t + tsin3t Ans.

Example : Solve the initial value problem 2y’ + 5y’ + 2y = e™2%,y(0) = 1,y'(0) = 1, using
the Laplace transforms.
Solution. 2y”’ + 5y’ + 2y = e 2%, y(0) = 1,y'(0) = 1
Taking the Laplace Transform of both sides, we get
2[s*y — sy(0) — y'(0)] + 5[sy — y(0)] + 2y = 1/(s + 2)... (1)
On substituting the values y(0) and y'(0)in (1), we get
2[s?’y —s—1]+5[sy— 1]+ 2y =1/(s + 2)
[2s* + 55+ 2]y—25s—2—-5=1/(s+2)
y=1/[(s+2)(2s*+5s+2)] + (2s + 7)/(2s* + 55 + 2)
=(1+4+2s*+7s+4s+14)/[(2s* + 55 + 2)(s + 2)]
= (2s* + 11s + 15)/[(2s + 1)(s + 2)?]
= (4/9)/(2s + 1) — (11/9)/(s + 2) — (1/3) /(s + 2)*
= (4/9) - (1/2)/(s + 1/2) — (11/9)/(s + 2) — (1/3)/(s + 2)*
y=(2/9)et— (11/9)e™* — (1/3)te™*" Ans.

Example: Solve d*y/dx* + 2dy/dx + 5y = e *sinx where y(0) = 0,y'(0) = 1.
Solution. d*y/dx* + 2dy/dx + 5y = e *sinx
Taking the Laplace Transforms of both the sides, we get
[s?y — sy(0) — y'(0)] + 2[sy — y(0)] + 57 = L(e *sinx)
[s*y — sy(0) — y'(0)] + 2[sy — y(0)] + 59 = 1/[(s + D)* + 1]... (1)
On substituting the values of y(0) and y'(0) in (1), we get
s’y — 1)+ 2(sy) + 5y = 1/(s* + 25 + 2)
(s*+2s+5)y=1+1/(s*+2s+2)
=(s*+2s+3)/(s*+ 25+ 2)

y=(s*+2s+3)/[(s*+ 25 +5)(s* + 25 + 2)]
On resolving the R.H.S. into partial fractions, we get

y=1(2/3)/(s*+2s+5)+ (1/3)/(s* + 25 + 2)
On inversion, we obtain

y = (2/3)L7Y1/(s®* + 2s + 5)] + (1/3)L71/(s* + 2s + 2)]
y=1/3)L72/(s+ D+ (2)°] + (1/DL1/(s + D* + (1)?]



ory = (1/3)e sin2x + (1/3)e*sinxory = (1/3)e™*(sinx + sin2x)  Ans.

Example . Using Laplace transforms, find the solution of the initial value problem y" + 9y =
9u(t—3),y(0) =y'(0) =0 where u(t— 3) is the unit step functions.

Solution. y"’ + 9y = 9 u(t — 3)...(1)
Taking Laplace transform of (1), we have
s2y — sy(0) —y'(0) + 9y = 9e™*/s...(2)
Putting the value of y(0) = 0 and y'(0) = 0 in (2), we get
s%y + 9y = 9e73%/s
(s*+9)y = 9e73%/s
v = 9e73/[s(s* + 9)]
y = L™*[9e73%/s(s* + 9)]
L *[3/(s®* + 9)] = sin3t
3L7Y[3/s(s? + 9)] = 3[ o'sin3tdt
= —[cos3t]o" = 1 — cos3t
y = L71[9e3%/s(s* + 9)]
y = [1 —cos3(t—3)]Ju(t—3) Ans.

EXERCISE
Solving the following differential equations:

1. d*y/dx* + y = 0,wherey = landdy/dx = —1 at x = 0.
Ans.y = cosx — sinx
2.d%y/dx* — 4y = 0,where y = 0andd y/dx=-6 at x=0.
Ans.y = —(3/2)e** + (3/2)e™**
3. d%*y/dx* + y = 0, wherey = 1,dy/dx = latx = 0.
Ans.y = sinx + cosx
4. d%y/dx?® + 2dy/dx + 5y = 0, wherey = 2,dy/dx = —4atx = 0.
Ans.y = e™*(2cos2x — sin2x)

5. d3y/dx® + 2d%y/dx? — dy/dx — 2y = 0,given y = 0, dy/dx = 0,d%*y/dx* = 6at x =
0. Ans.y = e* — 3e™* + 2e7*¥

6.d%y/dx* +y = 3cos2x, wherey = dy/dx = Oatx = 0.
Ans.y = cosx — c0os2x

7.d%y/dx* + dy/dx — 2y = 1 — 2x, giveny = 0,dy/dx = 4atx = 0.



Ans.y = e — e ?* +x
8. d*y/dx* — 3dy/dx + 2y = 4e**, giveny = —3,anddy/dx = 5atx = 0.
Ans.y = —7e* + 4e** + 4xe**
9. d?y/dx* — 3dy/dx + 2y = 4x + e**, wherey = 1,dy/dx = —1latx = 0.
Ans.y = 3 + 2x + (1/2)e3* — 2e** — (1/2)¢e*

10. d®y/dx® + 2d*y/dx* — dy/dx — 2y = 0,wherey = 1,dy/dx = 2, d*y/dx* = 2 atx =
0. Ans.(5/3)e* —e ™+ (1/3)e™**

11. (D? = D — 2)x = 20sin2t, X0 = —1, x; = 2.
Ans.x = 2e*' — 4e™" + cos2t — 3sin2t
12. (D? + D?)x = 6t% + 4,x(0) = 0,x'(0) = 2,x"'(0) = 0
Ans.x = (1/2)t* — 263 + 8t> — 16t + 16 — 16e™"
13. d*x/dt? — 2dx/dt + x = e*, where x(0) = 2, dx/dt = —1 at t = 0.
Ans.x = 2e" — 3te* + (1/2)t%e"
14. (D? + n®*)x = asin(nt + a)where x =Dx =0 at t= 0.

Ans. x = a,cosa(sinnt — nt cosnt) + (a sin2a/2n)(t sinnt)
15.y"+ 2y +y=te™ if y(0) =1,y (0) =—-2. Ans.y=(1-t+t3/6)e™"
16.d*y/dx* + y = xcos2x,where y = dy/dx = 0 atx = 0.

Ans.  y = (4/9)sin2x — (5/9)sinx — (1/3)xcos2x

17. d®y/dx® — 3d%y/dx* + 3dy/dx — y = x*e**, where y = 1,dy/dx = 0,d%y/dx* =
—2 at x=0. Ans.y = e**(x* — 6x + 12) — e*(15x* + 7x + 11)

18.y" + 4y’ + 3y = t,t > 0; given that y(0) = 0 and y'(0) = 1.
Ans.y = —4/9 +t/6 + et — (5/9)e™3"
19.y" + 2y = r(t),y(0) = 0,y'(0) = 0 where r(t) =0 ,t>1;1,0<t< 1.
Ans.y = 1/2 — (1/2)cosV2t
20. d%y/dx* +y = u(t — m) — u(t — 2m), y(0) = y'(0) = 0.

Ans.y = (1 + cost)u(t — m) — (1 — cost)u(t — 2m)



Solution Of Simultaneous Differential Equations By Laplace Transforms: Simultaneous

differential equations can be also solved by Laplace Transform method.

Example : Solve dx/dt + y = 0 and dy/dt — x = Ounder the condition x(0) = 1,y(0) = 0.
Solution. x" +y = 0... (1)
y —x=0...(2)
Taking the Laplace transform of (1) and (2) we get
[sk —x(0)]+y=0...(3)
[sy —y(0)] —x=0...(4)
On substituting the values of x(0) and y(0) in (3) and (4) we get
sk—14+y=0...(5)
sy —x=0...(6)
Solving (5) and (6) for X and y we get
x=s/(s*+1),y=1/(s*+1)
On inversion, we obtain
x=Ls/(s* + D],y = L7[1/(s* + 1)]

X = cost,y = sint Ans.

Example: Using Laplace transforms, solve the differential equations
D+Dy:+(D—-1Dy,=e"
(D +2)y1 + (D + 1Dy, =e'
where D = d/dt and y;(0) =1,y,(0) =0.
Solution. (D + 1)y; + (D — Dy, =e™"...(1)
(D+2)y;+ (D+ 1y, =¢€"..(2)
Multiply (1) by (D + 1) and (2) by (D — 1) we get
D+ 1)?y;+ (D* =1y, =D+ 1e™..(3)
(D —-1D+ 2y, + (D*— 1)y, = (D — 1)e"... (4)
Subtracting (4) from (3) we get
(D?+2D+1—-D?*=D+2)y; =(—e*+e™) —(e'—eH)
or (D+3)y; =0 or Dy;+3y;=0
Taking Laplace transforms we have
sy1 —y1(0) +3y: =0
(s+3)y:=1 or y,=1/(s+3)
y, = e 3t

Laplace Transformation

y=—%L1/(s— 1]+ %L s/(s* + 1)] — %L 1/(s* + 1)] + L [s/(s* + 1)?]y
= —1lse' + Yscost — Yssint + Vatsint



y = ¥[—e" — sint + cost + tsint] Ans.

Example: Using the Laplace transforms, solve the initial value problem
yi' =y1+3y2
v, =4y, — 4et
y1(0) = 2,y,'(0) = 3,y2(0) = 1,y2'(0) = 2.
Solution:
yi'' =y1+3y2...(1)
yo' = 4y; —4e..(2)

Taking the Laplace transform of (1) and (2):

5?1 — sy1(0) —y1'(0) = §1 + 3¥2...(3)

%92 — sy2(0) —y>'(0) = 4y, — 4/(s — 1)...(4)
Putting the value of y;(0),y41'(0),y2(0),y-'(0) in (3) and (4), we get:
s%y, —2s — 3 =y, + 37
or (s*—1)y;—3y,=2s+3...(5)
Sy, —s—2=4y,—4/(s— 1)

or 4y, — sy, =4/(s—1) —s—2...(6)
On solving (5) and (6), we get:
y1=1[(2s = 3)(s* + 3)(s + 2)I/[(s — D(s* + 3)(s* — 4)]
=2s=3)/[-D-D]=1/(s-1D +1/(s—-2)
y; =e' +e*
2 = [(s + 2)(s* + 3)]/[(s* + 3)(s* — 4]
=1/(s=2)

=y, =et Ans.
Exercise : Solve the following:
1.dx/dt + 4y = 0,dy/dt —9x = 0.Given x=2 and y=1 at t=0.
2
Ans.x = —§sin6t + 2cos6t, y = cos6t + 3sin6t

2. 4(dy/dt) + (dx/dt) + 3y = 0, 3(dx/dt) + 2x + (dy/dt) =
1under the condition x=y=0 at t=0.



Ans.x = 1 — le‘t — ie-(6/11)t y = %e—t _ le—(6/11)t

2 5 10 ' 5
3.dx/dt + 5x — 2y = t,dy/dt + 2x + y = 0 being givenx =y = 0 whent = 0.

-1 1 -2 2t 4
X = — -3t (143t , =——(243t)e 3t -4 —
Ans. x 57 (1+6t)e >+ 27( + 3t) y 57 (2 + 3t)e 5 + 57

4. dx/dt + y = sint, dy/dt + x = cost
given that x=2,and y=0 when t=0. Ans.x=e'+ey = e *—e"+ sint

5. The small oscillations of a certain system with two degrees of freedom are given by the
equations:
D?x + 3x — 2y = 0, D?x+ D%y —3x+ 5y =0,ifx =0,y = 0,Dx = 3,

Dy=2 when t=0.
Ans.x = _—nsint + isin3t, y = Esint — lsin3t.
4 12 4 4
6. 3(dx/dt) + 3(dy/dt) + 5x = 25 cost,
2(dx/dt) — 3(dy/dt) = 5sint ~ with x(0) = 2,y (0) = 3.

Ans.x = 2cost + 3sint, y = 3cost + 2sin2t.

Fourier Integrals And Their Applications:
Introduction: Expansion of a function f(x) of period 2l into a Fourier series is well known.
The Fourier integral was first introduced by Fourier as an attempt to generalize his results from
finite intervals to infinite intervals. In this chapter we propose to discuss Fourier integral
representation and Fourier transfors, followed by applications involving the Fourier transforms.
Dirichlet’s Conditions:
Let f(x) satisfy the following conditions:

e (i) f(x) is defined in the interval =1 < x <1

o (i) f(x) and f'(x) are sectionally continuous in —1 < x < 1

e (iii) f(x) is periodic with period 2l.

Then the above conditions are called Dirichlet's conditions.

Fourier integral theorem (or formula). Fourier integral representation

Let F(x) satisfy the following conditions:



o (i) f(x) satisfies the Dirichlet’s conditions in every finite interval —1 < x < 1.
o (ii) ffooo | f(x)|dx converges, i.c., f(x) is absolutely integrable in —co0 < x < 0.

Then Fourier integral theorem states that

f(x) = foo{A(s) cossx + B(s)sinsx}ds, ..(1)
0

where

1r® 1
A(s)=;f f(u)cossudu and B(S):Ef f(u)sinsudu ..(2)

Fourier integral theorem can also be re-written as

f(x)=%foo foo f(u)coss(x—u)duds. ..(3)

s=—00 Yu=—00

The result (1) holds if x is a point of continuity of f(x). If x is a point of discontinuity, f(x) is
replaced by {f(x + 0) + f(x — 0)}/2. As for Fourier series, the above conditions are sufficient

but not necessary.

The right side of (1) is sometimes called the Fourier integral expansion of f(x), or briefly

Fourier integral.

Different forms of Fourier integral theorem (formula):
(i) General form:

f(x) = %foof(u) {foocos s(x—u) ds} du. ..(1)
—00 0

Proof. When x is a point of continuity of f(x), we have

f(x) =%f®o {foof(u)coss(x—u)du}ds:%fmf(u){foocoss(x—u)ds}du

[changing the order of integration]

1 oo oo
= j f(u) {2 j coss (x —u) ds} du using a property of definite integral, namely,
—00 0

Jaf(x) dx =2 faf (%) dx, iff f(—x) = f(x)

—-a 0

= %f_o:of () {j:ocos s(x—u) ds} du.



(ii) Another general form: If f(x) is continuous at x, then

f(x) = foo[A(s) cossx + B(s)sinsx]ds, ..(2)
0

where

A(s) = %foof(u) cossudu ..(3)

and

1 [ee]
B(s) = Ef f(u)sinsudu. ...(4)
Proof: We have -

f(x) =%]mf(u){fmcoss(x—u)ds}du=%jw{Jmf(u)coss(x—u)du}ds
-0 0 0 — 0

[changing the order of integration]

1 [ee] [ee]
:E_]- {f f(u)(cossxcossu+sinsxsinsu)du}ds
0 -0

=f [COSSX{E.]- f(u)cossudu}+sinsx{T—[f f(u)sinsudu}lds
0 —o0 -

= j [A(s) cossx + B(s) sinsx] ds, using (3) and (4)
0
(iii) Fourier sine integral formula: If f(x) is an odd function, then

f(x) = %jmsinsx{jmf(u) sinsudu} ds. ..(5)
0 0

Proof. Proceed yourself as in form (ii) and show that

f(x) =ljmlcossx{jmf(u)cossudu}+sinsx{foof(u)sinsudu}l ds ..(6)
0 — 00

i —0

Since f(x) is an odd function, it follows that f(u) cos s u is an odd function and f(u) sinsu is

an even function and so by a property of definite integrals, we have

(o) (o8]

f(u)sinsudu = ZJ f(u) sinsudu.
0

jf(u)cossudu=0 and f

—00

zf(x)zij

0

sinsx{] f(u) sinsudu}ds.
0

(iv) Fourier cosine integral formula: If f(x) is an even function, then

f(x) = %fwcossx{foof(u) cossudu} ds. ..(7)
0 0



Proof: Proceed yourself as in part (ii) and show that

f(x) =%foolcossx{foof(u)cossudu}+sinsx{foof(u)sinsudu}l ds ..(8)
0 — 00

—00

Since f(x) is an even function, it follows that f(u) cos s u is an even function and f(u) sinsu

1s an odd function and hence we have

ff(u)cossudu=2f f(u)cossudu and ff(u)sinsudu=0.
— 0 —0

zf(x)=%f

(o] [ee]
cossxj f(u) cossudu.
0 0

(v) Complex or exponential form of Fourier integral theorem:

f(x) = % j 7 s { f "t el du} ds. ..(9)

Proof. From general form (i) of Fourier integral theorem, we have

f(x) =%foof(u){foocoss(x—u) ds}du
—0oo 0

1[=(
I f { f f(u) coss (x —u) du} ds, changing the order of integration
0 — 00

S
~f(x) = f isx {f f(u)e™su du} ds +—f ~isx {f f(u)e's" du}d ...(10)

Substltutlng s = —y and ds = —dy in the first integral only, (10) reduces to

f(x) = —f e lyx {f f(u)e" du} (—dy) + x fooe‘isx U:;f (u)e'su du} ds
= _j e iyx { f(w)e" du} dy + —J ~lsx {f_o;f (w)elsu du} ds
== f_ooe‘isx { f(u)els" du} ds + —f ~lsx U::f (u)elsu du} ds

e_lSX {J f (u)elsv du} ds.
~on o

Note: In (10), substituting s = —y and ds = —dy in the second integral in place of first

integral and proceeding as before, we get

f(x) = %J.ooeisx {J.oof(u)e‘isu du} ds, ..(11)



which is another form of complex form of Fourier integral formula.

Solved Examples:

a
aZ+b?

e (i) foooe‘ax cosbxdx =

o (i) [, e™™sinbxdx = Zibz

00 COS AX

Example: Using Fourier cosine integral formula, prove that f o)

dA=Ze™x20.
Soution:. Fourier cosine integral formula is given by
2 oo [ee]
f(x) = E] cos Ax{f f(u)cosAu du} dr  ...(1)
0 0
Take f(x) = e *so that f(u) =e™. ..(2)

Using (2), (1) reduces to

2 [0/0) [o.0]
e X = —j coskx{f e YcosAu du} dA
TJog 0

2 [o.0] [o/e)
=EJ0 coskx-l_l_)t2 da, asfo e ¥ cosbxdx =

. j‘”coskx d}\—ﬂ s
Ty 12 T 2C

a
aZz + b2

oo (u?+2) cos ux

Example: Show that e ™ cosx = = [ du,x >0

mv0 ut+4

Solution: Fourier cosine integral formula is given by

f(x) = %Jmcosux{Jmf(V) cos uvdv} du, ..(1)
0 0

Taking f(x) = e ™ cos x so that f(v) = e~V cos v, (1) becomes

2 [oe] (o]
e"xcosx=—J cosux{J e_"cosvcosuvdv}du
i1
0 0

1 co [ee]
=—f cosux{f e“’(Zcosuvcosv)dv}du
0 0

Tt

1 [ee] (o]
= Ef cosux U e V{cos(u+1)v+cos(u—1)v} dvl du
0 0

1 oo co [ee]
= —j cosux U eVcos(u+1)vdv + f e Vcos(u-— 1)Vdvl du
TJo 0 0 o

1[1” a
= — d —ax bxdx = ——
T[J;) Cosux[1+(u+1)2 1+(u—1)2] o asj; ¢ coshxax a% + b2




cosuxdx = —

_1f°°(u2+2—2u)+(u2+2+2u) 1% 2(u?+2)cosux
TJo

Zf‘x’(u2 + 2) cosux
TJo

u* +4

Example: Using Fourier sine integral formula, show that

> > 0.
+a2)(u? + b2)’ az0b=0

Solution: Fourier sine integral formula is given by

cax by 2(b*—a?%) f‘” usinuxdu
e” X — DX =
T o (u?

2 (o] (o]
f(x) = Ef sin ux{f f(v) sinuvdv} du ..(1)
0 0
Taking f(x) = e™3 — e PX 50 that f(v) = e™@¥ — ™"V, (1) reduces to

2 o0 o0

e™aX — g7bx — —f sin ux{f (e_a" - e_b") sin uvdv} du

01
0 0

2 [ee] [ee] [oe]
=—f sinux{f e_a"sinuvdv—f e_b"sinuvdv}du
TJo 0 0

_2f°°_ [ u u ]d _ 2 (®u(b® —a*)sinuxdu
—nosmux a?+u? b?+4+u? u_no (a2 + u?)(b% +u?)

o-ax _ by 2(b% —a?) J‘x’ usinux q
— = u.
T o @+

u?)(b? +u?)
Example: Suppose a function f(x) is given by

0, whenx < Qorx>m
sinx, when 0 < x <.

) = |

Using Fourier integral formula, show that

1f°°cosu(1t—x)+cosux
du
0

f(X)zE 1—u?

Solution: Fourier integral formula is given by

f(x) =lfoo{foof(v)cosu(v—X)dv}du, —o <x<o., ..(1)
0

T —o0

By given value of f(x), we have

0, v<Qorv=>T
f(v) _{sinv, 0<v<sTt

foof(v)cosu(v—x)dv

- (2)

(w2 4+ 24+ 2u)(u?+ 2 —2u) mJ), (u?+2)%2— (2u)? X



0 T o
=J. f(v)cosu(v—x)dv+f f(v)cosu(v—x)dv+f f(v) cosu (v —x)dv
— oo 0

T

T
= f sinvcosu (v —x)dv, using given values of f(v) from (2)
0

1 TC
= Ef [sin{(u + 1)v — ux} — sin{(u — 1)v—ux}] dv, as 2cosAsinB
0
= sin(A + B) — sin(A — B)
1 l— cos{(lu+1)v—ux} cos{(u—1)v— ux}lV=1T 1 [cos C cosDY"
T2
0

u+1 u—1 B

2

_ u—1 u+1l,-y
[TakingC = (u—1)v—ux andD = (u+ 1)v — ux]
1[(u+ 1) cosC— (u—1)cosD|" u(cos C — cos D) + (cos C + cos D)|"™
=E[ u—-D(u+1) LO =l 22— 1)
2usin{(C + D)/2} sin{(D — €)/2} + 2 cos{(C + D)/2} cos{(D — C)/2}]"
- [ 22— 1) o
= {1/(u? — 1D}usin(v — x) usinv + cos(v — x) ucosv]%.,, putting values of C and D

v=0

= [cos(m — x) ucos — cos(—xu)]/(u? = 1) = [cosu (T — x) + cosux]/(1 — u?)
Thus,

cosu (m—x) + cosux
1—u?

foof(v)cosu(v—x) dv = ..(3)

Using (4), (1) reduces to

du.

1 (®cosu(m—x)+ cosux
o = | :
T J 1-u

1, when |x| <1

0, when |x| > 1 as a Fourier integral.

Example :Express the function f(x) = {

o sinA cos Ax

Hence evaluate [ ———— da.

Solution: Fourier integral formula is given by

f(x) = %foo {foo f(u)coss(u—x)du}ds. ..(1)
s=0 u=-—co

Re-writing the given function f(x), we have

1, when —1<u<1
fCw) = {O, u<-—-loru>1 "~ (2)
Now,

foof(u)coss(u—x)du

1 0

f(u)coss(u—x)du-i—f f(u) coss (u—x)du
1

= f_:f(u)coss(u—x)du+f

-1



1
=O+f coss (u—x)du + 0, using (2)
-1

lsins(u—x)l1 _sins(1—-x) —sins(-1-x) sins(1—x) +sins(1+x)
s et s s
_ 2sinscossx

= - 3)
Then using (3), (1) reduces to

1 ® 2sinscossx 2 (®sinAcosAx
f —_—_— f —dr ... (4)
S 0

f(x) =— = —
) T Jsp S ds T A

This is the required representation of f(x) as Fourier integral.

To evaluate the given integral. Re-writing (4), we have

/2, |x| <1

“sinAcosAx S | N
fo R 0, |[x|>1 [Using the given value of f(x).]

T
5 dk=§f(x)={
1 for0<x<m

as a Fourier sine integral and hence evaluate
0 forx >m

Example: Express f(x) = {
sinx A dA.

J-Ooo 1—cosmA

Solution: Re-writing the given function f(x), we have

(1 for0<u<m
fw = {0 foru > m. (1)
Using variable A in place of s in form (iii) of Art. 1.4, Fourier sine integral formula is

2 (o] (o]
f(x) = —j sinAX{J f(u) sinkudu}dk
TJo 0
2 (e} TC [ee]
=E] sinlx{j f(u)sin)\udu+f f(u)sin)\udu}d)\
0 0 T

2 oo T [ee]
= Ef sin)\x{f sin)&udu+f (0) sinludu} dA, using (1)
0 0

T
2 (® cosAuy™ 2 [©1—cosAT
:—j 511'1}\)([— ] d)\=—J —— sinAxdA.
TT 0 A 0 T 0 A
Hence
®1—cosAT T /2, for0<x<m . .
-fo — 5 sin AxdA = Ef(x) = { 0, for x> 10 [Using the given value of f(x)]

At x = m, which is a point of discontinuity of f(x), the value of the above integral

T 1+0_

T
2 2 4

om f(m—0)+ (t+0) _
‘El : ]_



Exercise :

G0 COoSs ux

1. Using Fourier cosine integral formula, show that e ™% = % fo ra? dx,a> 0,x = 0.

2x _ 6 ;o usinuxdu

x - 6 (o usinuxdu
2. Show that e e =)y T X2 0.
3. Suppose a function f(x) is given by
f(x)—{ 0, whenx < 0andx >
" |cosx, when0 <x<m

Using Fourier integral formula, show that

f(x) == Z_1 du.

1j°°u[sinux—sinu(n—x)]
TJo

4. Find a Fourier cosine and Fourier sine integral representation of the function

cosx, 0<x<m/2
fe) = { 0, X > n/z/
Ans. f(x) = %fooo %HSSZ/Z) cossxds; f(x) = %fooo (%(:S/Z)) sinsx dx
5. Iff(x) = {69;(’ xS 8
(a) show that f(x) = i Ooo oA S:;::in = ds
(b) Verify directly that the above integral representation converges to the value 1/2 at

x = 0.

Fourier transform or Complex Fourier Transform:
Definition. Let F(x) be a function defined on (—oo0,00) and be piecewise continuous in each
partial interval and absolutely integrable in (—oo, o). Then the Fourier transform of F(x) is a

function of a new variable s and it is denoted and defined as

F{F(x)} = F(s) = f(s) = fooeisx Fx)dx ..(1)

The function F(x) is then called inverse Fourier transform of F(s) or f(s) and is denoted by

F(x) = FTY{F(s)} or F(x)=FHf(s)} ..(2)

Note: Some authors use p in place of s in (1) and (2). Also, they use f(x) and F(s) in place of
F(x) and f(s) respectively.



Inversion formula for Fourier Transform or Complex Fourier Transform:
If F(s) is the Fourier transform of F(x) and if F(x) satisfies the Dirichlet conditions in every
finite interval (—1,1) and further if F(x) is absolutely integrable in (—oo, 00), then at every point

of continuity of F(x),

1 (*_ .
F(x) = —f F (s)e™* ds.
2T )_ o

Proof: Complex Fourier integral formula is given by

F(x) = % j 7 s { f T F (el du} ds. ..(3)

Complex Fourier transform of F(x) is given by

[ee]

F(s) = fooeisx F(x)dx = J F(wesUdu. ..(4)

—00

Then, (3) and (4) =

1 (*_ .
F(x) = %j F(s)e™™*ds, ...(5)

which is the required inversion formula for complex Fourier transform.

Thus, we have

F{F(x)} = F(s) = f(s) = fooeisx F(x)dx ..1(a)

F(x) = %Jme‘isx F(s)ds or F(x) = %fooe‘isx f(s)ds ...1(b)

@) F{F(x)} = F(s) = f(s) = f—n [Z e F(x)dx  ..2(a)
F(x) = \/%f_we‘isx F(s)ds or f(x)= \/%_nf_ooe‘isx f(s)ds ..2(b)

It is also known as symmetric form.

(ii) FFx)} = F{F(5)} = f(s) = [ e ™ F(x)dx ..3(a)

o]

F(x) = %fooeisx F(s)ds or F(x)= %f el*f(s)ds ..3(b)

—00



(iii) F{F(x)} = F(s) = f(s) = % [2 e Ex) dx. .. 4(a)

F(x) = IsXF(s)ds or F(x)= Lfooeisx f(s)ds ...4(b)

«%—J} V2m

It is also known as symmetric form.

Theorem. If f(s) is Fourier transform of F(x), then

o () F{F(—x)} =f(-s)
. (i) F{F(—x} = ()

+ (i) F{FGO} = f=s).

where bar over a quantity represents its complex conjugate.

Proof: By definition,

F{F(x)} = f(s) = fooF (x)el*dx. ...(1)
() F{F(—x)} = fjooo F(—x)els*dx = f;oo F (y)e™'sY(—dy), putting y = —x and dx = —dy

- [ " F (0% dx = f(—s), by (1)

(ii) F {F(—x)} = f_io {F(—x)} elsX dx = f;mfy)e‘isy(—dy), putting y = —x and dx = —dy

= f F(x) e % dx = {f F (x)elsx dx} = £(s), by (1)
Fourier sine transform or infinite Fourier sine transform.

Definition. Let F(x) be a function defined on (—oo,00) and be piecewise continuous in each
partial interval and absolutely integrable in (—oo, ). Then the infinite Fourier sine transform

of F(x) is a function of a new variables s and it is denoted and defined as

o]

F{F(x)} = Fs(s) = f,(s) = f F(x)sinsxdx ..(1)

0

The function F(x) is then called inverse Fourier sine transform of F¢(s) or f;(s) and is denoted
by
F(x) = Fs ' {Fs(s)} or F(x) =Fs'{f(s)} ..(2)

Note: Some authors use p in place of s in (1) and (2).



Inversion formula for Inverse Fourier sine transform : If F,(s) is the infinite Fourier sine
transform of F(x) and if F(x) satisfies the Dirichlet conditions in every finite interval (—1,1)

and further if F(x) is absolutely integrable in (—o0, ), then at every point of continuity of

F(x),

2 [C_
F(X)Z—f F, (s)sinsxds
TJo

Proof. Fourier sine integral formula is given by

2 co co
F(x) = E] sinsx{j F (u) sinsudu}ds ..(3)
0 0
Now, infinite Fourier sine transform of F(x) is given by

(0] (0]

F(s) = j F (x) sinsxdx = j F(uw)sinsudu ..(4)
0 0
Then, (3) and (4) =

F(x) = %fml_?s (s)sinsxds, ..(5)
0

which is the required inversion formula for infinite Fourier sine transform.

Thus, we have

o

F{{F(x)} = F,(s) = f;(s) = f F(x)sinsxdx ..1(a)

0

0]

_ 2 _
and F(x) = F71{F.(s)} = Ef Fi(s)sinsxds ..1(b)
0
Some authors define 1(a) and 1(b) in the following symmetric form.

F{F(x)} = Fs(s) = f,(s) = \/%IOOF (x)sinsxdx ..2(a)
0

and F(x) = F71{F(s)} = \/%fml?‘s (s)sinsxds ...2(b)
0

Fourier cosine transform or infinite Fourier cosine transform.

Definition. Let F(x) be a function defined on (—oo0, o) and be piecewise continuous in each
partial interval and absolutely integrable in (—oo,00). Then the infinite Fourier cosine
transform of F(x) is a function of a new variable s and it is denoted and defined as...

o)

FAF(X)} = F.(s) = f.(s) = f F(x)cossxdx ..(1)

0

The function F(x) is then called inverse Fourier cosine transform of F.(s) or f.(s) and is
denoted by



F(x) = Fc'{Fc(s)} or F(x) =F{fc(s)} ..(2)

Inversion formula for inverse Fourier cosine transform : If F.(s) is the infinite Fourier
cosine transform of F(x) and if F(x) satisfies the Dirichlet conditions in every finite interval
(=1 1) and further if F(x) is absolutely integrable in (—oo, ), then at every point of continuity
of F(x),

2 [(“2
F(x) = —f F. (s) cossxds.
TJo
Proof: Fourier cosine integral formula is given by
2 (o] (o]
F(x) = Ef cossx{j F (u) cossudu}ds ..(3)
0 0

Now, infinite Fourier cosine transform of F(x) is given by

[0e] [ee]

F.(s) = f F(x) cossxdx = J F(u)cossudu ..(4)
0 0
Then, (3) and (4) =
F(x) = Efml?c (s)cossxds, ..(5)
TJo

which is the required inversion formula for infinite Fourier cosine transform.

Thus, we have

FAFX)} =F.(s) =f.(s) = JOOF (x)cossxdx ..1(a)
0
and
_ 2 [C_
F(x) = FYF.(s)} = —f F.(s)cossxds ..1(b)
TJo

Some authors define 1(a) and 1(b) in the following symmetric form

FAF(X)} =F.(s) =f.(s) = \/%fooF (x) cossxdx ..2(a)
0

and

F(x) = FZYF.(s)} = \/%JOOFC (s)cossxdx ..2(b)
0



Relationship between Fourier and Laplace transforms.
Let

e XG(t), t>0

F(t):{ 0, t<O.

Then,

F{F(t)} = f elStF(t)dt, by definition of Fourier transform

elst e XtG(t)dt = f e~ Tt G(H)dt, by (1)
0

0 oY)
= f eStF(t)dt + f eStF(t)dt = f
—00 0

0

oo

Hence, F{F(t)} = fo

e Pt G(t)dt, taking x — is = p

= L{G(1)}, by the definition of Laplace transform
Thus,

FF®} = L{G(D},

which is the required relationship between Fourier and Laplace transforms.

Some useful results of Integral Calculus for direct applications.

ax ax
1. feaxsinbxdx=aze+—bz(asinbx—bcosbx),feaxcosbxdx=aze+—bz(acosbx+
b sinbx)
[ee] [ee] a
e ¥sinbxdx = and fe‘axcosbxdxz—
fo a% + b? 0 a% + b2

5 dn ( X )_ (=1)"xn! COS{(n+ 1) tan_l(a/X)}a

dxn \az+x2) ~ (a2+x2)(+D)/2

dn( : ) DX il + 1) tan~*(a/0).

dx" \a2 + x2/ T (a2 4+ x2)(+0/2

oo si 2, ifp>0
N L,

—n/2, ifp<O0.

4 [Petdx=vE [ e de="

0o edX_g—axX 1 a 0 edX4e—aX
5.4, o dx = stanZ, Jo o dX = Zsec
00 COS pX T _x oo p sin px T _x
6. =-e ——-—dp =-e
fO 1+p2 p 2 ’ fO 1+p2 p 2

1.11. Linearity property of Fourier transforms:

If ¢; and c, be constants, then



o () F{ciF1(®) + c;F2(0)} = ¢t F{F1(x)} + ¢, F{F,(x)}
o (i) Fs{c F1 (%) + c2F, ()} = ¢ Fs{F1 ()} + o Fs{F,(x)}
o (iii) F{c1 F1 (%) + c2F2(x)} = ¢ F{F1 ()} + coF {F, (%)}

Proof (i) By definition

F{c;F; () + ¢3F> (0} = f " e (¢, Fy () + P, (0}

=q J. eSXF; (x)dx + ¢, f e’SX F,(x)dx = ¢;F{F;(x)} + c,F{F,(x)}, by definition

— 00

(ii) By definition

F{c;F;(X) + c,F,(x)} = foo{chl(X) + ¢, F,(x)}sinsxdx
0

[ee]

= C1f F; (x)sinsxdx + CZJ F, (x) sinsxdx
0 0
= ¢, Fs{F;(X)} + ¢, F¢{F,(x)}, by definition
Change of scale property:

e (i) If f(s) is the Fourier transform of F(x), then (1/|a|)f(s/a) is the Fourier transform
of F(ax), where a # 0.

If F{F(x)} = f(s), then F{F(ax)} = (1/|a|)f(s/a), where a # 0.
e (i) fF F{FX)} = £,(s), then F{F(ax)} = (1/a)f,(s/a).

e (iii) IFF{F(x)} = f.(s), then F{F(ax)} = (1/a)f.(s/a).

Proof: (i) The following two cases arise :

Case I. Let a > 0. Then, by definition of Fourier transform, we get

o)

F{F(ax)} = J-°° elS*F(ax)dx = %f elS/AtE(t)dt

[Putting ax = t so that dx = (1/a)dt]
= (1/a)f(s/a), by definition of Fourier transform.

CaseIl. Let a < 0. Let b > 0 such that a = —b. Then, by definition, we have

F{F(ax)} = f elS*F(ax)dx = f elS* F(—bx)dx, asa = —b
Bl dt )
= f el(=s/DtE(t) m, putting —bx = tand dx = —(1/b)dt



1r® . 1
= Bf_ooel(s/a)t F(t)dt = @f(s/a), by definition

Combining the above two cases,
F{F(ax)} = (1/laDf(s/a)
(ii) By definition

f F(x)sinsxdx = f,(s). ..(1)
0
Now, Fe{F(ax)} = [ Ooo F (ax) sin s x dx, by definition

1(® st . dt
=— j F (t) sin —dt, putting ax = t so that dx = —
al, a a

= %ij (x) sin{(s/a) x x} dx = %fs(s/a), on replacing s by s/ain (1)
0

Shifting property for Fourier Transform.

If f(s) is the complex Fourier transform of F(x), then complex Fourier transform of F(x — a)
is '52f(s), i.e. if F{F(X)} = f(s), then F{F(x — a)} = e!s2f(s).

Proof: By definition

jmeisx Fx)dx = f(s). ..(1)

o [o9]

Now, F{F(x —a)} = [___e!*F(x —a)dx = [___ e F(t)dt, puttingx — a = tand dx =
dt

oo

— eisaf eist F(t)dt = eisaf elisx F(x)dx = eisaf(s), using (1).

Modulation theorem

(1) If f(s) is the Fourier transform of the function F(x), then [f(s + a) + f(s — a)]/2 is the
Fourier transform of F(x) cos ax.

i.e., FF{F(x)} = f(s), then F{F(x) cosax} = [f(s + a) + f(s — a)]/2
(i) If F{F(x)} = f5(s), then F{F(x) cosax} = [£,(s + a) + fs(s — a)]/2
(i) If F{F(x)} = f(s), then F{F(x) sinax} = [£,(s + a) — fs(s — a)]/2
(iv) If F{F(x)} = f.(s), then F{F(x) sinax} = [f.(s — a) — f.(s + a)]/2



Proof. (i) By definition

fooeisx F(x)dx = f(s). ..(1)

(0]

Now, F{F(x) cosax} = f_oo e!SX F(x) cos a x dx, by definition 1.6

elElX + e—laX o

© 1% . 1 )
= f e'sx F(x)#dx = E,f els+ax p(x)dx +§f els-aX p(x)dx

= (1/2) xf(s+a) + (1/2) x f(s — a), using (1)
= [f(s +a) + f(s—a)]/2

(ii) By definition
j F(x)sinsxdx = f,(s). ..(1)
0

Now, F,{F(x) cosax} = fooo F (x) cos ax sin s x dx, by definition

(0]

—1 ooF 2 si d —1 F i i d
_Efo (x)(2sinaxcosax) X—EL (x)[sin(s + a) x + sin(s — a) x]dx

o)

= 1UOOF in(s + d +f F in(s — d
=z2|), (x) sin(s + a) xdx ) (x) sin(s —a) xdx
= %[fs(s + a) + f;(s — a)], using (1).

Example: . Find the Fourier complex transform of f(x) if

f(x) = {eiwx, a<x<b
0, x<aorx>Db

Solution:

[oe)

b
elSX f(x)dx + f elS* f(x)dx + f elsX f(x)dx
a b

a

F{f(x)} = j::eisx f(x)dx = f

— 00

b
=0+ f elsX elWXdy + 0, using the given values of f(x)
a

iZ(S - W) — — [ei(s+w)a _ ei(s+w)b], as i2

b
— j el(s+W)x 4y — €
a i(s+w)

= -1

i(s+w)xlb ellstwb _ gi(stwa i
a

Example: Find the Fourier transform of

(%, x| <a
f(x) = {0, |x| > a.



Solution: By definition

F{f(x)} = foof(x)eisxdx = f af (x)e!s*dx + Jaf(x)eisxdx + foof (x)el*dx

—00 —0oo0 -a a

a
= f x e'¥*dx, using the given values of f(x)
—a

eisx a ,isx
= |x— — — dx, integrating by parts
[ is ]_a f_ s g goyp

a

) i 1, . )
e (is)z _ %(elsa + e—lsa) + S_Z (elsa _ e—lsa)

— 3 isa __ (_a) e—isa _ eisx
is is
= —(ia/s) x (2cossa) + (1/s?) x (2isinsa) = (2i/s?) X (sinsa — as cos as).

—a

Example: Find the Fourier transform of F(x), if

2

_(x%, x| <a
F(X)_{o, x| > a.

Solution: By definition

FF(x)} = j°° F (x)e'*dx = J aF (x)e'*dx + JaF (x)els*dx + JOOF (x)el*dx

a
= J x? e$*dx, using the given values of F(x)
—a

isx7@ a elsx
= [x — J (2x) 7S dx, integrating by parts
—a

1S
-a

a2 < a2 s 2 elSX a elSX
=—e ——e — )X - 1-—dx
1S 1S 1S 1S _a _ 1S

a

a2 isa —isa 2(a isa a —isa
= (e — € ) — —4y—¢€ +—e -
1S 1S (1S 1S

elisx a
(is)zl_a}
= (a?/is) x (2isinsa) — (2a/i?s?) x (!5 + e7152) 4 (2/i3s3) x (eis? — e7152)

= (2a?/s)sinsa + (2a/s?)(2 cossa) — (2/is®)(2isinsa)
= (4a/s?) cossa + (2/s%)(a%s? — 2) sinsa.

Example: Find the Fourier complex transform of F(x) = e ™%l where a > 0 and x belongs
to (—OO, OO)

Solution: By definition of the Fourier Complex transform, we have



o

F{F(x)} = fooeisx F(x)dx = f elsx elalxqy

— 00

0 0o
- ; ) x, x>0
= J. e'S* e?Xdx + f e's* e~ dx, noting that |x| = {
— oo 0

—-X x<0
0 © e(a+is)x 0 e—(a—is)x ®

— f e(a+is)x dx _|_f e—(a—is)x dx = : + :
—oo 0 atis|  |[-(a-is)],

=1/(a+is) +1/(a—is) = 2a/(a? + s2)

Example: Find the sine transform of a function of x which is equal to sinx for 0 <x < a
and 0 for x > a.

Solution: Let the given function of x be F(x), Then, we have

sinx, 0<x<a
F) = { 0, X > a. - (1)

Then, F{F(x)} = [ 000 F (x) sin s x dx, by definition

a o a
=f F(x)sinsxdx+f F(x)sinsxdxzf sinx sinsxdx + 0, using (1)
0 a 0

1 r2 1[sin(s — 1)x sin(s + 1) x|*
Ejo[COS(S_1)X_COS(S+1)X]dX=§l (s—1) - (s+1) 0
B 1|sin(s—1)a sin(s+1)a
2] s—1 s+1

Example: Find the cosine transform of a function of x which is unity for 0 < x < a and 0 for
X = a. What is the function whose cosine transform is (sinas)/s?

Solution: Let the given function of x be F(x). Then, we have

1, 0<x<a
F(x) = {0, X = a. - (1)

oo a

F(x)cossxdxzf

0

a
=f cossxdx + 0, by (1)
0

~FAFX)} = f

F (%) cossxdx+f F (x) cossxdx
0 a

3 [sinsx]a _sinsa
s o s
Let f(x) be the function such that F .{f(x)} = (sinas)/s.

Hence by the definition of inverse Fourier cosine transform, we get



cossxdx = —
T S

“sin(a + “sin(a —
f (a+x)s ds + f sin(a—x)s dsl
0 S 0 S

_ {(1/11) X (m/2+m/2), x<a _ {1, Xx<a
/) x (m/2-m/2), x>a 0, x>a

2 (®sinas 1 (®sin(a+x)s+sin(a—x)s
f(X):_f f ( ) ( )dx
0 0

1

Tt

Example: Find the Fourier sine and cosine transform of f(x), if

X, 0<x<1
f(x)={2—x, 1<x<?2
0, X > 2.

Solution: By definition of Fourier sine transform, we have

[00]

f(x) sinsxdx+f f(x) sinsxdx
2

1 2

(o]

f(x)sinsxdx+j
1

f(x)sinsxdx=f

0

RGO} = |

0

1 2
= ] xsinsxdx + f (2 —x) sinsx dx + 0, by given values of f(x)
0 1

(-2 - 1 (- 22+ [0 (- 2222

1

COS S X , ,
— j (-1 (— . ) dx on integrating by parts
1

52 52

Cos s 1[sinsx]1+coss 1[sinsx]2 sins sin2s—sins
0 1

S S S S S S

= (1/s?) x (2sins — 2sinscoss) = (2/s?) X sins (1 — coss)

By definition of Fourier cosine transform, we have

0]

f(x) cossxdx+j f(x) cos sxdx
2

1 2

[00]

f(x)cossxdx+J

1

f(x) cossxdx=f

0

RGO} = |

0

1 2
= f xcossxdx + f (2 —x) cossxdx + 0, by given values of f(x)
0 1

[(X)<smsx] flx smss )dx+[(2—x)<smsx J(_) smsx> «

sins cossxil  sins cossxj? coss 1 cos2s coss
[ - ) -
) 0

sz 1 s2 s2 s2 s2

S S

= (1/s?*) x{2coss— (1 +cos2s)} = (1/s?) x (2coss — 2 cos?s)
= (2/s%) x coss (1 — coss)



Example: Find the Fourier sine transform of e and hence prove that

f""tsintxdt _me™®
o 1+t2 7 2
Solution: By definition of Fourier sine transform of e ™, we have
Fs{e ™} = fooe_x sinsxdx=——, as fooe‘ax sinbxdx = _b
® 0 s2+1’ 0 a? + b?

Then by inversion formula for Fourier sine transform, we get

2 (% 2 (® s
e‘X=—f Fs{e‘x}sinsxds=—J > sinsxds
T J, T, s*+1
ZfOOtSintht x that j""tsintxdt T
or — =e so tha =—e%
m), 1+t2 o 1+t2 2

Example:

(a) Find the Fourier cosine transform of e ¥

(b) Find the Fourier sine transform of xe™X°/2

Solution: (a) By definition,

Ffe '} = J e* cossxdx =1, say ...(1)
0

dl @ 2 R _
(e coss x)dx = e * (—xsinsx)dx
ds B 0

or ﬂ = 1foo(sinsx) (—er‘xz)dx (2)
dS - 2 0 ] LR}
Putting —x? = u so that —2xdx = du, we have
f(—er‘Xz) dx = f eldu=et =eX. .. (3)

Integrating by parts with (—2x e‘XZ) as the second function and using (3), (2) reduces
to

a1 (.. 2% o0 2 }_ s o 2 B
ds—z{[smsxe ]0 fo scossx.e ¥ dx} = Zfoe cossxdx =

—S;I, using (1).
Separating variables,
(1/Ddl = —(s/2)ds ..(4)

Integrating, logl = —(s2/4) +logC or 1=Ce™5/4, .. (4)



where C is constant of integration.

Now, (1) and (4) =

Ce™s*/4 = f e cossxdx. ...(5)
0

Putting s = 0 in (5), we get

C= fooe-xz dx =Vm/2  ...(6)
0.'. (1),(4) and (5) =

F{fe ™} =1=(Vm/2)e™s'/4
(b) We have, Fs{xe™/2} = [“xe /2 sins x dx, by definition

or Fg{xe ™72} = —j sinsx x (—xe™*/2)dx. ...(1)
0

Putting —x2/2 = u so that —x dx = du, we have

f(—x) e X /2 dx = fe“ du=el=e*/2 .. (2)
Integrating by parts with (—Xe"xz/ 2) as the second function and using (2), (1) reduces to

[ee)

Fs{xe‘xz/z} = - {[sinsxxe"‘z/z];o — f
0

(o]

2
scossxe X /2 dx}

or Fg{xe ™72} = s] cossxe ™ /2dx =sl, ..(3)
0
where

I=j cossxe X/2dx. ..(4)
0
From (4),

dl “0 *©
f (cossxe™/?) dx = f (—xsinsx) e /2 dx
0

&) 3
dI @ . 2/9 . 2721 * 2/2
or — = sinsx(—xe™/2) dx = [smsxxe‘X / ]o — | scossxe™*/2dx
0 0
di e ), |
or —=—s | cossxe */2dx = —sl, using (4)
ds 0

~ (1/Ddl = —sds
so that logl = —(s?/2) + log C
~1og(1/C) = —=(s2/2) or I = Ce~(s*/2) _ (5)

From (4) and (5),



(0]

Ce(s%/2) =f cossxe X /2dx ...(6)
0
Puts = 0 in (6), we get

C =f e X2 dx .. (7)
0
We know that

f e dx =vm/2 ..(8)
0
Putting x = v/+/2 and dx = dv/v/2, (8) reduces to

V2+/m
2

%) dV \/ﬁ (%)
f e V2 — = 5othat f e X/2 dx =
0 V22 0

Now, (7) and (9) = C = 2vm/2.
Then, (4),(5) and (7) =1 = (\/Ex/ﬁ/Z)e‘sz/z
« (3) = Fefxe™/2} = s = [(n/2) se™5"/2
Example: Find Fourier sine transform of (1/x) X e™2%

Solution: By definition,

e—ax Ooe ax
FS{ } = J sinsxdx =1, say. ..(1)
X o X

dI @ e @
L—= (xcossx)dxzf e ¥ cossxdx = ——
ds fo X 0 a% +s?2

Thus, dI = {a/(a? + s?)}ds

Integrating, | = tan™!(s/a) + c, ¢ being an arbitrary constant
Fors = 0, (1) and (2) give c + tan™1 0 = 0 so that c = 0.
~ From (1) and (2), I = tan~1(s/a).
or Fg{e ¥ /x} = tan~1(s/a)

Example: Find Fourier cosine transform of 1/(1+ x?). Hence find Fourier sine
transform of x/(1 + x2).

Solution: By definition,

F{ 1 }_J‘“’cossxd _q o)
“A+x2) ), 1+x2 A= L8y -

. dl_f‘x’—xsinsxdx_ j‘""xsinsx
Tds 0 1+x2 o 1+x2

dx ..(2)



dl f‘”xzsinsxdx_ j‘°°[(1+x2)—1]sinsx
Tds o X(1+x2) - 0 x(1 + x?)

ds
B f°°sinsxd +f°° sins x d
B P X o X(1+x2%) X

dI 01 ® sinsx “sinsx i1
.-.—=——+f —d asf dx== ..(3)
0 0 2

ds 2 x(1+x2) % X
From (3),
dzl_f‘x’ X COS S X _f‘x’cossxd —I
ds? o X(1+x2) x= o 1+x? x=

or (d%I/ds?®) —1=0 or(D?—-1)I=0, whereD =d/ds
whose solution is [ = Ae™% + Be®, A and B being arbitrary constants ... (4)

From (4), dI/ds = —Ae 5 + Be® ...(5)

Fors =0, (1) and (4) give A+ B = [ & _ [tan~1x]¥ =2, ..(6)

0 1+x2 2

Fors =0, (3) and (5) give —A+ B =mn/2. ..(7)
Solving (6) and (7), A = mt/2,B = 0. So from (1) and (4), we have

I=(m/2)xeS or Ff1/(1+x®)}=(m/2)xe s ..(8)

Second part. We have Fg {ﬁ} = o X sx dx, by definition

Exercise :

1. Find the Fourier cosine transform of F(x) = {

0 1+x2

= —dI/ds, from (2) of part (a)
= (1t/2) x e75, from (5) with A = /2 and B = 0.

cosx, 0<x<a
0, X > a

Ans. {(1 —s)sin(1+s)a+ (1+s)sin(1—s)a}/2(1 —s?)

2. Find the Fourier sine and cosine transform of F(x), if

0<x<1

> 1 Ans. F{F(x)} = (1 —coss)/s; F{F(x)}=(1/s) X sins

3. Find F(x) if its cosine transform is given by

Fo(s) = {(1/ 2m X (a=s/2), s <22

—_ 22
s> 2a Ans. (1 — cos 2xa)/2m?x



0, 0<x<a

4. Find the Fourier cosine transform of F(x), where F(x) ={x, a<x<b
0, x>b
Ans. (acossa—bcossb)/s + (sinsb —sinsa)/s?

5. Find F(x) if F.(s) = (1/2) x e~S Ans. 1/(1 + s?)

6. Find the sine and cosine transform of 2e ¥ 4+ 5e~2%,
Ans. (2s)/(s? + 25) + (5s)/(s? + 4)

7. Find the sine and cosine transform of (e®* + e™2%) /(e™ — e™™).

Ans. (sinhs)/2(cosa + coshs); {cos(a/2)cosh(s/2)}/(cosa+ coshs)

8. Find the Fourier sine and cosine transform of x™1,

Ans. F{x™ 1} = {T(m)/s™} X sin(mm/2); F{x™ 1} = {T'(m)/s™} X cos(mm/2)

9. Find the cosine transform of 1/(x? + a?). Ans. (1t/2) x ™3
10. Find F(x) if its sine transform is /2. Ans. 1t/2x

11. Find the sine transform of 1/(e™ — e™™) and deduce that

Fs(cosech mx) = (1/\/ 211) X tanh(s/2).
12. Find the Fourier sine transform of F(x) = 1/x. Ans. /2

13. Find Fourier sine and cosine transform of e™™ and using the inversion formula recover the
original functions in both the cases.

Ans. F{e*} =s/(1+5s?); F.{e™*}=1/(1+s?)

14. Find the Fourier transform of f(x), if f(x) = { ' 21:)/ 28, ||X|| ; €
, X| > e

Ans. (sins €)/(s¢€)

15. Find f(x) if (i) its sine transform is e ™S (ii) its cosine transform is e 2%

Ans. (i) F;1[e™@%] = 2x/m(a? + x?) (i) FZ1[e™®%] = 2a/m(a? + x?)



16. Find Fourier Complex Transform of (sinax)/x. Ans. m, if |s| <a; 0,if[s| > a.
17. Find (i) F.{x"} (ii) F¢{x"}.

Ans. (i) [ms""1/2I(n)] sec(nm/2)  (ii) [ms®1/2I(n)]cosec(ntt/2)

18.Show¢hatF{

cosh ax} __2cos(a/2) cosh(s/2)
coshmx)

—Mn<a<T
cosa+coshs g

Example: Solve the integral equation

* 1-s, 0<s<1
F(x)cossxdx = ’ 7
fo { 0, s>1

Hence deduce that

Solution: Let fom F(x)cosdx =f.(s) ..(1)

0<s<1

1-—s5,
where f.(s) = { 0 s> 1 ..(2)

Then, by definition, f.(s) is Fourier cosine transform of F(x). In order to solve the given

integral equation, we must obtain value of F(x).
Now, by inversion formula for Fourier cosine transform, we get
2 oo
F(x) = FZ{f.(s)} = Ef f. (s) cossxds
0

2 1 (o] 2 1
=EU fc(s)cossxds+j fC(S)COSSXdSl=EU (1—s)cossxds+0],using(2)
0 1 0

_ %H(l 9 sinsx]: _ fol(—l) sinsx dsl _ %{0 +l[_ cossx]:}

X X X X

= iz(l —cosx). ..(3)
X

Deduction. From (1), (2) and (3), we have

0<s<1
s>1

0 2 _
j —— (1 — cosx)cossxdx = {1 0 > ..(4)
0 )

X2
Taking limit as s — 0 of both sides of (4), we have

2 (®1—cosx 2 [ 2sin?(x/2)
T 0 X TT 0 X

Putting x = 2t so that dx = 2dt, (5) reduces to



4 (®sin?t ®sin? t
—f —(2dt) =1 or J dt =
), 4t 0

N A

Example: Solve the integral equation |, OOO f(x) cosAxdx = e

Solution: Let fooo f(x) cosAxdx = f.(d), ..(1)

where f.(A) = e™. ... (2)
[Here A has been used in place of the usual variable s]

Then, by definition, f.(A) is Fourier cosine transform of f(x). In order to solve the given

integral equation, we must obtain value of f(x).

Now, by inversion formula for Fourier cosine transform, we get

(0]

«© 2
f. (A) cosAxdA = 1—_{} e * cos Ax dA, using (2)
0

) = R0} = [
TJo

2[ e
[1 + x?
Example: Solve for F(x) the integral equation:

” 2
(— cosAx+xsin7\x)l =
A=0

n _ T om(1 4+ x2)

o 1, 0<t<1
J F(X)sinxtdx={2, 1<t<?2
0 0, t=> 2.

Solution: Let fooo F(x)sinxtdx = f,(t), ..(1)

1, 0<t<1
where f(t) = {2, 1<t<2 ..(2)
0, t=> 2.

[Here t has been used in place of the usual variable s]
Then, by definition, f;(t) is Fourier sine transform of F(x).

Now, by inversion formula for Fourier sine transform, we have

oo

2
F(x) = F;H{f,(D)} = Ef f, (t) sintxdt
0

2 1 2
=—U fs(t)sintxdt+f fs(t)sintxdt+f
TlJo 1

2

2t 2 _ 2 cos tx1* cos tx7?
=— f smtxdt+f (2 xsintx) dt+ 0| =— [— ] +2[— ]

| Jo " i > G x I
2[ cosx 1 2c052x+2cosx]

f (t) sintx dtl

2
= — (14 cosx — 2cos2x).

TT X X X X X



Example: Show that fom% dA = ge_x,x >0

Solution: We know that [ OOO e XcosAxdx =

— -
Re-writing (1), fooo e XcosAxdx =f.(A), ..(2)
where f.(A) = 1/(1 +2%). ..(3)

[Here A has been used in place of the usual variable s]

Then, by definition, f.(A) is Fourier cosine transform of e *. So, by inversion formula for

Fourier cosine transform, we have

® cosAx
1+ A2

2 (% 2
e X =F;Hf.D)} = —f f.(A) cosAxdA = —J dA, using (1)
TJo TJo

_j‘“cos?\xd}\ b
T )

—X

Convolution or Falting. The convolution of two functions F(x) and G(x), where —o0 < x <

oo, is denoted and defined as

o

F*szooF(u)G(x—u)du or F*sz G (WF(&x—u)du.

The convolution or Falting theorem for Fourier transforms The Fourier transform of the

convolution of F(x) and G(x) is the product of the Fourier transforms of F(x) and G(x), i.e.,

F{F » G} = F{F(x)} - F{G()}.

Proof:

LHS.=F { f F(wW)G(x—u) du}, by definition of convolution
= f elsx { f F(u)G(x—u) du} dx, by definition of Fourier transform

= j F(u) { J elSX G(x — u) dx} du, changing the order of integration

= f F (u) {f els(u+v) G(y) dv} du, putting x —u = v so that dx = dv



= f elSUF(u) {f elsV G(v) dv} du = f eSUF(uF{G(x)}du, by definition

— 00

= F{G(x)} foo eSUF(u) du = F{G(X)} - F{F(x)}, by definition again

Parseval's identity for Fourier transform. Rayleigh's Theorem or Plancherel's theorem.

If f(s) and g(s) are the complex Fourier transforms of F(x) and G(x) respectively, then

1 00 - [’ -
(i) %J‘ f(s)g(s)ds = f F (x)G(x) dx

1 [00] [oe)
() 5= | 1fOFds=[ 1FPx

where bar signifies the complex conjugate.

Proof: (i) Using the inversion formula for Fourier transform, we get
G(x) = ijmg(s)e‘iSX ds ..(1)
21 ) _ o
Taking complex conjugates on both sides, (1) gives

— 1 [(°— .
G(X):Ef g(s)e*ds ..(2)

o)

p— 1 (" _
f F(xX)G(x) dx = f F (%) {Ef g(s) e'* ds} dx, using (2)

1 (o (> _
= o j g(s) { j F(x)e'™* dX} ds, changing the order of integration
1 ” ., . .
= m J g(s)f(s)ds, by definition of Fourier transform

(ii) Taking G(x) = F(x) in part (i), we obtain

%j_:f(S)@ds = fo:oF ®F(x)dx or %J_O:Jf(s)lz ds = j_o:ol FGO dx.

Note. Parseval's identities for Fourier cosine and sine transforms as above the following:

[ee)

2 o0
(i) Ef f. (s)gc(s)ds = f F (x)G(x) dx.
0

0



0]

2 (o]
(ii) Ef fs (s)gs(s)ds = f F (x)G(x) dx.
0 0

(iii) %foo[fc(s)]z ds = foo[F(x)]Z dx.
0 0

(0]

2 [oe]
) = f [f,(s)]2 ds = f [FGOI? dx.
0

0

Example: Find Fourier transform of F(x) defined by F(x) = {é: :z: i 2 and hence prove
that
j‘”sin2 ax . _ma
0 XZ 2
Solution: Given that
F(o = {(1): x < i:o);ii a. = 1)

Let f(s) be Fourier transform of F(x). Then, by definition

—a

f(s) = f_o:oeisx F(x)dx = f

— 00

a [e}
elSX F(x) dx + f elS*F(x) dx + f elSX F(x) dx
—a a

a
= j elsX dx, by (1)
-a

= [l eiSX]ia = (1> x (elsa — e7153) = (2/s) X sinsa. ..(2)

is is

Using Parseval's identity for Fourier transform,

j_ Z[F(x)]z dx = % J_O:o[f(s)]z ds

or j_:[F(X)]Z dx + f_Z[F(X)]Z dx + LOO[F(X)]Z dx = %J_o:o[f(s)]z ds

a
or0+j (1>) dx+ 0
-a

1 (*® /2sinsa\? i
= ( ) ds, putting values of F(x) and f(s) from (1) and (2)
2 (®sin?ax 2 ®sin? ax sinax _
or2a = —f s—dx=—=Xx2 f > X, as >— 1s an even function of x
o X s 0o X X

- J‘°° sin?ax q ma
us X =—.
") X2 2



Exercise:

1, |x]<a
1. IfF(x)z{O :x:>

2sinsa

and f(s) = s # 0, then

Sll’l ax

prove that f dx = ?, where f(s) is Fourier transform of F(x).

2. Use Parseval's identities to prove that

0 f°° dt B T
Vo)) @@+ 2)(b2+t2)  2ab(a+b)
(i) j sinat _11)(1—e‘az

" t(a2 + t2) 2 a?

Fourier transforms of the derivatives of a function. Derivative Theorems.

Theorem 1. If F{F(x)} = f(s), thenF{F'(x)} = —isf(s).

Or, If F(x) has the Fourier transform f(s), then the Fourier transform of F'(x), the derivative

of F(x) is —is F{F(x)}.

Theorem 2. F{F(n) (X)} = (—is)"F{F(x)}, i.e., the Fourier transform of the function d"F/dx"
is (—is)™ times the Fourier transform of the function F(x) provided that the first (n — 1)
derivatives of F(x) vanish as x — +oo.

Theorem 3. Let f2(s) and f@(s) be the Fourier cosine and sine transform of the function
fM(x),ie., d"F/dx", then

n-1

M () = = ) (~1) gy gra5? + (~D"SE(S)
r=0
(D) () = = ) (<17t pr” + (~D)SPHE(S)

r=0

i) £2(5) = = ) (~ 1)t + (=" ()
r=0

n
() M) = = ) (~D) conpras? !+ (~DMISIIE(S),

provided that the first (n — 1) derivatives of f(x) vanish as x = 0 and F®~V(x) - a,,_; etc.
asx — 0.



f(s)
isy

Theorem 4. To show that F{ fax F (%) dx} = here f(s) is Fourier transform of F(x).

Multiple Fourier transforms. The theory of Fourier transforms of functions of a single
variable can be extended to functions of several variables. Let F(x,y) be a function of two

variables. To begin with, we treat it temporarily as a function of x, then

F(p,y) = f F (x,y)e'P* dx,

where F, (p,y) stands for Fourier complex transform of F(x, y) with respect to x. Now,

regarding F,(p,y) as a function of y, its complex Fourier transform F(p, q) is given by

i(p, q) = f fx (p, Y)eiqy dy = j j F (%, y)ei(px+qy) dx dy

— 00

and the corresponding inversion formula is given by

F(x ):i ﬁ( )e—i(pX+qy)d da.
Y 42 p.q pdq

Note. When F(x,y) is a function of two variables we shall use new variables p and q while

finding Fourier transform w.r.t. 'x' and 'y' respectively in place of single variable s as before.



Module 4

Applications of Laplace and Fourier transform to PDEs

Topics & Contents:

1. Apllications to finite difference schemes to solve heat,wave and laplace equations.

Some Useful results for direct applications: We first discuss the use of the (infinite) sine and
cosine transform and later on examples will be presented in which the complex Fourier

transform has to be used.

The (infinite) sine and cosine transforms can be applied when the range of the variable selected
for exclusion (in a given boundary value problem) is 0 to oo. The choice of sine and cosine
transform is decided by the form of the boundary conditions at the lower limit of the variable

selected for exclusion. In this connection note the following:

Fazu _fooazu- d_au_ ]m jwau dx, integrating by part
oz = ). oz Sinsxdx = |oosinsx| —s O ——cos s x dx, integrating by parts

“ou ou
= -5 f a—cos sxdx, if Ix — 0 as x — oo which usually happens in physical problems
0

o)

= —s{[ucossx]8° -I-Sf
0

usinsx dx} = s(u) y=¢ — S?ii, assuming that u — 0 as x > o

Thus F,{0%u/0x?} = su(0,t) — s?u,(s, t). (D
where u(x, t) is a function of two variables x and t and (s, t) is the Fourier sine transform
of u(x, t) with respect to x.
Next, £ {24 —Jmazu d
ext, Fp ) og( = e coss xdx

co

—au ]+Jooau' dx, int ting b rt
= axcossxo S ) 5, Sins x dx, integrating by parts

ou “ou i ou
= — (—) +s —sin s x dx, assuming that — — 0 as x = oo
0x/ =g o Ox 0x

ou @ ou @
=—<—) +s [usinsx]g’—sf uUcossxdx =(—> —szf u (x,t) cos s x dx,
0x x=0 0 0x x=0 0
assuming that u — 0 as x — oo
- F'C{azu/axz} = _(au/ax)x=0 - Szac(sl t)l (2)

where %, (s, t) is the Fourier cosine transform of u(x, t) with respect to x.



From (1) and (2), note carefully that the successful use of a sine transform in removing a term
0%u/0x? from a partial differential equation requires a knowledge of u(0, t) i.e. u when x =
0, while the use of a cosine transform for the same purpose requires u, (0, t) i.e. du/dx when

x = 0.

Remark 1. A term du/dx or any partial derivative of odd order cannot be removed with the

help of sine or cosine transforms.

Remark 2. When one of the variables in a differential equations ranges from —oo to oo then

that variable can be excluded by the help of complex Fourier transforms.

Solved examples based on applications of infinite Fourier transform to boundary value

problems.

Example: Solve du/dt = d?u/dx?,x > 0,t > 0, subject to conditions

1, 0<x<1

0, x>1 u(x, t) is bounded

u(0,t) = 0,u(x,0) = {

Give a possible physical interpretation of the problem.

Solution: Since u(0,t) i.e. (),=( is given, taking the Fourier sine transform of both sides of

the given partial differential equations, we have

j""au_ 4 _J“’azu_ p
O Sy Sinsxdx = i Sz Sinsxdx

d (© ou ® * ou
or—j usinsxdx = —smsx] —sf —cossxdx
dt J, ox 0 o O0x

dil “du . 0u
or =—SJ —cossxdx,if ——>0asx - o
dt o Ox ox

[Here (s, t) is the Fourier sine transform of u(x, t)]

diu @
or d_ts = —s{[ucossx]go +sf usinsxdx} = su(0,t) — s?u,, ifu > 0asx > o
0
or diig/dt = —s?u; or (1/u,)du, = —s?dt, asu(0,t) =0
whose solution is t(s,t) = ce™s’t, ¢ being an arbitrary constant .. (1)

Putting t = 0 in (1), we have ¢ = u,4(s, 0)

o

1 0o

u(x,0) sinsxdx+f u(x,0)sins x dx
1

s =1y(s,0) = j

0

u (x,0) sins x dx =J.

0



1
= f sin s x dx, using the given value of u(x, 0).
0

wc=[(—1/s)cossx]y =(1—coss)/s
~ (1) becomes (s, t) = {(1 — coss)/s}e 5t

Now, taking the inverse Fourier sine transform, we get

2 1—-coss _., . . ) i
u(x,t) = —| e~ tsin s x ds, which is the required solution.
0

Physical interpretation of the given boundary value problem: u(x,t) represents the
temperature at any point x at any time ¢t in a solid x > 0. The condition u(0, t) = 0 expresses
the fact that end x = 0 is kept at temperature zero, while the value of u(x, 0) expresses the
initial temperature as a function of x. Finally u(x,t) is bounded shows that physically
temperature of given solid can never be infinite.

Example: Solve 0U/dt = 2(02U/dx?), if U(0,t) =0,U(x,0) = e *,x > 0,U(x,t) in
bounded where x > 0,t > 0.

Solution: Given

oU/ot = 2(0%U/0x?), x > 0,t > 0, .. (1)
with the boundary conditions: U(0,t) = 0, U(x,t) is bounded ..(2)
and initial condition: U(x,0) = e ™%, x >0 ..(3)

Since U(0, t) is given, we take the Fourier sine transform of both sides of (1) and obtain.

JmaU _ 4 _2J°°62U , 4
. atSIIlSX X = . axZSIHSX X

d (© .
or Ejo U (x,t)sins x dx

=2 { —sins x f —(scossx) dx} integrating by parts

S——zf— d it 2 5 0 asx o ing U, (s, t)
el oo
or t S . cossxax,1 a as X , assuming Ug S,

=f U(x,t)sinsxdx
0
i

U o
or d_ts = —Zs{[U(x, t) coss x| —f U(x,t) - (—ssinsx) dx}
0



or ddlis = —2s {0 —U(0,t) + stOOU (x,t) sinsxdx}, since given that U(x,t) — 0 as x
- 0
or dUg/dt = 2sU(0,t) — 2s%U; = —2s2%U, as from (2), U(0,t) = 0
or (1/U5)dU, = —2s?dt.
Integrating, log U; — logc = —2s2t or U(s,t) = ce 25t . (4)

Taking the Fourier sine transform of both sides of (3), we get

oo

fU(x,O)sinsxdxzf e *sinsxdx
0 0

s
1+ s2

..(5)

_ e ®
orUS(s,0)=[1+52(—sinsx—scossx)] =
0

Putting t = 0 in (4) and using (5), we get ¢ = s/(1 + s2).

- From (4)9 US(SJ t) = {S/(l + 52)}8—2521'.

Now, taking the inverse Fourier sine transform, we get

oo

_2¢2 .
25"t sin s x ds.

e

U( t)_Zf S
x ), 1+s2

Example: Using the Fourier sine transform, solve the partial differential equation 9V /dt =

k(0%V /dx?) for x > 0,t > 0, under the boundary conditions V = V, when x = 0,t > 0 and
the initial condition V = 0, whent = 0,x > 0.

Solution: given

oV /ot = k(9%V/9x?), x > 0,t > 0, . (1)
with the boundary condition: V(0,t) =V, .. (2)
and initial condition : V(x,0) = 0. ..(3)

Taking the Fourier sine transform of both sides of (1), we get

. atsmsx X = . aXZSII'ISX X

djooV( t) si d—k[av' ]oo Jmav dx |, integrating by part
or dt . X, SiInsxdadx = axSlnSJCO . axSCOSSJC X |, ntegrating oy parts



dv, ov
=—ksf —cos s x dx, 1fa—>0 as x — oo, assuming V;(s, t)

=f V (x,t)sinsxdx
0

av, 0
or d_ts = —ks {[V(x, t) coss x|y — f V (x,t) - (—ssins x) dx}
0

(0]

dVs
OYE——kS{O—V(O,t)-FS‘I;

— 00

V (x,t)(—ssinsx) dx} assuming that V(x,t) - 0 as x

or d7,/dt = ksVy — ks?¥, or dV,/dt + ks?V, = ksV,, by (2)

which is linear differential equation whose LF. = e/ ks*dt = gks®t

_ ksV,
and solution is e*s*tV.(s, t) = f(ksVO) eks’t de = onekszt +c
or (s, t) = V,/s + ce kst . (4)
Taking the Fourier sine transform of condition (3), we have
f V(x,0)sinsxdx =0 or V(s,0)=0. ..(5)
0

Putting t = 0 in (4) and using (5), 0 = V,/s + ¢ sothat ¢ = —V,/s.
= From (4), V,(s,t) = (Vo/s)(1 — e*s°t)
Now, taking the inverse Fourier sine transform, we get

Vo “sinsx

V(x,t) = ;j

2V
(l—e“"S t)smsxds— 0[[
0 T [Jo

*1

—Jec2 .
ds—f —e ks tsinsx ds
S 0 S

2V0 “sinsx I
——f —e” smsxds as f dx ==
0 S 2

oo

2 1 2
2 Vixt) =V |1 ——f —e *"tsinsxds . (7)
w), s

Remark. The result (7) can also be expressed in terms of error function or complementary

error function as follows.

We know that
@ T
f e~ ** cos 2 Bx dx = £e‘ﬁz/”‘2 ..(8)
0 2a

Integrating both sides of (8) w.r.t. § from 0 to B, we get



B[ e B
f U e~ ** cos 2 Bx dx| dp =ﬁf e~ F*1e* gp
o LJo 2a J,

0 B B/a
or f e x? f cos2fxdf|dx = ﬁf e adu
0 0 2a Jg

[on R.H.S putting f/a = u so that dff = a du and changing the order of integration on L.H.S.]

* sin 2 Bx1? T (Pl © g=a’x* gin 2 By
or J. g~ x? [ p ] dx = £f e % du or f P dx
0 0 2 0 0

2x "
T 2 (Bl |
=5 = e ™ du
2 Jml,
© o=@*x* gin 2 Bx T ) ot
orjo X : dx =§erf(,8/a), as erf(t) =ﬁjoe_x2 dx

© o=a*s* gin 2 Bs T (B © o=kts® gin s x T x
orf ds=—erf(—) - or f —dsz—erf< )
0 a 0 S 2 2Vkt

taking & = Vkt and § = x/2
Hence (7) becomes
V(x,t) = Vo[l — erf(x/Z\/E)] ..(9)
or V(x,t) = V,erfc (x/Z\/H) ...(10)
(9) and (10) are modified forms of solution (7) in terms of error function and complementary

error function respectively.

Example: Show that the solution of Laplace equation for V inside the semi-infinite strip x >
0,0 <y <b,suchthatV = f(x),wheny =0,0<x <o0;V =0,wheny =b,0 < x < o0;
V =0, when x = 0,0 <y < b, is given by
2 (@ “sinh(b —y)s . _
V= —f f(u)duf ——————sinxssinusds.
T J, 0 sinhs b

Solution: Here we are to solve two-dimensional Laplace equation

0%V /0x? + 0%V /oy? =0, 0<x<oo, 0<y<bh (1)
with the boundary conditions: V(x,0) = f(x),0 < x < oo, ..(2)
V(x,b) =00<x < o0 ..(3)

and V(0,y) =0,0<y <b. ..(4)



[Here we have variable y in place of t. We shall take Fourier sine transform w.r.t. x and keep

y unchanged as we used to do with variable t]

Taking the Fourier sine transform of (1), we get

62 ooaz
. Wsmsxdx+ . a—smsxdx—o
ov ]Oo TV d+d2f°0V( ) si dx = 0, integrating by part
8xsmsx0 | ox scossxdx e x,y) sins x dx = 0, integrating by parts

f v dx + il =0, if v 0 V.(s,y)
— —_— = —_— > — 00,
or S . ax cossxax dyz 1 ax as X assumlng S,y

=f V (x,y)sinsxdx
0

or —s {[V(x, y)coss x|y — LOOV (x,y)(—ssins x) dx} + Zz—yzs = 0, integrating by parts
—s{=V(0,y) + sV} + (d?V,/dy?) = 0,ifV > 0as x —> o
—s% + (d?V,/dy?) = 0, using (4)
(D? — s?), = 0, D = d/dy, whose general solution is
V.(s,y) = Acoshsy + B sinh sy, where A and B are arbitrary constants ..(5)

Taking the Fourier sine transform of (2) and (3), we get

jV(x,O)sinsxdx=j f(x)sinsxdx and JV(x,b)sinsxdx=0
0 0 0

V.(s,0) = f f (w)sinsudu ..(6)
0
V.(s,b) =0 - (7)
Putting y = 0 in (5) and using (6), we get fooo f (u)sinsudu = A. ..(8)
Putting y = b in (5) and using (7) and (8), we get

O=coshsbJ f (w)sinsudu+ Bsinhsb = B
0

coshsb

= J f (w)sinsudu (9

"~ sinhsh

Putting values of A and B in (5), we get

sinhsycoshsbh

Ve(s,y) = coshsyj; f (W) sinsudu — snhsh

foof (u)sinsudu
0



T ( )_f“’ W si [ h sinhsycoshsb]d
~Vi(s,y) = i f (u)sinsu|coshsy snhsh u
@ _ sinh(b—y) s
= fo f(w) sinsu—— - —
Now, taking the inverse Fourier sine transform, we get
2 (C_ 2 (@ @ sinsusinh(b —y)s
=— ' =— ' duld
Vix,y) ”fo Vi (x,y)sinsxds nj; smst0 f () Snhsh ul s
V(x,y)
sinh(b —y) s . : : :
f f(w)du f snhsh ————————sinsusin s x ds, on changing the order of integration

Example: The temperature U in the semi-infinite rod 0 < x < oo is determined by the equation

U /0t = k(02U /dx?) subject to the conditions.

()U=0whent=0,x=>0

(i1)) dU/0x = —u (a constant), when x = 0 and t > 0.

Making use of cosine transform, show that U(x, t) = 2?” ) 000 Co:;x (1 — e‘kszt)ds

Solution: given

oU /ot = k(02U /9x?) (1)
(OU/0x)x=g = —1 - (2)
with the boundary condition: U(x,0) = 0,x > 0. ..(3)

and 1nitial conditions: Taking the Fourier cosine transforms of both sides of (1), we get

f —cossxdx = kf —cossxdx

or—f U (x,t)cossxdx

ou C o [*ou _ : .
=k{|=—coss x] - f — (—ssins x) dx ¢, integrating by parts
ox 0 o Ox

dl, k<aU) e Jwau U -
= —K|=— — — - )
or dt ax o S . ax sinsxax,1 ax as X , assuming U,

=f U(x,t)cossxdx
0

d0 B
or d_tc = ku + ks {[U(x, t) sins x]g — f Ux,t)s COSSde}’ by (@)
0



ordU./dt = kp + ks(0 —sU,),if U > 0as x > o
or (dU,/dt) + ks?U, = ku, which is a linear equation . (4)

LF. of (4) = el ks°dt = ¢ks®t and 5o general solution of (4) is

_ ekszt
eks*t (s,t) = f(ku) eks*tdt + ¢ = ku T
2 Ua(s,t) = p/s? + ce kst ..(5)
Taking the Fourier cosine transform of (3), we get
f U(x,0)cossxdx=0 or U,(s,0)=0. .. (6)
0

Putting t = 0 in (5) and using (6), 0 = u/s?> + ¢ sothat ¢ = —u/s?
= From (5), Us(s, t) = (u/s?) x (1 — e""'szt).
=~ Taking the inverse Fourier cosine transform, we get

2u [(Fcossx
U(x,t) =— eks*t ds = —
(x,t) f 2( )cossx s T ) T

(1- e‘kszt)ds

Example: Solve du/dt = 0%u/dx? x > 0,t > 0, subject to conditions 1, (0, t) = 0,u(x, t)

x, 0<x<1

is bounded and u(x, 0) = {O > 1

Solution: Since u,(0,t) is given, taking the Fourier cosine transform of both sides of the

given partial differential equation, we have

f—cossxdx—f —cossxdx

ou

© ®ou
or — | ucossxdx =|—cossx| +s
0 0 0

ox

du. (au> +s|usi 1 f
or —— = %) o s |lusins x| s0

where we have assumed that du/dx — 0 as x — oo and %, (s, t) is the Fourier cosine transform
of u(x,t).

I —sin s x dx, integrating by parts

o

ucossxdxl, ..(1)

~ (1) =>du,./dt = —s?u, or (1/u.)du, = —s?dt.
[ given u,(0,t) = 0and letu — 0 as x - ]

Integrating, logii, — logA = —s?t or u.(s,t) = Ae™St. . (2)



Putting t = 0 in (2), we get A = 1.(s, 0). Hence, using definition, we have

co

1 9]

u(x,O)cossxdx+f u(x,0)cossxdx
1

A=1.(s,0) =.f

0

u(x,O)cossxdxzf

0

1
=f X CcOS S x dx
0

[using the given value of u(x, 0)]

dx =

sin s x1* 1 sins x sin s cossxil sins coss—1
X — 1x [ ] = +
0 0

s s sz 1, s s2

sins coss—1
= (2) becomes . (s, t) = ( + > >e"52t.
S S
Now, taking the inverse Fourier cosine transforms, we get

2 (®/sins coss—1 ¢
u(x,t) =— ( + > )e "t cossxdx
), s S

o

ors {[U(x,y) sins x|y — f
0

= (, integrating by parts again,

U (x,y)scossx dx} + (d?U,/dy?)

0.—s2U, + (d?U,/dy?) = 0,if U(x,y) > 0as x > o
or (D? — s2)U, = 0, where D = d/dy.

whose general solution is U,(s,y) = C,e +
C,e™%Y,C;, C, being arbitrary constants ..(4)

Since U, (s, y) is finite, we must take C; = 0 in (4), otherwise U,(s, y) would become infinite
asy — o,

=~ (4) reduces to U,(s,y) = C,e™ ..(5

o) a

Again,f U(x,O)cossxdxzf U(x,O)cossxdx+f U (x,0) cossxdx
0 0 a

a
orU,(s,0) = f cossx dx + 0, by (2) and (3)
0

or U.(s,0) = [(1/s) x sinsx]$ = (1/s) X sins a. ..(6)
Putting y = 0 in (5) and using (6), we get C, = (sinsa)/s.
=~ From (5), U.(s,y) = {(1/s) X sinsa}e™.

=~ Taking the inverse Fourier cosine transform, we get

2 (Psinsa 1 (e Y
Ulx,y) = —j e Y cossxds = —f [sin(a + x) s + sin(a — x) s]ds
T ), S T), S



1 [ee] [ee]
== [.f e Vs lsin(a + x)sds + f e Y s lsin(a — x) sds
0 0
1 a+x a—x *° T
=— [tan‘1 ( ) + tan! ( )] , as f e *x lsinrxdx =tan™1-
T y y o s

Example: If the flow of heat is linear so that the variation of 6 (temperature) with z and y may
be neglected and if it is assumed that no heat is generated in the medium, then solve the
differential equation 30/ 0t = k(0?0/ 0x?) where —o0o < x < oo and 0 = f(x) when t =
0, f(x) being a given function of x.

Solution: given 06/0t = k(0%26/0x?), —o0 < x < oo, (D

with the initial condition: 8(x, 0) = f(x). ..(2)

Taking the complex Fourier transform of (1), we get

joo a—Heisxalx = kjoo az—Beis"dx
_e Ot oo 0x?

d (@ .
or af 0 (x,t)e"*dx = k(—is)?F{6(x,t)}, using theorem 2, Art. 1.22

do _ ) " |
or - = —ks?6, where (s, t) = F{0(x,t)} = f 6 (x, t)el*dx
whose general solution is 8(s, t) = Ae~¥5°t, A being an arbitrary constant ..(3)

Taking the complex Fourier transform of both sides of (2), we get

jme (x,0)e"*dx = jmf(x)eisxdx or 6(s,0) = f(s) ()

Putting t = 0 in (3) and using (4), we get f(s) = A.
= From (3), 8(s, t) = f(s)e ks’
Taking the inverse Fourier transform, we get

1

1 [ , o ,
0(x,t) =—— f f(s)e ks*teisxds = > f F(s)e ks*t-isxgg

T
where f(s) = ffooof (x)e™*dx.

Example: If the function U(x,y) is determined by equation dU/ dx = d*U/ dy? for x =
0,—00 <y < o0 and U = f(y) when x = 0, show that

1 - . _
U(x,y) = o f f (s)e_szx_lsyds, where f(s) is the Fourier transform of f(y).



Example: Solve 0V /0x* + 02V /0y? = 0,—o0 < x < o,y > 0 satisfying the conditions.

(i) V and its partial derivatives tend to zero as x = too and (ii)) V = f(x),0V/dy = 0ony =
0.

Solution: given 04V /dx* + 02V /0y? =0 . (1)
with the boundary conditions:
V-0, 90V/ox—-0, 02V/ox?->0, 093V/9x3—>0, asx— +oo, . (2)
V(x,0) =f(x) ..(3)
and (0V /0y)y=o = 0 ..(4)

Taking the complex Fourier transform of (1), we get

e} 4-

f —e‘sxdx+f —elsxdx—O
0

2 [e%)

d .
Or (—is)*F{V(x,y)} + o7 V (x,y)e"*dx = 0, by theorem 2 of Art. 6.14.
0

_ 4 _ .
Or s*V + d_yz =0, where F{V(x,y)}=V(s,y) = j V (x,y)e*dx.
0

(0]

Or (D2 +s*)V =0, where D =d/dy,
whose general solution is given by V(s,y) = C; coss?y + C, sins?y ..(5)
From (5), dV/dy = —C;s?sins?y + C,s% coss? y. .. (6)

Taking complex Fourier transform of (4), we get

© 9V . av
J (—) e"*dx =0 or |— =0
0 ay 0

y:O dy
Putting y = 0 in (6) and using (7), we get 0 = C,s? so that C, = 0.

= From (5),

V(s,y) = C, coss?y

Taking complex Fourier transform of (3), we get

jooV (x,t)e’*dx = Joof (x)eS*dx or V(s,0) = /7(5)
0 0

where

F(s) = f f (el dx



Putting y = 0 in (8) and using (9), we get f(s) = C;
~ From (8), we have

V(s,y) = f(s)coss?y

Taking the inverse Fourier transform, we get
1 (- . o
V(ix,y) = %[ f (s)coss?ye *ds, where f(s) is given by (10).

Example: Use the complex form of the Fourier transform to show that

I (x—u)?
V= Z—Vﬁf_mf(w exp{—4—t}du

is the solution of the boundary value problem

ov 0%V
bt —o<x<o, t>0; V=f(x); whent=0.

Solution: Taking the complex Fourier transform of both sides of the given partial differential
equation, we have

J‘” v . J‘*’ 2%V .
— e dx = ——eiS*dx

_o Ot o 0X2
or
d (® _
. Vet*dx = (—is)?F{V(x,t)}, by theorem 2 of Art. 1.22
or
dv _ _ o ,
pri —s2V, where V(s,t) =f V (x,t)e"*dx
or

(1/V)dV = —s?dt sothat V(s,t) = Ae~s’t

Putting t = 0 in (1), we get A = V(s,0)

A= V(S, O) = fooV(x’ O)eisxdx = Joof(x)eisxdx — foof(u)eisudu

[V =f(x)whent =0=V(x,0) = f(x)]
= From (2)



V(s t) =e™5°t foof (WeS*du

Taking the inverse Fourier transform, we have

Vix,t) = %f: le-sztf:of (w)e'tdu

. 1 r® * 2.
e_lsxdszﬂj f(u) f e=S t—ls(x—u)ds du

[changing the order of integration]

%f f @ U e~ tls* +is(x-wy/t] dsl du

=%f f @) j e—t{[s+i(x—u)/2f]2+(x—”)2/4t2}dsl du

if f (u)e—(x—u)2/4t If e—t{s+i(x—u)/2t}2 dsl du
2m —00 —00

e

[Putting Vt{s + i(x —w)/2t} =y sothatds = dy/t]

1 (00 [ee]
Fﬁf f(u)e—(x—u)z/ztt\/;du' as f eV’ dy =+n

1 (® (x —u)?
== raen {— 2 }du-

Example: Use the method of Fourier transform to determine the displacement y(x,t) of an
infinite string, given that the string is initially at rest and that the initial displacement is f(x),
—00 < X < 0, Show that solution can also be put in the form y(x,t) = [f(x + ct) + f(x — ct)]/
2.

Solution: Here we are to solve one-dimensional wave equation
0%y/ot? = c?(0%y/0x?), —w<x<ow, t>0
subject to the following initial conditions:
y(x,0) = Initial displacement = f(x)
and
y¢(x,0) = Initial velocity = 0

Taking the complex Fourier transform of (1), we get



2 [¢]

y e*dx = (—is)%c?F{y(x, t)}, by theorem 2 of Art. 1.22

de? )
or
27 o ]
el +c?s?2y =0, where F{y(x,t)} =y(s,t) = f y (x, t)e"*dx
or

(D? + ¢?s?)y =0, where D = d/dt. Its solution is given by
y(s,t) = Acos(cst) + B sin(cst), where A and B are arbitrary constants
From (4),y,(s, t) = dy/dt = —Acs sin(cst) + Bes cos(cst).

Taking infinite Fourier transform, (2) and (3), we have

7(5,0) = j £ ()eis*dx = F(s) say

and

y,.(s,0) = jwo.eisxdx =0.
Putting t = 0 in (5) and using (7), 0 = Bcs so that B = 0.
Putting t = 0 in (4) and using (6) and B = 0, we get f(s) = A

« From (4), y(s,t) = f(s) cos(cst).

Taking the inverse Fourier transform, we have

1 ®_ . 1 © eicst + e—icst '
y(x,t) = %.f_mf (s)coscste ™S¥ds = ﬁf_wf (s) <f>e_‘5xds

111 *°= . 1 (°= ,
—— —is(x—ct) —is(x+ct)
5 an_oof (s)e ds + 5 J_oof (s)e dsl

= [f(x + ct) + f(x — ct)]/2, by inversion formula for Fourier transform.

Example: A thin membrane of great extent is released from rest in position z = f(x,y). Show
that displacement at any subsequent time is given by

1 © e .
Z(x, y) = m[ J F (p, q) COS{Ct(pZ + qz)l/z} e—l(px+qy)dp dq,

where F(p, q) is double Fourier transform of f(x,y).
Or

The variation of a function z over the xy-plane and for t > 0 is determined by the equation



V2z = (1/c?) x (0%z/ 0t?), i.e., 0%z/0t? = c?(9%z/ 0x? + 0%z/ dy?)

where ¢ = T/p. If when t = 0, z = f(x,y) and dz/ dt = 0, show that, at any subsequent time,

1 * re )
z(x,y) = — F (p, q) cos{ct(p? + q¥)V/?} e {P*+d)dp dq,
4 —00J—00

where
F(p,q) = J. f f (e, y)et®+agxdy and V? = 92%/0x% + 0%/0y?

Solution: We know that the displacement of the membrane satisfies the two-dimensional wave
equation
0%z/0t? = c?(0%z/0x* + 0°z/dy?)
with given boundary conditions:
z(x,,0) = f(x,y)
and
(02/0t)¢=0 = 0

Taking double Fourier transform (refer Art. 1.23) of (1) we get

2 2
elpx+qy) = 07z 07z el®x+ay) dy q
dx dy = c? F) +5— 3y? X ay
or
d?*z
i c?(—p?—q»z or [D*+c*(p*+q»)]z=0, D=d/dt
where

E(P, q, t) = f f VA (x, Y, t)ei(px"'QY)dx dy

is the two-dimensional Fourier transform of z(x, y, t).
Auxiliary equation of (4) is D? + ¢?(p? + q?) = 0 giving D = +ic(p? + q?)'/2.
Hence solution of (4) is given by

z(p, q,t) = C, cos{ct(p? + q*)/?}
+ C, sin{ct(p? + q¥)'/?}, C,, C, being arbitrary constants

Taking the double Fourier transform of conditions (2) and (3), we get

z(p,q,0) = F(p,q)

and



(dz/dt)i=o = 0,

where

F(p,q) = f f £ (%, y)el®+ gy dy

From (6), dz/dt = —Cyc(p? + q?)Y/? sin{ct(p? + q*)V/?}

+Cyc(p? + q*)Y? cos{ct(p? + q¢*)V/?}.
Putting t = 0 in (10) and using (8), we get 0 = C,c(p? + q%)*/? so that C, = 0.
=~ From (6),

z(p,q,t) = C; cos{ct(p? + q*)V/?}.

Putting t = 0 in (11) and using (7), we get C; = F(p, q).
From (11),

Z(p,q,t) = F(p, q) cos{ct(p? + q*)*/?}.

By applying inversion theorem for double Fourier transform, we get

1 ® re .
z(x,y,t) = WJ j F (p, @) cos{ct(p? + q¥)V/?} e"{P*+®)dp dq.

Miscellaneous problems :
1. Evaluate F71{e™2P/p}

2. Find the Fourier cosine and sine transforms of e P* and show that

cossx ssmsx s
—-bx —bx
i = e ii =—-e
()] 2+b2 )J 2+b2 2

3. Solve k(8%u/ 0x?) = du/ dt, —o < x < oo,t > 0 subject to u(x,t) and u,(x,t) both tend
to zero as |x| » o and u(x,0) = f(x), —c0o < x <

1 « 2
f (S)e—{(x—s) /4kt}dS
v4mkt J_

4. Obtain the temperature distribution in the semi-infinite medium x > 0, when the end x = 0

Ans. u(xt) =

is maintained at zero temperature and the initial temperature is f(x).

Hint. We are to solve du/dt = k(d%u/dx?), 0 < x < oo, t > 0 subject to u(0,t) = 0,t > 0
and u(x,0) = f(x),0 < x < oo. Using Fourier sine transform, the required solution is given

by

2 © _ o)
u(x,t) = ;f fs (s)e‘kszt sinsxds, where f_(s) = f f (x)sinsxdx
0 0



5. Determine the solution of free vibrations of a semi-infinite string described by d%u/ dt? =
c?(0%u/ 9x?), 0 < x < oo,t > 0 subject to u(x, 0) = f(x) and u(0,t) = g(x).

Ans. u(xt) = (1/2) x {f(x+ct) + f(x —ct)} + fo+c g(s)ds, where g(s)

=f g (x) sinsx dx
0

6 (a) Solve the following boundary value problem in the half-plane y > 0, described by
0%u/ 0x? + d%u/ dy? = 0, —o0 < x < 0,y > 0 subject to u(x,0) = f(x), —0 < x < 00, u is
bounded as y = oo, u and du/ dx both vanish as |x| = o

(b) Solve the following boundary value problem in the half-plane x > 0, described by
0%u/ 0x? + 9%u/ dy? = 0, —o0 < y < 00,x > 0 subject to u(0,y) = f(y), —0 <y < o0, uis
bounded as x = oo, u and du/ dy both vanish as |y| = oo.

f(§)d¢ X f‘” f(§)d§

_Y (" =2 wro—oe
Ans. (a) u(x,y) _T[f—oo G—x2+72 (b) u(x,y)—n Xt (07



Module 5

Numerical Solutions to PDEs
Topics & Contents:

2. Introduction
Foeward, Backward and Central difference operator
Interpolation
Newton's Forward and Backward Interpolation
Lagrange's and Newton's divided difference formula for unequal intervals
Apllications to finite difference schemes to solve heat,wave and laplace equations.

NowvkEwWw

Introduction:The calculus of finite differences examines how a dependent variable (function)
changes in response to finite step changes in an independent variable, contrasting with
infinitesimal calculus which deals with continuous variations. This chapter focuses on
analyzing functional variations when the independent variable changes by uniform intervals.

Finite Differences:For a function y = f(x) tabulated at equally spaced values x = xg, xo +
h,xy + 2h, ..., xy + nh, yielding corresponding values y = yq, Y1, Y2, «--» Yn:
e Forward Differences: The values y; — ¥y, V2 — Y1, o, ¥n — Vn—1 are denoted as
Ayo, Ayy, ..., Ay, _1, where A represents the forward difference operator.
o First forward difference: Ay, = y,41 — W
o Second forward difference: A%y, = Ay,,; — Ay,
o p-th forward difference: APy, = AP~ 1y, — AP~ 1y,
Terminology:
x is the argument.
y is the function or entry.
Y, 1s the leading term.
Ayo, A?y,, A3y, ... are the leading differences.

O O O O

General Binomial Expansion Form:

Ayo = Yn = (111) Yn-1+ (Z) Yn-z =+ (=1)"y0

Properties of the Operator A:
1. Distributive Law: A[f(x) £ ¢p(x)] = Af (x) £ Adp(x)

2. Constant Rule: A[c - f(x)] =c - Af(x)

3. Index Law: A™A™f(x) = A™"f(x)
Backward Differences:
The backward difference operator is denoted by V.
e First Backward Difference:

Vyr =Y — ¥r-1
e Second & Higher-Order Backward Differences:

V2, = Vyr = Vyry
VPy, = Vp_lyr - Vp_lyr—l
Central Differences & Mean Operator:
e Central Difference Operator (§):



e Mean Operator (u):

Forward Difference Table :

X

Xo

x0+h

Xo + 2h

Xo + 3h

XQ+4h

Xo + 5h

Backward Difference Table:

X

Xo
Xot+h
Xo + 2h
xo + 3h
Xo +4h

.X()+5h.

Y

Yo

Y1

V2

V3

Va

Vs

Y

Yo

Y1

V2

V3

Va

Vs

Ay

Ay

Ay,

Ay,

Ays

Ay,

Vy

Vy,
Vy,
Vys
Vya

Vys

A%y

A%y,

Ay,

A%y,

A%y,

Viy

VZJ’Z
V2ys
‘723’4

V2ys

53’1/2 =Y1—Yo
Sy, = Yr+1/2 = Yr-1/2

1
wyr = 2 (Yr+1/2 + Yr—l/z)

Ay Aty ASy
Ny,
Ay,
Ay, A%y,
Aty
Ny,

vy Vty VSy

V3ys
73y, V*y,

V3ys Vtys 75}’5



Central Difference Table :

X Y dy 52y 53y 5ty 5%y
Xo Yo
8Y1/2
Xo+h V1 5%y,
8Yy3/2 53y3/2
Xo + 2h Y2 5%y, 5%y,
8ys/2 533’5/2 553/5/2
Xo+3h  ys 8%y; 6%y3
87,2 533’7/2
Xo + 4h V4 82y,
8y9;2
Xo + 5h Vs

Differences of a Polynomial:

For an n-th degree polynomial f(x) = ax™ + bx™" 1 + cx™ 2 + -« + k:

1. The n-th difference is constant:

A"f(x) =a-n!-h"
2. The n + 1-th and all higher-order differences are zero:

A™f(x) =0
Factorial Notation:

A factorial polynomial [x]" is defined as:

[x]* = x(x — h)(x — 2h) ...(x — (n—1)h)
When the interval of differencing h = 1:

x]"=x(x—1D(x—-2)..(x—n+1)
Key Rules:
e Alx]"=n-h-[x]*?
e AMx]*=n!-h"

° An+1[X]n =0

Effect of an Error on a Difference Table:



If an error € is present in an entry ye, it spreads through higher-order differences as follows:
o Ist Difference errors: +€, —€
o 2nd Difference errors: +¢€, —2¢€, +€
o 3rd Difference errors: +¢, —3¢, +3¢, —€
o 4th Difference errors: +¢€, —4€, +6€, —4€, +€

Key Properties:
e Error magnitudes increase with the order of differencing.

e Errors follow binomial expansion coefficients (1 — €)™.

e The algebraic sum of errors in any single difference column is zero.

Example :
h
“1(2) — pan-1 —tan=1(1r) — fan—1
Atan™*(x) =tan ' (x + h) —tan™'(x) = tan (1 v x2)
AY[(1 = ax)(1 = bx®)(1 — cx®)(1 — dx*)] = abced - (101)
Example :

Expressing y = 2x3 — 3x? + 3x — 10 in factorial notation yields:
y =2[x]3 + 3[x]? + 2[x] — 10

Since the values of y belong to a polynomial of degree 4, the fourth differences must be
constant. But A*y = 16.

~ The other fourth order differences must also be 16.

Thus, 1.e.
Ay, =16 = A3y2 - A3Y1
A3y, = A%y, + A*y, = 8 + 16 = 24
A%y, = A%y, + A3y, = 4 + 24 =28
Ay, = Ay; + A%y, =2 + 28 = 30
and

Ys =y, +Ay,=1+30=31
Similarly, starting with Ay, = 16, we get A3y, = 40, A%y, = 68, Ays = 98,7y, = 129.
Starting with A*y; = 16, we obtain A3y, = 56,A%ys = 124, Ay, = 222,y, = 351.
Exercises :
1. Express x> — 2x2? + x — 1 into factorial polynomial. Hence show that A*f(x) = 0.

2. Express u = x* — 12x3 + 24x? — 30x + 9 and its successive differences in factorial
notation. Hence show that ASu = 0.



3. Express 3x* — 4x3 + 6x2 + 2x + 1 as a factorial polynomial and find differences of all
orders.

4. Find the first and second differences of x* — 6x3 + 11x? — 5x + 8 with h = 1. Show
that the fourth difference is constant.

5. Obtain the function whose first difference is 2x3 + 3x2% — 5x + 4.

6. Given log100 =2, log101 = 2.0043, log103 = 2.0128, log104 = 2.0170, find
log 102.

7. Estimate the missing term in the following table:

x: 012 3 4
f(x): 1 3 9 — 81

8. Find the missing values in the following table:

xx 0 5 10 15 20 25
y: 6 10 — 17 - 31

9. Find the first term of the series whose second and subsequent terms are 8,3,0, —1,0.
10. Write down the polynomial of lowest degree which satisfies the following set of numbers:
0,7,26,63,124,215,342,511.

11. The values of a polynomial of degree 5 are tabulated below. If f(3) is known to be in
error, find its correct value.

X: 0 1 2 3 4 5 6
f(x): 1 2 33 254 1025 3126 7777

Other difference operators:

We have already introduced the operators 4, V, and §. Besides these, there are the operators E
and p, which we define below:

(1) Shift operator E is the operation of increasing the argument x by h so that
Ef(x)=f(x+h), E?*f(x)=f(x+2h), E3f(x)=f(x+3h) etc.
The inverse operator E~1 is defined by E~1f(x) = f(x — h).

If y, is the function f(x), then Ey, = Vyin, E™ Yy = Ve, E™Vy = Vyinn, Where n may be
any real number.

(2) Averaging operator u is defined by the equation:

1
Hyx = E (yx+%h + yx—%h)

Obs. In the difference calculus, E is regarded as the fundamental operator and 4, V, §, i can be
expressed in terms of E.

Relations between the operators: (1) We shall now establish the following identities:
e (NA4=E-1
e ()V=1-E1



o (iii)6 = EY2 —E~1/2
o (ivyp=;(EY2+E?)
e (VVA=EV=VE =68E'?
e (Vi E =ehP
Proof:
() AYx = Yx+n = Yo = Eyx =y = (E = Dy,
This shows that the operators 4 and E are connected by the symbolic relation:
A=E—-1 or E=1+A

Obs. These relations imply that the effect of operator E on y, is the same as that of the operator
1 + 4 on y,. The operators E and 4 do not have any existence as separate entities.

(i) Vyy = ¥x = Yx-h = Yx — E_lJIx =(1- E_l)Yx
~V=1—-E1

(i) 8y = ¥, 1, =¥, 1, = BV = E7V2y, = (V2 = E7/%)y,
-'-6=E1/2—E_1/2
: 1 —1(p1/2 -1/2,, ) = L (p1/2 -1/2
(IV)‘uyx_E(yx+%h+yx—§h)_E(E/Yx+E /yx)—E(E/ +E"Y2)y,
.'.M:l(E1/2+E_1/2)
2
(V) EVyy = E(yx = Yx-n) = Eyx = EYx—n = Yx4n = Yx = DYy

~EV=A
VEYx = VYxin = Yxen — Yx = DYy
~VE=A
SEY?y, = Syx%h = yx%h%h - yx+%h_%h = Vesn — Ve =AYy
~ SEY?2 = A
Hence A = EV = VE = §E'/?

V) Ef(x)=f(x+h)=f(x)+hf'(x)+ };—Tf”(x) + --- [by Taylor's series]

2
= f(x) + hDf (x) + %sz(x) +

2D2 3D3

2!+3!

=<«Hm+ +m>ﬂm=eWﬂ@

“F = ehD



Cor,E=1+A=¢"

Note. A table showing the symbolic relations between the various operators is given below for
ready reference. To prove such relations between the operators, always express each operator
in terms of the fundamental operator E.

Ee*

A2eX’

2
Example : Prove that e* = (AF) e* the interval of differencing being h.

Solution: Since (A?z) eX = A2 E7le* = A2e* M = A2e% . g7 = g7hAZeX
Ee*
~ RH.S. = e "A%e¥ e e "Ee* =M. g¥th = g
Example: Prove with the usual notations, that
e (i) hD =log(1+ A) = —log(1 — V) = sinh™1(ud)

o () (EY2+E V) +M)Y2=2+A
o (i) A =—06% +8,/1+52/4
o (iv) 2%, = Vys
Solution: (i) We know thate™® = E =1+ A
~ hD =log(1 + A)
Also hD = logE = —log(E™Y) = —log(1—-V) [“E1=1-7]
and we have proved that yu = %(El/z + E1/2)

S = E1/2 _ E—1/2

1
— _(r1/2 -1/2 1/2 _ p—1/2
us =3 (EY2+ E"V?)(E E~1/2)

1 1
=3 (E-E™YH = 5 (e"P — e~"P) = sinh(hD)

i.e. hD = sinh™1(ud)
Hence hD = log(1 + A) = —log(1 — V) = sinh™1(ud)
(i) (EY2 + E7Y/2)(1 + A)Y/?

=(EV2+EYV)EV2=E+1=14A+1=2+A
(iii) 5 62 + 6y/1+ 52/4

= %(51/2 — EV2)" 4 (EV/2 — E-1/2) 1 + (EV/? — E-1/2)2/4

= %(E +E1=2)+ (EY2 —E~Y2)J[(E + E-1 + 2)/4]

1
=S (E+E7 =) + (B2 — E7V2)(EY2 + EY/2) 2



1 1
=§[(E+E_1—2)+(E—E_1)]=§(2E—2)=E—1=A

(iv) A%, = (E - D%, [+A=E-1]
= (E® —3E?+3E — 1)y,
=¥s =3y +3ys—y2 .(1)
Vys=A—-E")ys [+V=1-E""]
=(1-3E1+3E2-E3)ys
=¥s =3y +3y3—y2 ..(2)
From (1) and (2), A3y, = V3y..
Example: Using the method of separation of symbols, prove that

2 3
o (Dwx +upx? +uzxd+ 0= u, + (:—x) Au,; + (%x) Auy + -

1-x

UIX | Upx?

o (i) uy +T+

3
Uzx
2! + 3!

2 3
+ =€ (uo + xAu, + %Azuo +%A3u0 + )

Solution: (i) L.H.S. = xu; + x2Eu; + x3E%u; + -

=x(1+xE+x%E*>+ - )u; =x - u;, taking sum of infinite G.P.

1—xE

=x[m]ul [“E=1+A4]

e e (B
- X 1—x—xA ul_l—x 1—x e

I - xA N x2N? N
T 1-—x 1—-x (1-x)2 “
a + al Auy + i A%uq + R.H.S
=—u +——Au; + ————A*u; +--- =RHS.
1—x " (1-x2 ' (1-x)3 !

.. x x? x3
(11) L.H.S. = Uy + ;EUO + ;Ezuo + EE?)UO + -

xE x*E* x3E3
= <1 TR TR T ---)uo = ey, = eX1H0y ) = ¥ - ¥y,

_ (1 xA  x%A?  x3A3
=e +?+ o + 3 + - U

X x? x3
_Auo + —A2u0 + _A3u0 + - = RHS

— X
- ¢ <”° BT 2! 31

Exercises :

2 2
1. Explain the difference between (A?) u, and (AE;")



2. Evaluate taking h as the interval of differencing:
(1) % sinx
(@) (A+V7)?(x%?+x), (h=1)
e AZ 3
(111) (?) X

A%x3

Ex3

(iv)

A2 sin(x+h)

A?
(v) ?sm(x + h) + st

3. With the usual notations, show that
()A=1—e"P
(i)) D = 2sinh ™" (3)

(i) 1+A)1-7) =1
(iv) AV = VA = §?

4. Prove that
(H6=A1+A)"1"2=v(1-V)"/2
(iu2=1+2
(i) S(EY? + E™Y2) = AE"1 + A

5. Show that
(i) 6 = AE™Y2 = VEY/?

(ii) 8 = 2 (A + V)
(i) 1 + 62/2 = /(1 + 62u?)

6. Show that

HAa=us+%

(i) EY2 = (1+2)  +=

1

2r
oo 1
(iii) E —(,u+25)
7. Prove that
(1)A—-V =4V
.. AV
(11)A+ V _E_Z

(i) V=AE'=EA=1-E!



() E = X2V,
(V) 72 = h2D? — h3D3 + Zh*D* — -
8. Show that Y223 A? f,, = Af, — Af,.
9. Prove with usual notations, that
DV fie =4 fre—r
(i) A(fid) = (fie + fier ) A
Using the method of separation of symbols, prove that
10. ug + uy +up + -+ + upy = "1C Uy + "TIC AU + THIC3A% U + -+ HIC, 1 A My
1AMy = Uy gy — "Crllyyno1 + "Collegpnz + -+ (D) uy
12, Y = Y = "XCiAyp_g +VTFC A Y g — o+ (DAY Y (ry
13y =Xy *Cildy,

Application to summation of series:The calculus of finite differences is very useful for
finding the sum of a given series.The method is best illustrated by the following examples:

Example: Sum the following series 13 + 23 + 33 + --- + n3.
Solution: Denoting 13, 23, 33, ... by ug, Uy, U, ... respectively, the required sum
S=ugt+u +u; +--+uy_q
=(1+E+E*+ - +E"Yu, [+u; =Euyu, = E%u,etc.]
Fr—1 (1+M"-1

TE-107 Ao
1 nn—-1) ., nn-1)n-2) ,
=Zl1+nA+ A%+ - A3 4 A" — 1
nn-—1 nn—1)Mn-2
= In+ (2| )Auo ( 3)'( )A2u0+---l

Now Aug = uy —up =2° =13 =7, Aug = u; — 2uy +up =3° —-2-2° + 1° = 12,
A3u0=U3—3u2+3U1—u0=4‘3—3'33+3-23—13:6
and A*ug, ASuy, ... are all zero as u, = r3 is a polynomial of third degree.

Hence S = n + n(nz_l) -7+

n(n-1)(n-2) 12 + n(n-1)(n-2)(n-3) )
6 24

=%(n2+2n+1)=lwl

6



. 2 4 o= Moy XAuy | XPA%ug
Example: Prove that up + uyx + ux* +--00 = —+ o T a7

Hence find the sum of the series 1 -2 4+ 2 -3x + 3 - 4x% + -+ o0,

Solution: uy + u;x 4+ uyx? 4 -0 = (1 4+ xE + x2E? + x3E3 + -+ 00)u,

_ 1 _ 1
TT1-xEN T T x(+ )"
1 1 X -1
= = —_ A
(1—x)—xAu0 (1—x)( 1—x) Yo
1 . xA N x2N? N
T 1-—x 1—-x (1-x2) Yo
2
= Y gt Nyt
1—-x (1—-2)2"° (1-x)3 0

Now let us construct the difference table for the coefficients of the given series:

u Au A% Au
Uy =2

4
u =6 2

6 0
u, =12 2

8 0
uz = 20 2

10
uy, = 30

This shows that uy = 2, Auy = 4, A%uy = 2, A3u, = A*u, etc. all = 0.
Thus1-2+2-3x+3-4x%+ 00

= Uy + U x + upx? + - 0
o X x?

= u
1—-x (1—-x)2"7°

=A%y + -+ 00

(1-x)

2 N 4x N 2x* 2
T1-x (1-x%2 (1-x)3 (1-x)3




Problems :Using the method of finite differences, sum the following series:
1. 124224324 4%
2. 2-54+5-8+8-11+11-14 + --- ton terms.
3.1-2-3+2-3-4+3-4-5+ - tonterms.
4, Y x(x+2)(x+4).

u;x | uyx?

Show that uy, + — +
1! 2!

hd

— eX u I X Q" XZ QZH
( 1! 2! )
Hence sum the Sel‘ieSI

W43, 23 33 5, 4% 3
o MI’+—=x+—x*+—x>+--00
1! 2! 3!
.. 4x  10x?  20x® = 35x* 56x5
o ()1+—+ + + + + 00
1! 2! 3! 4! 5!

6. Find the sum of the series

1-34+3-5x+5-7x%2+7-9x3 4 -+ 0.

~

Show that 271}=1 U, = nclul + nCzAul + nC3A2u1 + -+ An_lul.
Hence evaluate 1% + 2% + 3% 4+ ... + n*.
8. Sum the series 1 - 2Ax™ — 2 - 3A%x™ 4+ 3 - 4A3x™ — 4 - 5A*x™ + --- to n terms.

9. Show that Ax™—-AZx™+ > A3x" — %A‘*x" + - tonterms = (x + 1/2)" —
(x — 1/2)™.

Interpolation: Suppose we are given the following values of y = f(x) for a set of values of
X: Xg X1 X3 .. Xp
Y+ Yo Y1 Y2 - In
Then the process of finding the value of y corresponding to any value of x = x; between x,
and x,, is called interpolation. Thus interpolation is the technique of estimating the value of a
function for any intermediate value of the independent variable, while the process of computing
the value of the function outside the given range is called extrapolation. The term interpolation
however, is taken to include extrapolation.

If the function f(x) is known explicitly, then the value of y corresponding to any value of x
can easily be found. Conversely, if the form of f(x) is not known (as is the case in most of the
applications), it is very difficult to determine the exact form of f (x) with the help of tabulated
values (x;,y;). In such cases, f(x) is replaced by a simpler function ¢ (x) which assumes the
same values as those of f(x) at the tabulated set of points. Any other value may be calculated
from ¢ (x) which is known as the interpolating function or smoothing function. If ¢(x) is a
polynomial, then it called the interpolating polynomial and the process is called the polynomial
interpolation. Similarly when ¢(x) is a finite trigonometric series, we have trigonometric
interpolation. But we shall confine ourselves to polynomial interpolation only.



The study of interpolation is based on the calculus of finite differences. We begin by deriving
two important interpolation formulae by means of forward and backward differences of a
function. These formulae are often employed in engineering and scientific investigations.

Newton's Forward Interpolation Formula: Let the function y = f(x) take the values

Yo, V1, ---» Yn corresponding to the values x, x4, ..., X, of x. Let these values of x be equi-spaced
such that x; = x, + ih (i = 0,1, ...). Assuming y(x) to be a polynomial of the nth degree in x
such that y(xy) = yo, y(x1) = ¥4, ..., y(x) = y,. We can write

y(x) =ag+ a;(x — xp) + ax(x — x0) (x — x1) + az(x — x0) (x — x1)(x — x) + -
+a,(x—x)(x—x) . (x—x-1) ...()

Putting x = x, x4, ..., X, successively in (1), we get

Yo =0 Y1=0ao+ay(x;—x0), ¥2=ag+a;(x;—xp)+ az(x; —x0)(x2 — %)
and so on.
From these, we find that a, = vy, Ay, = y1 — Vo = a1 (X1 — xo) = a,h

1
a; = EAYO

A1520 Ay =y, —y1 = a3(xz — x1) + az(x; — %) (X2 —x1) = ayh +ay - 2h - h = Ay, +
2h%a,

1 1
PR W(AM —Ay,) = TRz Yo
Similarly a; = 3'—;3A3y0 and so on.
Substituting these values in (1), we obtain
Ay, A%y, A3y,
y(x) = yo + —(x —Xo) + 5775 (0 = x0) (x — x1) + 775 (0 = xp) (x — x1) (x — x3)

2l h2 3lh3

+ o (2)
Now if it is required to evaluate y for x = x, + ph, then
X—xg=ph, x—x3=x—x9—(x; —%xy) =ph—h=({p—1h,
xX—xy=x—x1—(,—x))=(@—1Dh—-—h=(p-2)h ectc.
Hence, writing y(x) = y(xo + ph) = y,, (2) becomes
pp—1) , p(p—1D(p—2)

Yo = Yo+ PAYe +——r— A%, + 30 Myo+ -
-1D.(p—n+1
LD n(f’ ) Aye . (3)

It is called Newton's forward interpolation formula as (3) contains y, and the forward
differences of y,.



Otherwise: Let the function y = f(x) take the values yy, 1, ¥, ... corresponding to the values
Xo, Xo + h, xo + 2h, ... of x. Suppose it is required to evaluate f(x) for x = x, + ph, where p
is any real number.

For any real number p, we have defined E such that
EPf(x) = f(x + ph)
Thus y, = f(xo + ph) = EPf(x) = (1 + APy, [+ E=1+A]

Interpolation
_ {1+pA+p(pZT D 2 +p(p— 13)'(10—2)A3 +...}y0 (D)
ie.
Yp = Yo +pAy, + —p(pZ!_ D Ay + Pp - 13)!@ 2 Ny, +

(using Binomial theorem)

An+1

If y = f(x) is a polynomial of the nth degree, then ¥o and higher differences will be zero.

p(p-1)(p-2) Dyo + -+

. (-1
Hence (4) will become y, =y, + pAy,+ %Azyo + -

p(p-1)(p—n-1) AR

. Yo which is same as (3).

This formula is used for interpolating the values of y near the beginning of a set of tabulated
values and extrapolating values of y a little backward (i.e. to the left) of y,.

Newton's Backward Interpolation Formula: Let the function y = f(x) take the values
Y0, Y1, V2, --. corresponding to the values xq, xo + h, Xo + 2h, ... of x. Suppose it is required to
evaluate f(x) for x = x,, + ph, where p is any real number. Then we have

Vp = fQn +ph) = EPf(x) = 1=V Py, [+E'1=1-7

+1 +1D(p+2
p(pZI ) 2, PP 3)'(19 )3 4. "

=|1+pV+

(using Binomial theorem)
ie.

plp+Dp+2)_,

p(p+1) - P35y + (D)

2!

It is called Newton's backward interpolation formula as (1) contains y, and backward
differences of y,,.

Vp = Vn +0Vyn + V2y, +

This formula is used for interpolating the values of y near the end of a set of tabulated values
and also for extrapolating values of y a little ahead (to the right) of y,,.



Example . The table gives the distance in nautical miles of the visible horizon for the given
heights in feet above the earth's surface:

x=height: 100 150 200 250 300 350 400

y = distance:  10.63  13.03  15.04 16.81 1842 1990 21.27

Find the values of y when
(1) x =218 ft
(i) x = 410

Solution: The difference table is as under :

X y Ay A? A3 A*
100 10.63
2.40
150  13.03 ~0.39
2.01 0.15
200 15.04 —0.24 —0.07
1.77 0.08
250 16.81 ~0.16 ~0.05
1.61 0.03
300 18.42 ~0.13 —0.01
1.48 0.02
350 19.90 —0.11
1.37
400 2127
(i) If we take x, = 200, then y, = 15.04, Ay, = 1.77, A%y, = —0.16, A3 = 0.03 etc.
Sincex =218and h =50, + p=""0=2=036

Using Newton's forward interpolation formula, we get

r(p -1 p(p—D-2)
Y218 = Yo + PAyo + TAZYO + 30 Ay,
-Dp-—-2 -3
+p(p )(p4' )(p )A4

yo +



£(218) = 15.04 + 0.36(1.77) + w (—0.16) + 0-36(—0-664)(—1.64)

0.36(—0.64)(—1.64)(~2.64)
" 24

= 15.04 + 0.637 + 0.018 + 0.002 + 0.0004

(0.03)

(—0.01)

= 15.697 i.e. 15.7 nautical miles.

(i1) Since x = 410 is near the end of the table, we use Newton's backward interpolation

formula.
X—Xpn _ 10 _

Taking x, = 400,p = Pl 0.2

Using the line of backward difference
Yo = 21.27,Vy, = 1.37,V?y, = —0.11, 73y, = 0.02 etc.
Newton's backward formula gives

plp+1) plp+ D@ +2)
Ya10 = Yaoo + PVYa00 + o V2Ya00 + 3 VY400

p(+ D +2)(p+3)
+ 4!

= 2127 +0.2(1.37) + % (—0.11) + w

0.2(1.2)(2.2)(3.2)
+
41
=21.27 + 0.274 — 0.0132 + 0.0018 — 0.0007

‘743’400

(0.02)

(—=0.01)

= 21.53 nautical miles.

Example: From the following table, estimate the number of students who obtained marks
between 40 and 45 :

Marks : 3040 40-50 50-60 60-70  70-80

No. of students : 31 42 51 35 31
Sol. First we prepare the cumulative frequency table, as follows :

Marks less than (x) : 40 50 60 70 80

No. of students (y,): 31 73 124 159 190

Now the difference table is



X Vx Ay, ANy, Ny, Ay,

40 31
42
50 73 9
51 -25
60 124 -16 37
35 12
70 159 —4
31
80 190

We shall find y,5 i.e. number of students with marks less than 45. Taking x, = 40, x = 45, we
have

X0 45 [h=10
P=—p T 0 Fh=
Using Newton's forward interpolation formula, we get
r(p—-1) r(p-Dp-2)
Yas = Yao + PAYao +———Ayso + 30 Dyqg
-Dp-2)(p—-3
N p(p )(103| )(p —3) Mg
0.5(=0.5 0.5(—=0.5)(—1.5
=31+O.5X42+¥><9+ ( ) )X(—ZS)
0.5(=0.5)(=1.5)(—=2.5
N (-05)(=1.5)(=25) 37

24
=31+21—-1.125-1.5625 — 1.4453

= 47.87, on simplification.
The number of students with marks less than 45 is 47.87 i.e., 48.
But the number of students with marks less than 40 is 31.
Hence the number of students getting marks between 40 and 45 = 48 — 31 = 17.

Example :Using Newton's forward formula, find the value of f(1.6), if

X: 1 1.4 1.8 2.2

f(x): 349 482 596 6.5

2. From the following table, find y when x = 1.85 and 2.4 by Newton's interpolation formulae.



X: 1.7 1.8 1.9 2.0 2.1 2.2 23

y=e*: 5474 6.050 6.686 7.380 8166 9.025 9974

Central Difference Interpolation Formulae: In the preceding sections, we derived Newton's
forward and backward interpolation formulae which are applicable for interpolation near the
beginning and end of tabulated values. Now we shall develop central difference formulae which
are best suited for interpolation near the middle of the table.

If x takes the values x, — 2h, xy — h, xg, X¢ + h, xo + 2h and the corresponding values of y =
f(x) are y_5,V_1,¥0, V1, Y2, then we can write the difference table in the two notations as
follows :

X y 1st diff. 2nd diff. 3rd diff. 4th diff.

Ay_, (= 53’—3/2)

ioh Y-1 Ny_o(=8%y_1)
AJ’—1(: 5)’—1/2) A3)’—2(: 533’—1/2:
Xo Yo Ny_1(= 6%y0) Ay _,(= 8*yo)
AJ’O(: 53’1/2) A3)’—1(: 533’1/2)
:C_Oh 1 Nyo(= 6%y,)
Ay1(= 8y3/2)
X0

+2n 2



Example: From the following table, estimate the number of students who obtained marks
between 40 and 45 :

Marks : 3040 40-50 50-60 60-70  70-80

No. of students : 31 42 51 35 31

Solution: First we prepare the cumulative frequency table, as follows :

Marks less than (x) : 40 50 60 70 80

No. of students (y,): 31 73 124 159 190

Now the difference table is

X Yx Ayx A?yx Nyx Aty
40 31
42
50 73 9
51 -25
60 124 —-16 37
35 12
70 159 —4
31
80 190

We shall find y,5 i.e. number of students with marks less than 45. Taking x, = 40, x = 45, we
have

X—Xx9 5

= =—=05 [+h=10
P="h T10 [
Using Newton's forward interpolation formula, we get
r(p—-1) r(p-—Dp-2)
Yas = Yao + PAYso + ———D0%Yao + A3

21 30 Yao

- Dp-2)(p-3
+p(p )(p3! )(p )My40




0.5(—=0.5 0.5(=0.5)(—1.5
=31+0.5><42+(—)><9+ ( N )

0.5(=0.5)(=1.5)(=2.5)
+ X
24
=31+21-1.125-1.5625 — 1.4453

X (=25)

37

= 47.87, on simplification.
The number of students with marks less than 45 is 47.87 i.e., 48.
But the number of students with marks less than 40 is 31.

Hence the number of students getting marks between 40 and 45 = 48 — 31 = 17.

Example: Find the cubic polynomial which takes the following values :

X: 0 1 2 3

fFGO: 1 2 1 10
Hence or otherwise evaluate f(4).
Solution: The difference table is

X fx) AKX AMK) AKX

0 1

310
Wetakex0=0andp=x—;0=x [+h=1

Using Newton's forward interpolation formula, we get

-1 - Dx-2
FG0 = £ + 2 a5 + 2D pepo)  ETDE D g
D+ @(_2) L X 12(x —2) (12)

=2x3 —7x?+6x+1,

which is the required polynomial.



X—Xn
h

To compute f(4), we take x,, = 3,x = 4 sothatp = =1 [vh=1

Using Newton's backward interpolation formula, we get

@) =@ +p7r@ + P22 Ve pa) 4

=10+9+10+12 =41

p(p +D(p +2)

1.2.3 e

which is the same value as that obtained by substituting x = 4 in the cubic polynomial above.

Obs. The above example shows that if a tabulated function is a polynomial, then interpolation
and extrapolation give the same values.

Example: In the table below, the values of y are consecutive terms of a series of which 23.6 is
the 6th term. Find the first and tenth terms of the series :

y: 48 84 145 236 362 528 739

Solution: The difference table is

X Y Ay A%y A3y ASy
3 4.8
3.6
4 8.4 2.5
6.1 0.5
5 14.5 3.0 0
9.1 0.5
6 23.6 3.5 0
12.6 0.5
7 36.2 4.0
16.6 0.5
8 52.8 4.5
21.1
9 73.9

To find the first term, use Newton's forward interpolation formula with xo = 3,x =1, h =1
and p = —2. We have



_ (=2) (=2)(=3) (=2)(=3)(=4) _
y(1) = 48+-——X3.6+———X25+ 153 X 0.5=3.1

To obtain the tenth term, use Newton's backward interpolation formula with x, =9, x =
10,h =1 and p = 1. This gives

y(10) = 73.9 + 1211 + 1) X 4.5 + 1(2)(3)

1 1.2 123 <05 =100.

Problems :1. Using Newton's forward formula, find the value of f(1.6), if

X: 1 1.4 1.8 2.2

fG): 349 482 596 65

2. From the following table, find y when x = 1.85 and 2.4 by Newton's interpolation formulae

X: 1.7 1.8 1.9 2.0 2.1 2.2 23

y=e*: 5474 6.050 6.686 7.380 8166 9.025 9974

3. If £(1.15) = 1.0723, £(1.20) = 1.0954, £(1.25) = 1.1180 and f(1.30) = 1.1401, find
£(1.28).

4. Given sin45° = 0.7071,sin50° = 0.7660, sin 55° = 0.8192,sin 60° = 0.8660, find
sin 52° using Newton's forward formula.

5. From the following table :

X: 0.1 0.2 0.3 0.4 0.5 0.6

f(x): 268 304 338 368 396 421

find £(0.7) approximately.

6. The area A of a circle of diameter d is given for the following values :

d: 80 85 90 95 100

A: 5026 5674 6362 7088 7854

Calculate the area of a circle of diameter 105.



7. Construct Newton's forward interpolation polynomial for the following data :

x: 4 6 8 10

y: I 3 8 16

Hence evaluate y for x = 5

8. Apply Newton's backward difference formula to the data below, to obtain a polynomial of
degree 4 in x :

9. Given u; = 40,u; = 45, us = 54, find u, and u,.
10. Ifu_l = 10,u1 = 8, U, = 10, Uy = 50, find Uy and Us.

11. Given y, =3,y =12,y, =81,y; = 200,y, = 100,y5 = 8, without forming the
difference table, find A%y,.

12. Given Y10f (x) = 500426,¥10 f (x) = 329240, ¥1° f (x) = 175212 and f(10) =
40365, find £(1)

Interpolation with Unequal Intervals :

The various interpolation formulae derived so far possess the disadvantage of being applicable
only to equally spaced values of the argument. It is, therefore, desirable to develop interpolation
formulae for unequally spaced values of x. Now we shall study two such formulae :

(1) Lagrange's interpolation formula

(i) Newton's general interpolation formula with divided differences. LAGRANGE'S
Interpolation Formula:

If y = f(x) takes the value y,, y4, ..., Yy, corresponding to x = xg, Xy, ..., X, then

(o — 2 = 2) oo (X — X) (x — %) (x — X3) oo (X — %)

(o — 20) (o — %3) o (g — 2) 20 (o1 — 20) (= %3) o (61 — 2) >}
(0 = x0) (xt — x7) o (X — K1)

(xn - xo)(xn - xl) (xn - xn—l) I

f&x) =

This is known as Lagrange's interpolation formula for unequal intervals.

Proof. Let y = f(x) be a function which takes the values (xq, o), (X1, V1), -.., (X, V). Since
there are n + 1 pairs of values of x and y, we can represent f (x) by a polynomial in x of degree
n. Let this polynomial be of the form

y=f(x) =ag(x—x)(x—xz) ... (x —x5) + a;(x — x0)(x — x3) ... (x — x,)



ta,(x —xp)(x —x)(x —x3) . (x —x) + -+ a,(x —x0)(x — x1) . (X — X5_1)
Putting x = x¢,y = yg, in (2), we get
Yo = ag(xg — x1) (xg — x2) ... (Xo — X)

ag = Yo/[(xg — 21) (xg — x2) ... (xg — x3)]
Similarly putting x = x;, ¥ = y; in (2), we have a; = y;/[(x; — x0) (%1 — x3) ... (x; — x,)]

Proceeding the same way, we find a,, as ... a,.

Substituting the values of a, a4, ..., a, in (2), we get (1).

Obs. 1. Lagrange's formula can be applied whether the values x; are equally spaced or not. It
is easy to remember but quite cumbersome to apply.

Obs. 2. This formula can also be used to split the given function into partial fractions.

For on dividing both sides of (1) by (x — x¢)(x — x1) ... (x — x;,), we get

f() _ Yo 1
(x —x0)(x —x1) . (X — ) (%0 — x1)(xp — xz)l--- (X0 —xn) x— X
Y1
* (1 = x0) (X1 — x2) oo (X1 — Xy) ‘ X — X1
+ Yn

(xn - xo)(xn - xl) (xn - xn—l) ‘ X —Xp

Divided Differences: The Lagrange's formula has the drawback that if another interpolation
value were inserted, then the interpolation coefficients are required to be recalculated. This
labour of recomputing the interpolation coefficients is saved by using Newton's general
interpolation formula which employs what are called 'divided differences'. Before deriving this
formula, we shall first define these differences.

If (xo,v0), (x1,¥1), (x3,¥2), ... be given points, then the first divided difference for the

arguments X, X; is defined by the relation [xg, x,] = zl—zo
1—40

Similarly [x;, x,] = 2222 and [x,, x3] = Z22 etc.
Xo—X1 X3—X2

.. . . [x1,22] = [x0,%1]
The second divided difference for x,, x4, x, is defined as [xg, X1, X,] = %
2740

The third divided difference for x, x4, x5, x5 1s defined as

[x1, X2, x3] — [x0, %1, %]
[x0, X1, X2, x3] = and so on.
X3 — Xp




Obs. 1. The divided differences are symmetrical in their arguments i.e. independent of the order

y y
X0—0X1 + rlxo = [Xli XO]' [XO' X1, XZ]

of the arguments. For it is easy to write [Xy, X;] =

_ Yo N Vi " Y2
(20 —x1)(xg — x2) (%1 —x0)(x1 —x2)  (xz — x0) (X2 — x1)
= [xq, X5, x] Or [X5, X0, X1 ] and so on.

Obs. 2. The nth divided differences of a polynomial of the nth degree are constant.
Let the arguments be equally spaced so that x; — xy = x, —x; = - = x,, — X,,_1 = h. Then

Y1 — Yo _ Ayo
xl_xO h

[xOﬂ xl] =

0 A1, A2 Xy — Xp 2hl h h
i 1
= 57z A%Yo and in general, [Xo, X1, %z, -, Xn] = —=2r Ay,

If the tabulated function is a nth degree polynomial, then A"y, will be constant. Hence the nth
divided differences will also be constant.

Newton's Divided Difference Formula:
Let yo, V1, ..., Y, be the values of y = f(x) corresponding to the arguments xg, X1, ..., Xp,.
Then from the definition of divided differences, we have

[x, x] = Y—=Yo
X — X
so that
Yy =Yo + (x — x0)[x, x0]
Again

[x, xO] - [xO’xl]
X — x1

[x, x0,x1] =

which gives

[x, x0] = [x0,x1] + (x — x1) [x, X0, x1]
Substituting this value of [x, x,] in (1), we get

y = Yo + (x —x¢)[x0, x1] + (x — x0) (x — x1)[x, X0, X1 ]
Also

[x’ X0, xl] - [x01x11x2]
X — xz

[x, x0, X1, X2] =

which gives

[x, xo»x1] = [xofxbxz] + (x — xz)[x, xo,x1,x2]



Substituting this value of [x, xy, x;] in (2), we obtain

y = Yo + (x —x0)[x0, x1] + (x — x0) (x — x1)[%0, X1, X7]
+ (x — x0) (x — x1) (x — x2)[x, X0, X1, %]
Proceeding in this manner, we get

y=f(x) =yo+ (x —x0)[x0,2%1] + (x — x0) (x — x1)[x0, X1, X2]
+(x — x0) (x — x1) (x — x3) [0, X1, X2, x3] + -+
+(x — x0) (x — x1) ... (x — x)[%, X0, X1, v, X ]
which is called Newton's general interpolation formula with divided differences.

Example : Given the values

X: 5 7 11 13 17

fx): 150 392 1452 2366 5202,

evaluate f(9), using
(1) Lagrange's formula
(i1) Newton's divided difference formula.

Solution: (i) Here xo =5,x; =7,x, =11, x3 =13, x, = 17
and y, = 150, y; = 392, y, = 1452, y; = 2366, y, = 5202.

Putting x = 9 and substituting the above values in Lagrange's formula, we get

(9= 7)(9 = 11)(9 — 13)(9 — 17)
O =s76-1me-13)6-17) < °

(9—5)(9 — 11)(9 — 13)(9 — 17)
(7—5)(7 —11)(7 —=13)(7 = 17)
©O-90-DO-10-17)
A1-5)l-7dl-13)d1-17) "
(9 = 5)(9 — 7)(9 — 11)(9 — 17)
T3 -5A3- 713 =113 = 17)
(9 = 5)(9 — 7)(9 — 11)(9 — 13)
T a7 =57 = D7 =107 = 13)
50 3136 3872 2366 578

=T33t T3 3 T 5 =810

392

X 2366

x 5202




(i1) The divided differences table is

X y Ist divided differences 2nd divided differences 3rd divided differences
5 150
121
7 392 24
265 1
11 1452 32
457 1
13 2366 42
709
17 5202

Taking x = 9 in the Newton's divided difference formula, we obtain

f(9) =150+ (9 —-5)%x1214+(9-5)(09-7)%x244+(9-50O-7)(9-11) x1
=150 + 484 + 192 — 16 = 810.

Example: Determine f(x) as a polynomial in x for the following data :

X: —4 -1 0o 2 5

f(x): 1245 33 5 9 1335

Solution: The divided differences table is

X f(x) Ist divided differences 2nd divided differences 3rd divided differences 4th divided differences
—4 1245
—404
-1 33 94
—28 -14
0 5 10 3
2 13



X f(x) 1st divided differences 2nd divided differences 3rd divided differences 4th divided differences
442

5 1335

Applying Newton's divided difference formula
f(x) = fxg) + (x = x0) [x0, 1] + (x — x0) (x — x1)[xg, X1, X2] + -+
= 1245+ (x + 4)(—404) + (x + 4)(x + 1)(94)
+x+4Hx+Dx—-0)(—14) + (x+ 4 (x + Dx(x — 2)(3)
= 3x* — 5x3 + 6x% — 14x + 5.
Problems :

1. Use Lagrange's interpolation formula to find the value of y when x = 10, if the following
values of x and y are given :

X: 5 6 9 11

y: 12 13 14 16

2. The following table gives the viscosity of an oil as a function of temperature. Use Lagrange's
formula to find viscosity of oil at a temperature of 140°.

Temp.o : 110 130 160 190

Viscosity : ~ 10.8 8.1 55 4.8
3. Given log;y654 = 2.8156, log,,658 = 2.8182, log;,659 = 2.8189, log;, 661 =
2.8202, find by using Lagrange's formula, the value of log,o 656. (Nagarjuna B.E., 2001)
4.Givenyy = —-12,y, =0, y; = 6 and y, = 12, find y,.

5. Use Lagrange's formula to find the form of f(x), given

X : 0 2 3 6

f(x): 648 704 729  792.
6. If y(1) =-3,y(3) =9,y(4) =30,y(6) =132, find the Lagrange's interpolation
polynomial that takes the same values as y at the given points.

7. Given f(0)=—18,f(1) =0,f(3) =0, f(5) = —248, f(6) = 0, f(9) = 13104, find
f(x).



x2+6x—1
(x2-1)(x—4)(x—6)

8. Using Lagrange's formula, express the function as a sum of partial fractions.

[Hint. Tabulate the values of f(x) = x? + 6x — 1 for x = —1,1,4,6 and apply Lagrange's
formula.]

9. Certain corresponding values of x and log,( x are given below :

X: 300 304 305 307

logox: 24771 24829 24843 24871

Find loglo 310 by
(i) Lagrange's formula.
(i1) Newton's divided difference formula.

10. Use Newton's divided difference formula to find f(x) from the following data :

X: 0 1 2 4 5 6

f(x): 1 14 15 5 6 19
11. Using Newton's divided difference formula, evaluate f(8) and f(15) given

X: 4 5 7 10 11 13

f(x): 48 100 294 900 1210 2028

Lagrange's Method: This procedure is similar to Lagrange's interpolation formula only
difference being that x is assumed to be expressible as a polynomial in y. Lagrange's formula
is merely a relation between two variables either of which may be taken as the independent
variable. Therefore, on inter-changing x and y in the Lagrange's formula, we obtain

_ =y —y2) .. G —ya) . =) —y2) . 7 — ) .
o=y o —¥2) - o — Yn) 0 1 =Y)1—y2) . (1 — yn) !

OV =y) —y1) . (y = Yn-1)
(yn - J’O)()’n - yl) (yn - yn—l)

which is used for inverse interpolation.




Example . The following table gives the values of x and y :

X: 1.2 21 28 41 4.9 6.2

y: 42 68 98 134 155 19.6

Find the value of x corresponding to y = 12, using Lagrange's technique.
Solution: Here xy = 1.2,x; = 2.1,x, = 2.8,x3 =4.1,x, =4.9,x5 = 6.2
and y, = 4.2,y; = 6.8,y, =9.8,y; = 13.4,y, = 15.5,y; = 19.6.
Taking y = 12, the above formula (1) gives

__(12-68)(12-9.8)(12 - 134)(12 - 155)(12-196)
X = 42-68)(42-93)(42—134)(42 —155)(42—196)

(12 - 42)(12-98)(12 - 134)(12 - 15.5) (12~ 19.6)
(6.8 —4.2)(68—9.8)(68 — 13.4)(6.8 — 155)(6.8 — 19.6) . ="

(12-42)(12-68)(12 - 134)(12 - 155)(12-196)
(9.8—42)(9.8—6.8)(9.8 — 13.4)(9.8 — 155)(9.8 — 19.6) "

(12 — 4.2)(12 — 6.8)(12 — 9.8)(12 — 15.5)(12 — 19.6) »
(13.4—42)(134—68)(13.4—9.8)(13.4— 15.5)(13.4 — 19.6) "

(12 — 4.2)(12 — 6.8)(12 — 9.8)(12 — 13.4)(12 — 19.6)
(155 — 4.2)(15.5 — 6.8)(15.5 — 9.8)(15.5 — 13.4)(155 — 19.6)

(12 — 4.2)(12 — 6.8)(12 — 9.8)(12 — 13.4)(12 — 15.5)
(19.6 — 4.2)(19.6 — 6.8)(19.6 — 9.8)(19.6 — 13.4)(19.6 — 15.5)

=0.022 - 0.234 + 1.252 + 3.419 — 0.964 + 0.055 = 3.55.

4.9

6.2

Iterative Method:Newton's forward interpolation formula is

p(p—1) p(p— D(p—2)
Yo = Yo + PAyo +——— 0%y + 30 AMyo+ -
From this, we get
1 p(p—1) p(p—D(p —2)
P= 1 yp_yO_TAzyO_ 3 Ayg — -+

Neglecting the second and higher differences, we obtain the first approximation to p as

p1 = (¥p — ¥0)/Ayo

To find the second approximation, retaining the term with second differences in (1) and
replacing p by p;, we get

_i _ _P1(P1—1)A2
P2 _Ayo Yo — Yo — Yo



To find the third approximation, retaining the term with third differences in (1) and replacing
every p by p,, we have

1 _ _Pz(Pz_l)
3_A_y() Yo — Yo T

_ p2(pz — D(p, — 2) A3

Ay, 31 Yo

p

and so on. This process is continued till two successive approximations of p agree with each
other.

This method is a powerful iterative procedure for finding the roots of an equation to a good
degree of accuracy.

Example: Using inverse interpolation, find the real root of the equation x> + x — 3 = 0, which
is close to 1.2.

Solution: The difference table is

X v y Ay A%y A3y Aty
1 -0.2 -1
0.431
1.1 —-0.1 —-0.569 0.066
0.497 0.006
1.2 0 —0.072 0.072 0
0.569 0.006
1.3 0.1 0.497 0.078
0.647
1.4 0.2 1.144

Clearly the root of the given equation lies between 1.2 and 1.3. Assuming the origin at x = 1.2
and using Stirling's formula.

Ayo +Ay_4 x? x(x* — 1) (A3Y—1 + Ag}’—z)

2

y=y0+x#+7Ay_1+ 3 > , we get
0.569 + 0.467 x? x(x? — 1) 0.006 + 0.006
0=-0.072+x - > + 7(0.072) + c 5 (wy=0)

or 0 = —0.072 + 0.532x + 0.036x2 + 0.001x3
This equation can be written as

0.072 0.036 , 0.001 .

0532 0532F " 0532°

X

. . . . (1) — . —
First approximation x 0532 0.1353

Putting x = x™ on R.H.S. of (i), we get



Second approximation x® = 0.1353 — 0.067(0.1353)? — 1.8797(0.1353)3 = 0.134
Hence the desired root = 1.2 + 0.1 X 0.134 = 1.2134.
Problems :

1. Apply Lagrange's method to find the value of x when f(x) = 15 from the given data :

X: 5 6 9 11

f): 12 13 14 16

2. Obtain the value of t when A = 85 from the following table, using Lagrange's method :

t: 2 5 8 14

A: 948 879 813 687

3. Apply Lagrange's formula inversely to obtain the root of the equation f(x) = 0, given that
f(30) =—=30,f(34) = —13,f(38) =3 and f(42) = 18.

Text books: 1. Raisinghania, M. D., Advanced Differential Equations, 20th ed., S. Chand
Publishing, 2023. ISBN: 978-93-5501-467-2

2. E. Kreyszig, Advanced Engineering Mathematics, 10th Edition, John Wiley & Sons,
2006.ISBN: 978-0-470-45836-5

3. L. Debnath, and D. Bhatta, Integral Transforms and Their Applications, 2nd Edition,
Kindle Edition.ISBN 978-1584885757

4. Grewal, B. S., Numerical Methods in Engineering & Science (with Programs in C, C++ &
MATLAB), 11th ed., Khanna Publishers, 2013. ISBN: 978-81-7409-248-9

5. W. F. Ames, Numerical Methods for Partial Differential Equations, 3rd Edition,
1992.ISBN: 978-0120567614
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2. L.C. Evans: Partial Differential Equations, American Mathematical Society, Providence,
1998.ISBN: 978-1-4704-6942-9
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  z = f  ( x , y )


  x


  y


  p =   ∂ z  ∂ x ,   q =   ∂ z  ∂ y ,   r =    ∂ 2 z  ∂  x 2 ,   s =    ∂ 2 z  ∂ xy ,   t =    ∂ 2 z  ∂  y 2


  𝐟  ( 𝐱 , 𝐲 , 𝐳 , 𝐚 , 𝐛 ) = 𝟎


  𝐱  


  𝐲  


  𝐚  


  𝐛


  𝐄 𝐱 𝐚 𝐦 𝐩 𝐥 𝐞 .   Form   a   partial   differential   equation   from   x ²   +   y ²   +   ( z   −   c ) ²   =   a ² .


  


  


  


  


  


  


  


  


  


  


  


  


  


  𝚽  ( 𝐮 , 𝐯 ) = 𝟎
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              Example .   Form   the   partial   differential   equation   from   z   =   f ( x ²   −   y ² )


  


  


  


  


  


  


  


  P ( x , y , z ) p + Q ( x , y , z ) q = R ( x , y , z )


  p  


  q  


  P  ( x , y , z ) p + Q  ( x , y , z ) q = R  ( x , y , z )   --- (1)


  u  ( x , y , z ) =  c 1  


  v  ( x , y , z ) =  c 2  


  du =   ∂ u  ∂ x dx +   ∂ u  ∂ y dy +   ∂ u  ∂ z dz = 0


  dv =   ∂ v  ∂ x dx +   ∂ v  ∂ y dy +   ∂ v  ∂ z dz = 0


  dv =   ∂ v  ∂ x dx +   ∂ v  ∂ y dy +   ∂ v  ∂ z dz = 0


  z


  x


  y


  dz = p   dx + q   dy


   (   ∂ u  ∂ x + p   ∂ u  ∂ z ) dx +  (   ∂ u  ∂ y + q   ∂ u  ∂ z ) dy = 0


  dx


  dy


  p = −   ∂ u / ∂ x  ∂ u / ∂ z ,   q = −   ∂ u / ∂ y  ∂ u / ∂ z


  p


  q


  P  ( −   ∂ u / ∂ x  ∂ u / ∂ z ) + Q  ( −   ∂ u / ∂ y  ∂ u / ∂ z ) = R


  ⟹ P   ∂ u  ∂ x + Q   ∂ u  ∂ y + R   ∂ u  ∂ z = 0


  ⟹ P   ∂ u  ∂ x + Q   ∂ u  ∂ y + R   ∂ u  ∂ z = 0


   dx P =  dy Q =  dz R


  x  ( y − z ) p + y  ( z − x ) q = z  ( x − y )


   dx  x  ( y − z ) =  dy  y  ( z − x ) =  dz  z  ( x − y )


   ( 1 , 1 , 1 )


    1 ⋅ dx + 1 ⋅ dy + 1 ⋅ dz  x  ( y − z ) + y  ( z − x ) + z  ( x − y ) =   dx + dy + dz 0


  ⟹ dx + dy + dz = 0 ⟹ x + y + z =  c 1


  ⟹ dx + dy + dz = 0 ⟹ x + y + z =  c 1


   ( 1 / x , 1 / y , 1 / z )


     1 x dx +  1 y dy +  1 z dz   ( y − z ) +  ( z − x ) +  ( x − y ) =    1 x dx +  1 y dy +  1 z dz 0


  ⟹  1 x dx +  1 y dy +  1 z dz = 0 ⟹  ln ⁡ x +  ln ⁡ y +  ln ⁡ z =    ln ⁡ c 2 ⟹ xyz =  c 2


  ⟹  1 x dx +  1 y dy +  1 z dz = 0 ⟹  ln ⁡ x +  ln ⁡ y +  ln ⁡ z =    ln ⁡ c 2 ⟹ xyz =  c 2


  Φ  ( x + y + z , xyz ) = 0


  a   ( 𝜕 u   /   𝜕 x )   +   b   ( 𝜕 u   /   𝜕 y )   =   f ( x ,   y )   +   K   u ,       u ( 0 ,   y )   =   h ( y )


  L e t   u ( x ,   y )


  du   =   ( ∂ u   /   ∂ x )   dx   +   ( ∂ u   /   ∂ y )   dy         ( Total   derivative )


  


  dx   /   a     =     dy   /   b     =     du   /   [   f ( x ,   y )   +   K   u   ]         − − −   ( 3 )


  dx   /   a   =   dy   /   b     ⇒     b   dx   −   a   dy   =   0


  dx   /   a   =   du   /   [   f ( x ,   y )   +   K   u   ]


  dx   /   a   =   du   /   [   f ( x ,   ( bx   −   c ) / a )   +   K   u   ]


  ( du   /   dx )   −   ( K   /   a )   u   =   ( 1   /   a )   f ( x ,   ( bx   −   c ) / a )         − − −   ( 5 )


  u   =   G ( x ,   c )   +   c ₁         − − −   ( 6 )


  where   c ₁   =   g ( c )   and   replacing     c   =   bx   −   ay     from   equation   ( 4 ) :


  


  𝐄 𝐱 𝐚 𝐦 𝐩 𝐥 𝐞 :


  𝐄 𝐱 𝐚 𝐦 𝐩 𝐥 𝐞 :


  ( ∂ u   /   ∂ x )   +   ( ∂ u   /   ∂ y )   =   x   +   y ,         u ( x ,   0 )   =   0


  


  dx   /   1   =   dy   /   1   =   du   /   ( x   +   y )         − − −   ( 2 )


  dx   =   dy     ⇒     dx   −   dy   =   0


  :     x   −   y   =   c ₁         − − −   ( 3 )


  d y = d u /  ( x + y )


  ⇒   dy   =   du   /   ( 2 y   +   c ₁ )         from   ( 3 )


  


  u ( x ,   y )   =   y ²   +   c ₁   y   +   c ₂


  


  


  u ( x ,   0 )   =   0


  


  


  u ( x ,   y )   =   x   y


  u ₓ   −   y   u   =   0 ,     with   condition     u ( 0 ,   y )   =   1


  


  f  ( x , y , z , p , q ) = 0   --- (1)


  g  ( x , y , z , p , q ) = 0   --- (2) 


  p


  q


  dz = p   dx + q   dy  


  x


  y


    ∂ f  ∂ x + p   ∂ f  ∂ z +   ∂ f  ∂ p   ∂ p  ∂ x +   ∂ f  ∂ q   ∂ q  ∂ x = 0


    ∂ g  ∂ x + p   ∂ g  ∂ z +   ∂ g  ∂ p   ∂ p  ∂ x +   ∂ g  ∂ q   ∂ q  ∂ x = 0


    ∂ g  ∂ x + p   ∂ g  ∂ z +   ∂ g  ∂ p   ∂ p  ∂ x +   ∂ g  ∂ q   ∂ q  ∂ x = 0


          ∂ p  ∂ x


    ∂ p  ∂ y =   ∂ q  ∂ x


   dx  −   ∂ f  ∂ p =  dy  −   ∂ f  ∂ q =  dz  − p   ∂ f  ∂ p − q   ∂ f  ∂ q =  dp    ∂ f  ∂ x + p   ∂ f  ∂ z =  dq    ∂ f  ∂ y + q   ∂ f  ∂ z


  Example .   Solve :   p x   +   q y   =   p q


  


  ∂ f / ∂ x   =   p ,       ∂ f / ∂ y   =   q ,       ∂ f / ∂ z   =   0 ,       ∂ f / ∂ p   =   x   −   q ,       ∂ f / ∂ q   =   y   −   p


  


  


  


  


  


  


  


  Now ,   dz   =   p   dx   +   q   dy       . . .   ( 2 )


  


  


  a   dz   =   ( y   +   a   x )   dx   +   ( y   +   a   x )   dy


  


  


  


  


  a ₀   ( ∂ ⁿ z   /   ∂ x ⁿ )   +   a ₁   ( ∂ ⁿ z   /   ∂ x ⁿ ⁻ ¹ ∂ y )   +   . . .   +   a ₙ   ( ∂ ⁿ z   /   ∂ y ⁿ )   =   F ( x ,   y )       . . .   ( 1 )


  is   called   a   homogeneous   linear   partial   differential   equation   of   nth   order   with   constant


  ( a ₀   D ⁿ   +   a ₁   D ⁿ ⁻ ¹   D ′   +   . . .   +   a ₙ   D ′ ⁿ )   z   =   F ( x ,   y )


  


  


  𝐑 𝐔 𝐋 𝐄 𝐒   𝐅 𝐎 𝐑   𝐅 𝐈 𝐍 𝐃 𝐈 𝐍 𝐆   𝐓 𝐇 𝐄   𝐂 𝐎 𝐌 𝐏 𝐋 𝐄 𝐌 𝐄 𝐍 𝐓 𝐀 𝐑 𝐘   𝐅 𝐔 𝐍 𝐂 𝐓 𝐈 𝐎 𝐍   ( 𝐂 . 𝐅 . )


    Consider   the   equation


  


    ( a ₀   D ²   +   a ₁   D   D ′   +   a ₂   D ′ ² )   z   =   0


  


  


  


  


  


  


  


  


  


  


  


  


  


  


  


 


  


  


  


    𝐑 𝐔 𝐋 𝐄 𝐒   𝐅 𝐎 𝐑   𝐅 𝐈 𝐍 𝐃 𝐈 𝐍 𝐆   𝐓 𝐇 𝐄   𝐏 𝐀 𝐑 𝐓 𝐈 𝐂 𝐔 𝐋 𝐀 𝐑   𝐈 𝐍 𝐓 𝐄 𝐆 𝐑 𝐀 𝐋   ( 𝐏 . 𝐈 . ) :


  


  


  


  


  


  


  


  


  


  


  


  


  


  


 


  


    Solve :   ∂ ³ z / ∂ x ³   −   3   ∂ ³ z / ( ∂ x ² ∂ y )   +   4   ∂ ³ z / ∂ y ³   =     e  ( x + 2 y )


  


  


  


  


  


  


  


  


  


 


  


  Ans .   z   =    f 1  ( y   +   x ) +    f 2  ( y   −   x ) −   ⅓   e   ( x + 2 y )  


  2 .    ∂ 2 z  ∂  x 2 −   5    ∂ 2 z  ∂ x ∂ y +   6    ∂ 2 z  ∂  y 2 =    e  x   +   y                     Ans .       z   =    f 1  ( y   +   2 x ) +    f 2  ( y   +   3 x ) +   ½  e  x   +   y  


  2 .    ∂ 2 z  ∂  x 2 −   5    ∂ 2 z  ∂ x ∂ y +   6    ∂ 2 z  ∂  y 2 =    e  x   +   y                     Ans .       z   =    f 1  ( y   +   2 x ) +    f 2  ( y   +   3 x ) +   ½  e  x   +   y  


  𝐂 𝐚 𝐬 𝐞   𝟐 .   𝐖 𝐡 𝐞 𝐧   𝐑 . 𝐇 . 𝐒 .   =   𝐬 𝐢 𝐧 ( 𝐚   𝐱   +   𝐛   𝐲 )   𝐨 𝐫   𝐜 𝐨 𝐬 ( 𝐚   𝐱   +   𝐛   𝐲 )


  


  Solve :   ∂ ³ z / ∂ x ³   −   4   ∂ ³ z / ( ∂ x ² ∂ y )   +   4   ∂ ³ z / ( ∂ x ∂ y ² )   =   2   sin  ( 3 x   +   2 y ) .


  


  


  A . E .   m  ( m − 2 ) ² = 0 ⇒ m = 0 , 2 , 2 .


  A . E .   m  ( m − 2 ) ² = 0 ⇒ m = 0 , 2 , 2 .


  C . F . = f ₁  ( y ) + f ₂  ( y + 2 x ) + x f ₃  ( y + 2 x )


  C . F . = f ₁  ( y ) + f ₂  ( y + 2 x ) + x f ₃  ( y + 2 x )


  P . I . = 2 ·  [ 1 / D  ( D ² − 4 D D ′ + 4 D ′ ² ) ] s i n  ( 3 x + 2 y )


  P . I . = 2 ·  [ 1 / D  ( D ² − 4 D D ′ + 4 D ′ ² ) ] s i n  ( 3 x + 2 y )


  P u t D ² = − 9 , D D ′ = − 6 , D ′ ² = − 4 :


  P u t D ² = − 9 , D D ′ = − 6 , D ′ ² = − 4 :


  P . I . = 2 ·  [ 1 / D  ( − 9 − 4  ( − 6 ) + 4  ( − 4 ) ) ] s i n  ( 3 x + 2 y )


  P . I . = 2 ·  [ 1 / D  ( − 9 − 4  ( − 6 ) + 4  ( − 4 ) ) ] s i n  ( 3 x + 2 y )


  =  ( − 2 / D ) s i n  ( 3 x + 2 y )


  =  ( − 2 / D ) s i n  ( 3 x + 2 y )


  = − ⅔  [ − c o s  ( 3 x + 2 y ) ]


  = − ⅔  [ − c o s  ( 3 x + 2 y ) ]


  = ⅔ c o s  ( 3 x + 2 y )


  = ⅔ c o s  ( 3 x + 2 y )


  General   solution   : z = f ₁  ( y ) + f ₂  ( y + 2 x ) + x f ₃  ( y + 2 x ) + ⅔ c o s  ( 3 x + 2 y )


  General   solution   : z = f ₁  ( y ) + f ₂  ( y + 2 x ) + x f ₃  ( y + 2 x ) + ⅔ c o s  ( 3 x + 2 y )


  𝐄 𝐗 𝐄 𝐑 𝐂 𝐈 𝐒 𝐄  


 


  


  


  𝐂 𝐚 𝐬 𝐞   𝟑 .   𝐖 𝐡 𝐞 𝐧   𝐑 . 𝐇 . 𝐒 .   =     𝒙  𝒎   𝒚  𝒏


  


  


  


  


  P . I . =  [ 1 /  ( D ² + 3 D D ′ + 2 D ′ ² ) ]  ( x + y )


  P . I . =  [ 1 /  ( D ² + 3 D D ′ + 2 D ′ ² ) ]  ( x + y )


  =  ( 1 / D ² )  [ 1 +  ( 3 D ′ / D ) +  ( 2 D ′ ² / D ² ) ] ⁻ ¹  ( x + y )


  =  ( 1 / D ² )  [ 1 +  ( 3 D ′ / D ) +  ( 2 D ′ ² / D ² ) ] ⁻ ¹  ( x + y )


  =  ( 1 / D ² )  [ 1 −  ( 3 D ′ / D ) + . . . ]  ( x + y )


  =  ( 1 / D ² )  [ 1 −  ( 3 D ′ / D ) + . . . ]  ( x + y )


  =  ( 1 / D ² )  [ x + y −  ( 3 / D )  ( 1 ) ]


  =  ( 1 / D ² )  [ x + y −  ( 3 / D )  ( 1 ) ]


  =  ( 1 / D ² )  [ y − 2 x ]


  = ½ x ² y −  ( x ³ / 3 )


  = ½ x ² y −  ( x ³ / 3 )


  Hence   complete   solution :


  


  


  


  


  


  


  


 


  


  


  


  


  


  


  =  [ 1 /  ( D − 2 D ′ ) ] ∫  ( c + 3 x ) c o s x d x =  [ 1 /  ( D − 2 D ′ ) ]  [  ( c + 3 x ) s i n x + 3 c o s x ] =  [ 1 /  ( D − 2 D ′ ) ]  [ y s i n x + 3 c o s x ]


  =  [ 1 /  ( D − 2 D ′ ) ] ∫  ( c + 3 x ) c o s x d x =  [ 1 /  ( D − 2 D ′ ) ]  [  ( c + 3 x ) s i n x + 3 c o s x ] =  [ 1 /  ( D − 2 D ′ ) ]  [ y s i n x + 3 c o s x ]


  P u t y = c − 2 x :


  P u t y = c − 2 x :


  = ∫  [  ( c − 2 x ) s i n x + 3 c o s x ] d x = −  ( c − 2 x ) c o s x − 2 s i n x + 3 s i n x = − y c o s x + s i n x


  = ∫  [  ( c − 2 x ) s i n x + 3 c o s x ] d x = −  ( c − 2 x ) c o s x − 2 s i n x + 3 s i n x = − y c o s x + s i n x


    Hence ,   the   complete   solution   is :


  


  


  


  


  


 


  a


  b


  z =  ( x + a )  ( y + b )


  f  ( x , y , z , p , q ) = 0


  d x /   f  p = d y /   f  q = d z /  ( p   f  p + q   f  q ) = − d p /  (   f  x + p   f  z ) = − d q /  (   f  y + q   f  z )


  P   dx + Q   dy + R   dz = 0


  A n s P 𝜕 Q / 𝜕 z − 𝜕 R / 𝜕 y + Q 𝜕 R / 𝜕 x − 𝜕 P / 𝜕 z + R 𝜕 P / 𝜕 y − 𝜕 Q / 𝜕 x = 0


  p + q = 1 .                                                                                                                                                                         𝑨 𝒏 𝒔       z = a x +  ( 1 − a ) y + c


   p 2 +  q 2 = 1


  z = a x + √  ( 1 − a ² ) y + c


  z = px + qy + pq


  : z = a x + b y + a b


   (  D 3 − 3  D 2 D ′ + 3 DD  ′ 2 − D  ′ 3 ) z = 0


  𝑨 𝒏 𝒔 .   C F = f ₁  ( y + x ) + x f ₂  ( y + x ) + x ² f ₃  ( y + x )


   (  D 2 − 2 DD ′ + D  ′ 2 ) z =  e  x + y


  P I =  ( 1 / 2 ) x ²   e   ( x + y )


  p  tan ⁡ x + q  tan ⁡ y =  tan ⁡ z


  s i n z = s i n x · 𝜑  ( s i n x / s i n y )


  D  ( D − 2 D ′ − 1 ) z = 0


  z = f ₁  ( y ) +   e  x f ₂  ( y + 2 x )


   x 2    ∂ 2 z  ∂  x 2 −  y 2    ∂ 2 z  ∂  y 2 = 0  


  W i t h   x =   e  u a n d   y =   e  v :          [   D  u  (   D  u − 1 ) −   D  v  (   D  v − 1 ) ] z = 0


  p = z + qx


  : z = a   e  x + b x   e  x o r z = c   e  x − a x


  f  ( x , y , z , p , q ) = 0


  S y s t e m   o f c h a r a c t e r i s t i c   O D E s : d x / d s =   f  p , d y / d s =   f  q , d z / d s = p   f  p + q   f  q , d p / d s = −  (   f  x + p   f  z ) , d q / d s = −  (   f  y + q   f  z )


   (  p 2 +  q 2 ) y = qz


  : z ² = a ² y ² +  ( x + b ) ²


  z = px + qy +  p 2 +  q 2


  C o m p l e t e I n t e g r a l : z = a x + b y + a ² + b ² • S i n g u l a r I n t e g r a l : 4 z = −  ( x ² + y ² )


   (  x 2 − yz ) p +  (  y 2 − zx ) q =  z 2 − xy


  𝜑  ( x + y + z ,  ( x − y ) /  ( y − z ) ) = 0


   ( y + z ) p +  ( z + x ) q = x + y


  𝜑  (  ( x + y + z )  ( x − y ) ² ,  ( x − y ) /  ( y − z ) ) = 0


  px + qy = pq


  z = a x + b y + a b .


  u ₓ +   u  y = u


  u  ( x , 0 ) = 1 + e ˣ


  u  ( x , y ) = e ˣ + e ʸ .        


     


  u  ( x , y ) =   e  y +   e   ( x + y )


   (  D 2 − D  ′ 2 + d − D ′ ) z =  e  2 x + 3 y + xy


  : z = f ₁  ( y + x ) +   e   ( − x ) f ₂  ( y − x ) +  ( 1 / 6 )   e   ( 2 x + 3 y ) − x y − x + y + 1


   (  D 2 − 5 DD ′ + 6 D  ′ 2 ) z = y  sin ⁡ x


  z = f ₁  ( y + 2 x ) + f ₂  ( y + 3 x ) − y s i n x − 5 c o s x


   (  x 2  D 2 − 4 xyDD ′ + 4  y 2 D  ′ 2 + 6 yD ′ ) z =  x 3  y 2


  x =  e u , y =  e v


  z = f ₁  ( y x ² ) + l n x · f ₂  ( y x ² ) +  ( 1 / 6 ) x ³ y ²


   ( x , y )


  A    ∂ 2 u  ∂  x 2 + B    ∂ 2 u  ∂ x ∂ y + C    ∂ 2 u  ∂  y 2 + D   ∂ u  ∂ x + E   ∂ u  ∂ y + Fu = G  ( x , y )


  A , B , C , D , E , F


  x


  y


   B 2 − 4 AC


   B 2 − 4 AC < 0


     ∂ 2 u  ∂  x 2 +    ∂ 2 u  ∂  y 2 = 0


   B 2 − 4 AC = 0


    ∂ u  ∂ t =  c 2    ∂ 2 u  ∂  x 2


   B 2 − 4 AC > 0


     ∂ 2 u  ∂  t 2 =  c 2    ∂ 2 u  ∂  x 2


  u  ( x , t )


  u  ( x , t ) = X  ( x ) ⋅ T  ( t )


  k


  −  λ 2


     ∂ 2 u  ∂  t 2 =  c 2    ∂ 2 u  ∂  x 2   --- (1)


  u  ( x , t ) = X  ( x ) T  ( t )


  x


  t


     ∂ 2 u  ∂  x 2 = X ′ ′  ( x ) T  ( t ) ,      ∂ 2 u  ∂  t 2 = X  ( x ) T ′ ′  ( t )


  X  ( x ) T ′ ′  ( t ) =  c 2 X ′ ′  ( x ) T  ( t )


   c 2 X  ( x ) T  ( t )


    T ′ ′  ( t )   c 2 T  ( t ) =   X ′ ′  ( x )  X  ( x ) = K   (Separation Constant)


  X ′ ′  ( x ) − KX  ( x ) = 0


  T ′ ′  ( t ) − K  c 2 T  ( t ) = 0


  T ′ ′  ( t ) − K  c 2 T  ( t ) = 0


  K


  K = 0


  X ′ ′ = 0 ⟹ X  ( x ) =  C 1 x +  C 2


  T ′ ′ = 0 ⟹ T  ( t ) =  C 3 t +  C 4


  T ′ ′ = 0 ⟹ T  ( t ) =  C 3 t +  C 4


  u  ( x , t ) =  (  C 1 x +  C 2 )  (  C 3 t +  C 4 )


  u  ( x , t ) =  (  C 1 x +  C 2 )  (  C 3 t +  C 4 )


  K =  p 2 > 0


  X ′ ′ −  p 2 X = 0 ⟹ X  ( x ) =  C 5  e px +  C 6  e  − px


  T ′ ′ −  p 2  c 2 T = 0 ⟹ T  ( t ) =  C 7  e pct +  C 8  e  − pct


  T ′ ′ −  p 2  c 2 T = 0 ⟹ T  ( t ) =  C 7  e pct +  C 8  e  − pct


  u  ( x , t ) =  (  C 5  e px +  C 6  e  − px )  (  C 7  e pct +  C 8  e  − pct )


  u  ( x , t ) =  (  C 5  e px +  C 6  e  − px )  (  C 7  e pct +  C 8  e  − pct )


  K = −  p 2 < 0


  X ′ ′ +  p 2 X = 0 ⟹ X  ( x ) =  C 9  cos ⁡   ( px ) +  C 10  sin ⁡   ( px )


  T ′ ′ +  p 2  c 2 T = 0 ⟹ T  ( t ) =  C 11  cos ⁡   ( pct ) +  C 12  sin ⁡   ( pct )


  T ′ ′ +  p 2  c 2 T = 0 ⟹ T  ( t ) =  C 11  cos ⁡   ( pct ) +  C 12  sin ⁡   ( pct )


  u  ( x , t ) =  (  C 9  cos ⁡   ( px ) +  C 10  sin ⁡   ( px ) )  (  C 11  cos ⁡   ( pct ) +  C 12  sin ⁡   ( pct ) )


  u  ( x , t ) =  (  C 9  cos ⁡   ( px ) +  C 10  sin ⁡   ( px ) )  (  C 11  cos ⁡   ( pct ) +  C 12  sin ⁡   ( pct ) )


    ∂ u  ∂ t =  c 2    ∂ 2 u  ∂  x 2   --- (1)


  u  ( x , t ) = X  ( x ) T  ( t )


  XT ′ =  c 2 X ′ ′ T ⟹   T ′   c 2 T =   X ′ ′ X = K


  X ′ ′ − KX = 0


  T ′ − K  c 2 T = 0


  T ′ − K  c 2 T = 0


  K = −  p 2


  t → ∞


  X ′ ′ +  p 2 X = 0 ⟹ X  ( x ) =  C 1  cos ⁡   ( px ) +  C 2  sin ⁡   ( px )


  T ′ +  p 2  c 2 T = 0 ⟹  dT T = −  p 2  c 2 dt ⟹ T  ( t ) =  C 3  e  −  p 2  c 2 t


  T ′ +  p 2  c 2 T = 0 ⟹  dT T = −  p 2  c 2 dt ⟹ T  ( t ) =  C 3  e  −  p 2  c 2 t


  u  ( x , t ) =  (  C 1  cos ⁡ p x +  C 2  sin ⁡ p x )  e  −  p 2  c 2 t


     ∂ 2 u  ∂  x 2 +    ∂ 2 u  ∂  y 2 = 0


  u  ( x , y ) = X  ( x ) Y  ( y )


  X ′ ′ Y + XY ′ ′ = 0 ⟹   X ′ ′ X = −   Y ′ ′ Y = K


  K = −  p 2


  X ′ ′ +  p 2 X = 0 ⟹ X  ( x ) =  C 1  cos ⁡ p x +  C 2  sin ⁡ p x


  Y ′ ′ −  p 2 Y = 0 ⟹ Y  ( y ) =  C 3  cosh ⁡ p y +  C 4  sinh ⁡ p y


  Y ′ ′ −  p 2 Y = 0 ⟹ Y  ( y ) =  C 3  cosh ⁡ p y +  C 4  sinh ⁡ p y


  u  ( x , y ) =  (  C 1  cos ⁡ p x +  C 2  sin ⁡ p x )  (  C 3  cosh ⁡ p y +  C 4  sinh ⁡ p y )


  l


  x = 0


  x = l


   v 0  sin ⁡   (   π x l )


  u  ( x , t )


  t


  u  ( x , 0 ) = 0        


     ∂ u  ∂ t |  ​  t = 0 =  v 0  sin ⁡   (   π x l )


  u  ( 0 , t ) = 0 ,   ∀ t ≥ 0


  u  ( l , t ) = 0 ,   ∀ t ≥ 0


  u  ( l , t ) = 0 ,   ∀ t ≥ 0


  u  ( x , t ) =  (  C 1  cos ⁡ p x +  C 2  sin ⁡ p x )  (  C 3  cos ⁡ p ct +  C 4  sin ⁡ p ct )


  u  ( 0 , t ) = 0 ⟹  C 1  (  C 3  cos ⁡ p ct +  C 4  sin ⁡ p ct ) = 0 ⟹  C 1 = 0


  u  ( x , t ) =  C 2  sin ⁡   ( px )  (  C 3  cos ⁡ p ct +  C 4  sin ⁡ p ct )


  u  ( l , t ) = 0 ⟹  C 2  sin ⁡   ( pl )  ( … ) = 0 ⟹  sin ⁡   ( pl ) = 0 ⟹ pl = n π ⟹ p =   n π l


  u  ( x , t ) =  sin ⁡   (   n π x l )  [  A n  cos ⁡   (   n π ct l ) +  B n  sin ⁡   (   n π ct l ) ]


  u  ( x , 0 ) = 0 ⟹  A n  sin ⁡   (   n π x l ) = 0 ⟹  A n = 0


  u  ( x , t ) =  B n  sin ⁡   (   n π x l )  sin ⁡   (   n π ct l )


  t


    ∂ u  ∂ t =  B n  (   n π c l )  sin ⁡   (   n π x l )  cos ⁡   (   n π ct l )


  t = 0


    ∑  n = 1 ∞   B n  (   n π c l )  sin ⁡   (   n π x l ) =  v 0  sin ⁡   (   π x l )


  n = 1


   B 1  (   π c l ) =  v 0 ⟹  B 1 =    v 0 l  π c


  n ≠ 1


   B n = 0


   B 1


  u  ( x , t ) =    v 0 l  π c  sin ⁡   (   π x l )  sin ⁡   (   π ct l )


  L


  A


  B


   0 ∘ C


  u  ( x , 0 ) = 50 x  ( L − x )


  u  ( x , t )


  t


  u  ( x , t ) =  (  C 1  cos ⁡ p x +  C 2  sin ⁡ p x )  e  −  p 2  c 2 t


  u  ( 0 , t ) = 0


  u  ( L , t ) = 0


   C 1 = 0   and   p =   n π L


  u  ( x , t ) =   ∑  n = 1 ∞   b n  sin ⁡   (   n π x L )  e  −    n 2  π 2  c 2 t   L 2


          u  ( x , 0 ) = 50 x  ( L − x )


    ∑  n = 1 ∞   b n  sin ⁡   (   n π x L ) = 50 x  ( L − x )


   b n =  2 L   ∫ 0 L 50 x  ( L − x )  sin ⁡   (   n π x L ) dx =  100 L   ∫ 0 L   ( Lx −  x 2 )  sin ⁡   (   n π x L ) dx


   b n =  100 L    [  ( Lx −  x 2 )  ( −  L  n π  cos ⁡    n π x L ) −  ( L − 2 x )  ( −    L 2   n 2  π 2  sin ⁡    n π x L ) +  ( − 2 )  (    L 3   n 3  π 3  cos ⁡    n π x L ) ] 0 L


   b n =  100 L  [ −   2  L 3   n 3  π 3  cos ⁡   ( n π ) +   2  L 3   n 3  π 3 ] =   200  L 2   n 3  π 3  [ 1 −    ( − 1 ) n ]


   b n =  100 L  [ −   2  L 3   n 3  π 3  cos ⁡   ( n π ) +   2  L 3   n 3  π 3 ] =   200  L 2   n 3  π 3  [ 1 −    ( − 1 ) n ]


   b n =  {      400  L 2   n 3  π 3  if  n  is odd   0  if  n  is even


   b n =  {      400  L 2   n 3  π 3  if  n  is odd   0  if  n  is even


  u  ( x , t ) =   ∑  n = 1 , 3 , 5 … ∞    400  L 2   n 3  π 3  sin ⁡   (   n π x L )  e  −    n 2  π 2  c 2 t   L 2


  3    ∂ 2 u  ∂  x 2 + 4    ∂ 2 u  ∂ x ∂ y +    ∂ 2 u  ∂  y 2 = 0


  y   p a r a b o l i c  ( S i n c e B ² − 4 A C = 4 ² − 4  ( 3 )  ( 1 ) = 4 > 0 )


  K < 0


  x = 0


  x = L


  V


  I


  L


     ∂ 2 u  ∂  x 2 + 2    ∂ 2 u  ∂ x ∂ y +    ∂ 2 u  ∂  y 2 = 0


   ( r , θ )


  u  ( x , y ) → 0


  y → ∞


   c 2


     ∂ 2 u  ∂  t 2 =  c 2    ∂ 2 u  ∂  x 2


  x = 0


  x    ∂ 2 u  ∂  x 2 + y    ∂ 2 u  ∂  y 2 = 0


  x > 0 , y > 0


  E l l i p t i c  ( S i n c e B ² − 4 A C = 0 − 4  ( x )  ( y ) = − 4 x y < 0 f o r x > 0 , y > 0 )


  A  u xx + B  u xy + C  u yy + D  u x + E  u y + Fu = 0


   y 2  u xx −  x 2  u yy = 0


  x > 0 , y > 0


  y ²   u  x x − x ²   u  y y = 0   i s   H y p e r b o l i c ) : 𝜕 ² u /  ( 𝜕 𝜉 𝜕 𝜂 ) =  ( 1 / 4 𝜉 𝜂 )  [ 𝜂  ( 𝜕 u / 𝜕 𝜉 ) + 𝜉  ( 𝜕 u / 𝜕 𝜂 ) ] w h e r e 𝜉 = y ² + x ² , 𝜂 = y ² − x ²


  x = 0


  x = l


  v = kx  ( l − x )


  u  ( x , t )


  x


  t


  . u  ( x , t ) =  ( 8 k l ³ /  ( 𝜋 ⁴ c ) )  ∑  n = 1 , 3 , 5 , . . . ∞  ( 1 / n ⁴ ) s i n  ( n 𝜋 x / l ) s i n  ( n 𝜋 c t / l )


    ∂ u  ∂ t =  c 2    ∂ 2 u  ∂  x 2


  u  ( 0 , t ) = 0


  u  ( l , t ) = 0


  t > 0


  u  ( x , 0 ) =  sin ⁡   (   3 π x l ) + 2  sin ⁡   (   5 π x l )


  u  ( x , t ) = s i n  ( 3 𝜋 x / l )   e   ( − 9 𝜋 ² c ² t / l ² ) + 2 s i n  ( 5 𝜋 x / l )   e   ( − 25 𝜋 ² c ² t / l ² )


  L


   0 ∘ C


  u  ( x , 0 ) = 100  sin ⁡   (   π x L )


  u  ( x , t )


  u  ( x , t ) = 100 s i n  ( 𝜋 x / L )


    e   ( − 𝜋 ² c ² t / L ² )


  V


  I


  R


  G


  x = 0 , x = a , y = 0 , y = b


  u  ( 0 , y ) = 0


  u  ( a , y ) = 0


  u  ( x , b ) = 0


  u  ( x , 0 ) = f  ( x )


  u  ( x , y )


  u  ( x , y ) =  ∑  n = 1 ∞   A  n s i n  ( n 𝜋 x / a ) s i n h  ( n 𝜋  ( b − y ) / a ) w h e r e   A  n =  [ 2 /  ( a s i n h  ( n 𝜋 b /                                                                                                                           a ) ) ]  ∫ 0  a f  ( x ) s i n  ( n 𝜋 x / a ) d x


     ∂ 2 u  ∂  x 2 +    ∂ 2 u  ∂  y 2 = 0


  10  cm


  u  ( 0 , y ) = 0


  u  ( 10 , y ) = 0


  u  ( x , 10 ) = 0


  u  ( x , 0 ) = 100


  u  ( x , y ) =  ( 400 / 𝜋 )  ∑  n = 1 , 3 , 5 , . . . ∞  [ s i n  ( n 𝜋 x / 10 ) s i n h  ( n 𝜋  ( 10 − y ) / 10 ) ] /  [ n s i n h  ( n 𝜋 ) ]


  x = 0


  x = l


  u  ( x , 0 ) = A  sin ⁡   (   π x l )


  t = 0


  u  ( x , t )


  . u  ( x , t ) = A s i n  ( 𝜋 x / l ) c o s  ( 𝜋 c t / l )


  x = 0 , x = l , y = 0 , y = ∞


  x = 0


  x = l


   0 ∘ C


  y = ∞


   0 ∘ C


  y = 0


   U 0


  u  ( x , y ) =  ( 4 U ₀ / 𝜋 )  ∑  n = 1 , 3 , 5 , . . . ∞  ( 1 / n ) s i n  ( n 𝜋 x / l )   e   ( − n 𝜋 y / l )


    ∂ u  ∂ t = α    ∂ 2 u  ∂  x 2


       ∂ u  ∂ x |  x = 0 = 0


       ∂ u  ∂ x |  x = L = 0


  u  ( x , 0 ) = x


  u  ( x , t ) =  ( L / 2 ) −  ( 4 L / 𝜋 ² )  ∑  n = 1 , 3 , 5 , . . . ∞  ( 1 / n ² ) c o s  ( n 𝜋 x / L )   e   ( − 𝛼  ( n 𝜋 / L ) ² t )


     ∂ 2 u  ∂  t 2 = 4    ∂ 2 u  ∂  x 2


  l = π


  u  ( x , 0 ) =  1 3  sin ⁡ x −  1 6  sin ⁡ 3 x


  u  ( x , t ) =  ( 1 / 3 ) s i n x c o s  ( 2 t ) −  ( 1 / 6 ) s i n  ( 3 x ) c o s  ( 6 t )


  x = 0


  x = π


  y = 0


  x = 0


  x = π


   0 ∘ C


  y = 0


  u  ( x , 0 ) = kx  ( π − x )


  u  ( x , y ) =  ( 4 / 𝜋 )  ∑  n = 1 , 3 , 5 , . . . ∞  ( 𝜋 n ) s i n  ( n x )   e   ( − n y )  [ o r 2  ∑  n = 1 ∞  (    ( − 1 )   ( n + 1 ) + 1 ) / n s i n  ( n x )   e   ( − n y ) ]


     ∂ 2 u  ∂  x 2 +    ∂ 2 u  ∂  y 2 = 0


  u  ( 0 , y ) = 0


  u  ( l , y ) = 0


  u  ( x , 0 ) = 0


  u  ( x , a ) =  sin ⁡   (   n π x l )


  u  ( x , y ) = s i n  ( n 𝜋 x / l )  [ s i n h  ( n 𝜋 y / l ) / s i n h  ( n 𝜋 a / l ) ]


  L


  u  ( x , 0 ) =   4 h   L 2 x  ( L − x )


  u  ( x , t )


  u  ( x , t ) =  ( 8 h / 𝜋 ³ )  ∑  n = 1 , 3 , 5 , . . . ∞  ( 1 / n ³ ) s i n  ( n 𝜋 x / L ) c o s  ( n 𝜋 c t / L )


     ∂ 2 u  ∂  r 2 +  1 r   ∂ u  ∂ r +  1   r 2    ∂ 2 u  ∂  θ 2 = 0


   ( 1 / R ) d / d r  [ r d R / d r ] = 𝜆 ² ,  ( 1 / 𝛩 ) d ² 𝛩 / d 𝜃 ² = − 𝜆 ² u  ( r , 𝜃 ) =  ( A   r  𝜆 + B   r   ( − 𝜆 ) )  ( C c o s 𝜆 𝜃 +       D s i n 𝜆 𝜃 )


  f  ( t )


  f  ( t ) = f  ( t + T ) = f  ( t + 2 T ) = …


  T


  f  ( t )


   sin ⁡ x =  sin ⁡   ( x + 2 π ) =  sin ⁡   ( x + 4 π )


   sin ⁡ x


  2 π


  f  ( x ) =    a 0 2 +  a 1  cos ⁡ x +  a 2  cos ⁡ 2 x + … +  b 1  sin ⁡ x +  b 2  sin ⁡ 2 x + …


  f  ( x ) =    a 0 2 +   ∑  n = 1 ∞   a n  cos ⁡ n x +   ∑  n = 1 ∞   b n  sin ⁡ n x


   a 0


   a 1 ,  b 1


   a n ,  b n


  f  ( x )


   ( − π , π )


  f  ( x )


  f  ( x + 2 π ) = f  ( x )


   [ − π , π ]


  f  ( x )


   1 2  [ f  ( x + 0 ) + f  ( x − 0 ) ]


    ∫ 0  2 π   sin ⁡ n x   dx = 0


    ∫ 0  2 π   cos ⁡ n x   dx = 0


    ∫ 0  2 π     sin 2 ⁡ n x   dx = π


    ∫ 0  2 π     cos 2 ⁡ n x   dx = π


    ∫ 0  2 π   sin ⁡ n x ⋅  sin ⁡ m x   dx = 0    ( n ≠ m )


    ∫ 0  2 π   cos ⁡ n x ⋅  cos ⁡ m x   dx = 0    ( n ≠ m )


    ∫ 0  2 π   sin ⁡ n x ⋅  cos ⁡ m x   dx = 0


   sin ⁡ n π = 0 ,    cos ⁡ n π =    ( − 1 ) n    ( n ∈ ℤ )


   ∫ u v   dx = u  v 1 − u ′  v 2 + u ′ ′  v 3 − u ′ ′ ′  v 4 + …


   ∫ u v   dx = u  v 1 − u ′  v 2 + u ′ ′  v 3 − u ′ ′ ′  v 4 + …


  f  ( x ) =    a 0 2 +  a 1  cos ⁡ x +  a 2  cos ⁡ 2 x + …  a n cosnx + . . . . . . . . . +  b 1  sin ⁡ x +  b 2  sin ⁡ 2 x + … +  b n  sin ⁡ nx + . . . . . . .


   a 0


  f  ( x )


  0


  2 π


   a 0 =  1 π   ∫ 0  2 π f  ( x )   dx


   a n


  f  ( x )


   cos ⁡ n x


  0


  2 π


   a n =  1 π   ∫ 0  2 π f  ( x )  cos ⁡ n x   dx


   b n


  f  ( x )


   sin ⁡ n x


  0


  2 π


   b n =  1 π   ∫ 0  2 π f  ( x )  sin ⁡ n x   dx


  f  ( x ) = x +  x 2


  − π < x < π


  f  ( x )


     π 2 6 = 1 +  1   2 2 +  1   3 2 +  1   4 2 + …


  x +  x 2 =    a 0 2 +  a 1  cos ⁡ x +  a 2  cos ⁡ 2 x + … +  b 1  sin ⁡ x +  b 2  sin ⁡ 2 x + …


   a 0 =  1 π   ∫  − π π f  ( x )   dx =  1 π   ∫  − π π   ( x +  x 2 )   dx


  =  1 π    [    x 2 2 +    x 3 3 ]  − π π =  1 π  [    π 2 2 +    π 3 3 −    π 2 2 +    π 3 3 ] =   2  π 2 3


  =  1 π    [    x 2 2 +    x 3 3 ]  − π π =  1 π  [    π 2 2 +    π 3 3 −    π 2 2 +    π 3 3 ] =   2  π 2 3


   a n =  1 π   ∫  − π π f  ( x )  cos ⁡ n x   dx =  1 π   ∫  − π π   ( x +  x 2 )  cos ⁡ n x   dx


   a n =  1 π   ∫  − π π f  ( x )  cos ⁡ n x   dx =  1 π   ∫  − π π   ( x +  x 2 )  cos ⁡ n x   dx


  =  1 π    [  ( x +  x 2 )    sin ⁡ n x n −  ( 2 x + 1 )  (   −  cos ⁡ n x   n 2 ) +  ( 2 )  ( −    sin ⁡ n x   n 3 ) ]  − π π


  =  1 π    [  ( x +  x 2 )    sin ⁡ n x n −  ( 2 x + 1 )  (   −  cos ⁡ n x   n 2 ) +  ( 2 )  ( −    sin ⁡ n x   n 3 ) ]  − π π


  =  1 π  [  ( 2 π + 1 )    cos ⁡ n π   n 2 −  ( − 2 π + 1 )    cos ⁡   ( − n π )   n 2 ] =  1 π  [ 4 π    cos ⁡ n π   n 2 ] =   4    ( − 1 ) n   n 2


  =  1 π  [  ( 2 π + 1 )    cos ⁡ n π   n 2 −  ( − 2 π + 1 )    cos ⁡   ( − n π )   n 2 ] =  1 π  [ 4 π    cos ⁡ n π   n 2 ] =   4    ( − 1 ) n   n 2


   b n =  1 π   ∫  − π π f  ( x )  sin ⁡ n x   dx =  1 π   ∫  − π π   ( x +  x 2 )  sin ⁡ n x   dx


  =  1 π    [  ( x +  x 2 )  ( −    cos ⁡ n x n ) −  ( 2 x + 1 )  ( −    sin ⁡ n x   n 2 ) + 2    cos ⁡ n x   n 3 ]  − π π


  =  1 π    [  ( x +  x 2 )  ( −    cos ⁡ n x n ) −  ( 2 x + 1 )  ( −    sin ⁡ n x   n 2 ) + 2    cos ⁡ n x   n 3 ]  − π π


  =  1 π  [ −  ( π +  π 2 )    cos ⁡ n π n + 2    cos ⁡ n π   n 3 ⋅ 0 +  ( − π +  π 2 )    cos ⁡ n π n − 2    cos ⁡ n π   n 3 ]


  =  1 π  [ −  ( π +  π 2 )    cos ⁡ n π n + 2    cos ⁡ n π   n 3 ⋅ 0 +  ( − π +  π 2 )    cos ⁡ n π n − 2    cos ⁡ n π   n 3 ]


  =  1 π  [ −   2 π n  cos ⁡ n π ] = −  2 n    ( − 1 ) n


  =  1 π  [ −   2 π n  cos ⁡ n π ] = −  2 n    ( − 1 ) n


   a 0 ,  a n ,  b n


  x +  x 2 =    π 2 3 + 4  [ −  cos ⁡ x +  1   2 2  cos ⁡ 2 x −  1   3 2  cos ⁡ 3 x + … ] − 2  [ −  sin ⁡ x +  1 2  sin ⁡ 2 x −  1 3  sin ⁡ 3 x + … ]   …  ( 2 )


  x = π


  π +  π 2 =    π 2 3 + 4  [ 1 +  1   2 2 +  1   3 2 +  1   4 2 + … ]


  x = − π


  − π +  π 2 =    π 2 3 + 4  [ 1 +  1   2 2 +  1   3 2 +  1   4 2 + … ]


  2  π 2 =   2  π 2 3 + 8  [ 1 +  1   2 2 +  1   3 2 +  1   4 2 + … ]


    4  π 2 3 = 8  [ 1 +  1   2 2 +  1   3 2 +  1   4 2 + … ]


    4  π 2 3 = 8  [ 1 +  1   2 2 +  1   3 2 +  1   4 2 + … ]


     π 2 6 = 1 +  1   2 2 +  1   3 2 +  1   4 2 + … =   ∑  n = 1 ∞   1   n 2     𝐀 𝐧 𝐬 .


  f  ( x ) =  {    0 ,  − π < x < 0   x ,  0 < x < π


  f  ( x + 2 π ) = f  ( x )  


  f  ( x + 2 π ) = f  ( x )  


  f  ( x ) =    a 0 2 +  a 1  cos ⁡ x +  a 2  cos ⁡ 2 x + … +  b 1  sin ⁡ x +  b 2  sin ⁡ 2 x + …   …  ( 1 )


   a 0 =  1 π   ∫  − π 0 0 ⋅ dx +  1 π   ∫ 0 π x   dx =  1 π    [    x 2 2 ] 0 π =  1 π  (    π 2 2 ) =  π 2


   a n =  1 π   ∫ 0 π x  cos ⁡ n x   dx =  1 π    [ x ⋅    sin ⁡ n x n −  ( 1 )  ( −    cos ⁡ n x   n 2 ) ] 0 π


   a n =  1 π   ∫ 0 π x  cos ⁡ n x   dx =  1 π    [ x ⋅    sin ⁡ n x n −  ( 1 )  ( −    cos ⁡ n x   n 2 ) ] 0 π


  =  1 π  [      ( − 1 ) n   n 2 −  1   n 2 ] = −  2   n 2 π   when  n  is odd   = 0   when  n  is even.


  =  1 π  [      ( − 1 ) n   n 2 −  1   n 2 ] = −  2   n 2 π   when  n  is odd   = 0   when  n  is even.


   b n =  1 π   ∫ 0 π x  sin ⁡ n x   dx =  1 π    [ x  ( −    cos ⁡ n x n ) −  ( 1 )  ( −    sin ⁡ n x   n 2 ) ] 0 π =  1 π  [ − π      ( − 1 ) n n ] = −      ( − 1 ) n n


   b n =  1 π   ∫ 0 π x  sin ⁡ n x   dx =  1 π    [ x  ( −    cos ⁡ n x n ) −  ( 1 )  ( −    sin ⁡ n x   n 2 ) ] 0 π =  1 π  [ − π      ( − 1 ) n n ] = −      ( − 1 ) n n


   a 0 ,  a 1 ,  a 2 …  b 1 ,  b 2 , …


  f  ( x ) =  π 4 −  2 π  [    cos ⁡ x   1 2 +    cos ⁡ 3 x   3 2 +    cos ⁡ 5 x   5 2 … ] +  [    sin ⁡ x 1 −    sin ⁡ 2 x 2 +    sin ⁡ 3 x 3 + … ]     𝐀 𝐧 𝐬 .


  f  ( x ) = π − x


  0 < x < 2 π


  2  [  sin ⁡ x +  1 2  sin ⁡ 2 x +  1 3  sin ⁡ 3 x + … +  1 n  sin ⁡ n x + … ]


  x −  x 2


  x = − π


  π


     π 2 12 =  1   1 2 −  1   2 2 +  1   3 2 −  1   4 2 + …


  −    π 2 3 + 4  [    cos ⁡ x   1 2 −    cos ⁡ 2 x   2 2 +    cos ⁡ 3 x   3 2 −    cos ⁡ 4 x   4 2 + … ] + 2  [    sin ⁡ x 1 −    sin ⁡ 2 x 2 +    sin ⁡ 3 x 3 −    sin ⁡ 4 x 4 + … ]


  f  ( x ) = x  sin ⁡ x


  0 < x < 2 π


  − 1 + π  sin ⁡ x −  1 2  cos ⁡ x + 2  [    cos ⁡ 2 x   2 2 − 1 +    cos ⁡ 3 x   3 2 − 1 +    cos ⁡ 4 x   4 2 − 1 + … ]


  f  ( x ) =  e x


  − π < x < π


   π   sinh ⁡ π


    2  sinh ⁡ π π  [  (  1 2 −  1   1 2 + 1  cos ⁡ x +  1   2 2 + 1  cos ⁡ 2 x −  1   3 2 + 1  cos ⁡ 3 x + … ) +  1   1 2 + 1  sin ⁡ x −  2   2 2 + 1  sin ⁡ 2 x +  3   3 2 + 1  sin ⁡ 3 x … ] ;    π   sinh ⁡ π = 1 + 2  [ −  1 2 +  1 5 −  1 10 + … ]


  f  ( x )


  x = c


  At  x = c ,   f  ( x ) =  1 2  [ f  ( c − 0 ) + f  ( c + 0 ) ]


  f  ( x )


  f  ( x ) =  {    − π  − π < x < 0   x ,  0 < x < π


   1   1 2 +  1   3 2 +  1   5 2 + … =    π 2 8


  f  ( x ) =    a 0 2 +  a 1  cos ⁡ x +  a 2  cos ⁡ 2 x + … +  a n  cos ⁡ n x + … +  b 1  sin ⁡ x +  b 2  sin ⁡ 2 x + … +  b n  sin ⁡ n x + …   …  ( 1 )


   a 0 =  1 π   ∫  − π π f  ( x )   dx


  Then   a 0 =  1 π  [   ∫  − π 0   ( − π )   dx +   ∫ 0 π x   dx ] =  1 π  [ − π    ( x )  − π 0 +    (  x 2 / 2 ) 0 π ] =  1 π  ( −  π 2 +  π 2 / 2 ) = −  π 2


  Then   a 0 =  1 π  [   ∫  − π 0   ( − π )   dx +   ∫ 0 π x   dx ] =  1 π  [ − π    ( x )  − π 0 +    (  x 2 / 2 ) 0 π ] =  1 π  ( −  π 2 +  π 2 / 2 ) = −  π 2


   a n =  1 π   ∫  − π π f  ( x )  cos ⁡ n x   dx


   a n =  1 π   ∫  − π π f  ( x )  cos ⁡ n x   dx


   a n =  1 π  [   ∫  − π 0   ( − π )  cos ⁡ n x   dx +   ∫ 0 π x  cos ⁡ n x   dx ] =  1 π  [ − π    (    sin ⁡ n x n )  − π 0 +    (   x  sin ⁡ n x n +    cos ⁡ n x   n 2 ) 0 π ]


   a n =  1 π  [   ∫  − π 0   ( − π )  cos ⁡ n x   dx +   ∫ 0 π x  cos ⁡ n x   dx ] =  1 π  [ − π    (    sin ⁡ n x n )  − π 0 +    (   x  sin ⁡ n x n +    cos ⁡ n x   n 2 ) 0 π ]


  =  1 π  [ 0 +  1   n 2  cos ⁡ n π −  1   n 2 ] =  1  π  n 2  (  cos ⁡ n π − 1 )


  =  1 π  [ 0 +  1   n 2  cos ⁡ n π −  1   n 2 ] =  1  π  n 2  (  cos ⁡ n π − 1 )


   b n =  1 π   ∫  − π π f  ( x )  sin ⁡ n x   dx


   b n =  1 π   ∫  − π π f  ( x )  sin ⁡ n x   dx


   b n =  1 π  [   ∫  − π 0   ( − π )  sin ⁡ n x   dx +   ∫ 0 π x  sin ⁡ n x   dx ] =  1 π  [    (   π  cos ⁡ n x n )  − π 0 +    ( − x    cos ⁡ n x n +    sin ⁡ n x   n 2 ) 0 π ]


   b n =  1 π  [   ∫  − π 0   ( − π )  sin ⁡ n x   dx +   ∫ 0 π x  sin ⁡ n x   dx ] =  1 π  [    (   π  cos ⁡ n x n )  − π 0 +    ( − x    cos ⁡ n x n +    sin ⁡ n x   n 2 ) 0 π ]


  =  1 π  [  π n  ( 1 −  cos ⁡ n π ) −  π n  cos ⁡ n π ] =  1 n  ( 1 − 2  cos ⁡ n π )


  f  ( x ) = −  π 4 −  2 π  (  cos ⁡ x +    cos ⁡ 3 x   3 2 +    cos ⁡ 5 x   5 2 + … ) + 3  sin ⁡ x −    sin ⁡ 2 x 2 +   3  sin ⁡ 3 x 3 −    sin ⁡ 4 x 4   …  ( 2 )


  x = 0


  f  ( 0 ) = −  π 4 −  2 π  ( 1 +  1   3 2 +  1   5 2 + … ∞ )   …  ( 3 )


  f  ( x )


  x = 0


  But  f  ( 0 − 0 ) = − π  and  f  ( 0 + 0 ) = 0   ∴ f  ( 0 ) =  1 2  [ f  ( 0 − 0 ) + f  ( 0 + 0 ) ] = − π / 2


  −  π 2 = −  π 4 −  2 π  [  1   1 2 +  1   3 2 +  1   5 2 + … ]


     π 2 8 =  1   1 2 +  1   3 2 +  1   5 2 + …


  2 π


  f  ( x ) = x ,   if  −  π 2 < x <  π 2 ,   f  ( x ) = π − x ,   if   π 2 < x <   3 π 2


  f  ( x ) =    a 0 2 +  a 1  cos ⁡ x +  a 2  cos ⁡ 2 x + … +  b 1  sin ⁡ x +  b 2  sin ⁡ 2 x + …


   a 0 =  1 π   ∫  − π / 2  π / 2 x   dx +  1 π   ∫  π / 2  3 π / 2   ( π − x )   dx =  1 π    (    x 2 2 )  − π / 2  π / 2 +  1 π    ( π x −    x 2 2 )  π / 2  3 π / 2


  =  1 π  (    π 2 8 −    π 2 8 ) +  1 π  (   3  π 2 2 −   9  π 2 8 −    π 2 2 +    π 2 8 ) = π  (  3 2 −  9 8 −  1 2 +  1 8 ) = 0


  =  1 π  (    π 2 8 −    π 2 8 ) +  1 π  (   3  π 2 2 −   9  π 2 8 −    π 2 2 +    π 2 8 ) = π  (  3 2 −  9 8 −  1 2 +  1 8 ) = 0


   a n =  1 π   ∫  − π / 2  π / 2 x  cos ⁡ n x   dx +  1 π   ∫  π / 2  3 π / 2   ( π − x )  cos ⁡ n x   dx


   a n =  1 π   ∫  − π / 2  π / 2 x  cos ⁡ n x   dx +  1 π   ∫  π / 2  3 π / 2   ( π − x )  cos ⁡ n x   dx


  =  1 π    [ x    sin ⁡ n x n −  ( 1 )  ( −    cos ⁡ n x   n 2 ) ]  − π / 2  π / 2 +  1 π    [  ( π − x )    sin ⁡ n x n −  ( − 1 )  ( −    cos ⁡ n x   n 2 ) ]  π / 2  3 π / 2


  =  1 π    [ x    sin ⁡ n x n −  ( 1 )  ( −    cos ⁡ n x   n 2 ) ]  − π / 2  π / 2 +  1 π    [  ( π − x )    sin ⁡ n x n −  ( − 1 )  ( −    cos ⁡ n x   n 2 ) ]  π / 2  3 π / 2


  =  1 π  [  π 2    sin ⁡    n π 2 n +    cos ⁡    n π 2   n 2 −  π 2    sin ⁡    n π 2 n −    cos ⁡    n π 2   n 2 ] +  1 π  [ −  π 2    sin ⁡    3 n π 2 n −    cos ⁡    3 n π 2   n 2 −  π 2    sin ⁡    n π 2 n +    cos ⁡    n π 2   n 2 ]


  =  1 π  [  π 2    sin ⁡    n π 2 n +    cos ⁡    n π 2   n 2 −  π 2    sin ⁡    n π 2 n −    cos ⁡    n π 2   n 2 ] +  1 π  [ −  π 2    sin ⁡    3 n π 2 n −    cos ⁡    3 n π 2   n 2 −  π 2    sin ⁡    n π 2 n +    cos ⁡    n π 2   n 2 ]


  =  1 π  [ −  π  2 n  (  sin ⁡    3 n π 2 +  sin ⁡    n π 2 ) −  1   n 2  (  cos ⁡    3 n π 2 −  cos ⁡    n π 2 ) ]


  =  1 π  [ −  π  2 n  (  sin ⁡    3 n π 2 +  sin ⁡    n π 2 ) −  1   n 2  (  cos ⁡    3 n π 2 −  cos ⁡    n π 2 ) ]


  =  1 π  [ −  π n  sin ⁡ n π  cos ⁡    n π 2 +  2   n 2  sin ⁡    n π 2  sin ⁡ n π ] = 0


  =  1 π  [ −  π n  sin ⁡ n π  cos ⁡    n π 2 +  2   n 2  sin ⁡    n π 2  sin ⁡ n π ] = 0


   b n =  1 π   ∫  − π / 2  π / 2 x  sin ⁡ n x   dx +  1 π   ∫  π / 2  3 π / 2   ( π − x )  sin ⁡ n x   dx


  =  2 π   ∫ 0  π / 2 x  sin ⁡ n x   dx +  1 π   ∫  π / 2  3 π / 2   ( π − x )  sin ⁡ n x   dx


  =  2 π   ∫ 0  π / 2 x  sin ⁡ n x   dx +  1 π   ∫  π / 2  3 π / 2   ( π − x )  sin ⁡ n x   dx


  =  2 π    [ x  ( −    cos ⁡ n x n ) −  ( 1 )  ( −    sin ⁡ n x   n 2 ) ] 0  π / 2 +  1 π    [  ( π − x )  ( −    cos ⁡ n x n ) −  ( − 1 )  ( −    sin ⁡ n x   n 2 ) ]  π / 2  3 π / 2


  =  2 π    [ x  ( −    cos ⁡ n x n ) −  ( 1 )  ( −    sin ⁡ n x   n 2 ) ] 0  π / 2 +  1 π    [  ( π − x )  ( −    cos ⁡ n x n ) −  ( − 1 )  ( −    sin ⁡ n x   n 2 ) ]  π / 2  3 π / 2


  =  2 π  [ −  π 2    cos ⁡    n π 2 n +    sin ⁡    n π 2   n 2 ] +  1 π  [  π 2    cos ⁡    3 n π 2 n −    sin ⁡    3 n π 2   n 2 +  π 2    cos ⁡    n π 2 n +    sin ⁡    n π 2   n 2 ]


  =  2 π  [ −  π 2    cos ⁡    n π 2 n +    sin ⁡    n π 2   n 2 ] +  1 π  [  π 2    cos ⁡    3 n π 2 n −    sin ⁡    3 n π 2   n 2 +  π 2    cos ⁡    n π 2 n +    sin ⁡    n π 2   n 2 ]


  =  1 π  [ −  π 2    cos ⁡    n π 2 n +   3  sin ⁡    n π 2   n 2 +  π 2    cos ⁡    3 n π 2 n −    sin ⁡    3 n π 2   n 2 ]


  =  1 π  [ −  π 2    cos ⁡    n π 2 n +   3  sin ⁡    n π 2   n 2 +  π 2    cos ⁡    3 n π 2 n −    sin ⁡    3 n π 2   n 2 ]


  =  1 π  [  π  2 n  (  cos ⁡    3 n π 2 −  cos ⁡    n π 2 ) +  3   n 2  sin ⁡    n π 2 −  1   n 2  sin ⁡    3 n π 2 ]


  =  1 π  [  π  2 n  (  cos ⁡    3 n π 2 −  cos ⁡    n π 2 ) +  3   n 2  sin ⁡    n π 2 −  1   n 2  sin ⁡    3 n π 2 ]


  =  1 π  [ −  π n  sin ⁡    n π 2  sin ⁡ n π +  3   n 2  sin ⁡    n π 2 −  1   n 2  sin ⁡    3 n π 2 ] =  1   n 2 π  [ 3  sin ⁡    n π 2 −  sin ⁡    3 n π 2 ]


  =  1 π  [ −  π n  sin ⁡    n π 2  sin ⁡ n π +  3   n 2  sin ⁡    n π 2 −  1   n 2  sin ⁡    3 n π 2 ] =  1   n 2 π  [ 3  sin ⁡    n π 2 −  sin ⁡    3 n π 2 ]


   a 0 ,  a 1 ,  a 2 …  b 1 ,  b 2 , …


  f  ( x ) =  4 π  [    sin ⁡ x   1 2 −    sin ⁡ 3 x   3 2 +    sin ⁡ 5 x   5 2 − … ]     𝐀 𝐧 𝐬 .


  f  ( x ) =  {    x + π  for  0 ≤ x ≤ π   − x − π  for  − π ≤ x < 0   and   f  ( x + 2 π ) = f  ( x ) .


   a 0 =  1 π   ∫  − π π f  ( x )   dx =  1 π   ∫  − π 0 f  ( x )   dx +  1 π   ∫ 0 π f  ( x )   dx


  =  1 π   ∫  − π 0   ( − x − π )   dx +  1 π   ∫ 0 π   ( x + π )   dx =  1 π    ( −    x 2 2 − π x )  − π 0 +  1 π    (    x 2 2 + π x ) 0 π


  =  1 π  (    π 2 2 −  π 2 ) +  1 π  (    π 2 2 +  π 2 ) = π  (  1 2 − 1 ) + π  (  1 2 + 1 ) = π


  =  1 π  (    π 2 2 −  π 2 ) +  1 π  (    π 2 2 +  π 2 ) = π  (  1 2 − 1 ) + π  (  1 2 + 1 ) = π


   a n =  1 π   ∫  − π π f  ( x )  cos ⁡ n x   dx =  1 π   ∫  − π 0 f  ( x )  cos ⁡ n x   dx +  1 π   ∫ 0 π f  ( x )  cos ⁡ n x   dx


   a n =  1 π   ∫  − π π f  ( x )  cos ⁡ n x   dx =  1 π   ∫  − π 0 f  ( x )  cos ⁡ n x   dx +  1 π   ∫ 0 π f  ( x )  cos ⁡ n x   dx


  =  1 π   ∫  − π 0   ( − x − π )  cos ⁡ n x   dx +  1 π   ∫ 0 π   ( x + π )  cos ⁡ n x   dx


  =  1 π   ∫  − π 0   ( − x − π )  cos ⁡ n x   dx +  1 π   ∫ 0 π   ( x + π )  cos ⁡ n x   dx


  =  1 π    [  ( − x − π )    sin ⁡ n x n −  ( − 1 )  { −    cos ⁡ n x   n 2 } ]  − π 0 +  1 π    [  ( x + π )    sin ⁡ n x n −  ( 1 )  { −    cos ⁡ n x   n 2 } ] 0 π


  =  1 π    [  ( − x − π )    sin ⁡ n x n −  ( − 1 )  { −    cos ⁡ n x   n 2 } ]  − π 0 +  1 π    [  ( x + π )    sin ⁡ n x n −  ( 1 )  { −    cos ⁡ n x   n 2 } ] 0 π


  =  1 π  [ −  1   n 2 +      ( − 1 ) n   n 2 ] +  1 π  [      ( − 1 ) n   n 2 −  1   n 2 ] =  2   n 2 π  [    ( − 1 ) n − 1 ] =   − 4   n 2 π   if  n  is odd.


  =  1 π  [ −  1   n 2 +      ( − 1 ) n   n 2 ] +  1 π  [      ( − 1 ) n   n 2 −  1   n 2 ] =  2   n 2 π  [    ( − 1 ) n − 1 ] =   − 4   n 2 π   if  n  is odd.


  = 0   if  n  is even.


  = 0   if  n  is even.


   b n =  1 π   ∫  − π π f  ( x )  sin ⁡ n x   dx =  1 π   ∫  − π 0 f  ( x )  sin ⁡ n x   dx +  1 π   ∫ 0 π f  ( x )  sin ⁡ n x   dx


  =  1 π   ∫  − π 0   ( − x − π )  sin ⁡ n x   dx +  1 π   ∫ 0 π   ( x + π )  sin ⁡ n x   dx


  =  1 π   ∫  − π 0   ( − x − π )  sin ⁡ n x   dx +  1 π   ∫ 0 π   ( x + π )  sin ⁡ n x   dx


  =  1 π    [  ( − x − π )  ( −    cos ⁡ n x n ) −  ( − 1 )  ( −    sin ⁡ n x   n 2 ) ]  − π 0 +  1 π    [  ( x + π )  ( −    cos ⁡ n x n ) −  ( 1 )  ( −    sin ⁡ n x   n 2 ) ] 0 π


  =  1 π    [  ( − x − π )  ( −    cos ⁡ n x n ) −  ( − 1 )  ( −    sin ⁡ n x   n 2 ) ]  − π 0 +  1 π    [  ( x + π )  ( −    cos ⁡ n x n ) −  ( 1 )  ( −    sin ⁡ n x   n 2 ) ] 0 π


  =  1 π  [  π n ] +  1 π  [ −   2 π n    ( − 1 ) n +  π n ] =  1 n  [  ( 1 ) − 2    ( − 1 ) n +  ( 1 ) ] =  2 n  [ 1 −    ( − 1 ) n ]


  =  1 π  [  π n ] +  1 π  [ −   2 π n    ( − 1 ) n +  π n ] =  1 n  [  ( 1 ) − 2    ( − 1 ) n +  ( 1 ) ] =  2 n  [ 1 −    ( − 1 ) n ]


  =  4 n ,   if  n  is odd.


  =  4 n ,   if  n  is odd.


  = 0 ,   if  n  is even.


  = 0 ,   if  n  is even.


  f  ( x ) =    a 0 2 +  a 1  cos ⁡ x +  a 2  cos ⁡ 2 x + … +  b 1  sin ⁡ x +  b 2  sin ⁡ 2 x + …


  f  ( x ) =  π 2 −  4 π  (    cos ⁡ x   1 2 +    cos ⁡ 3 x   3 2 + … ) + 4  (    sin ⁡ x 1 +    sin ⁡ 3 x 3 + … )     𝐀 𝐧 𝐬 .


  f  ( x ) =  π 2 −  4 π  (    cos ⁡ x   1 2 +    cos ⁡ 3 x   3 2 + … ) + 4  (    sin ⁡ x 1 +    sin ⁡ 3 x 3 + … )     𝐀 𝐧 𝐬 .


  f  ( x ) =  {    − 1  for  − π < x < 0   1  for  0 < x < π   where  f  ( x + 2 π ) = f  ( x ) .


   4 π  [  1 1  sin ⁡ x +  1 3  sin ⁡ 3 x +  1 5  sin ⁡ 5 x +  1 7  sin ⁡ 7 x + … ]


  f  ( x ) =  {    −  π 4  for  − π < x < 0    π 4  for  0 < x < π


  f  ( − π ) = f  ( 0 ) = f  ( π ) = 0 , f  ( x ) = f  ( x + 2 π )


  x


   π 4 = 1 −  1 3 +  1 5 −  1 7 + …                       𝐀 𝐧 𝐬 .      sin ⁡ x 1 +    sin ⁡ 3 x 3 +    sin ⁡ 5 x 5 +    sin ⁡ 7 x 7 + …


  f  ( x ) =  {    0  for  − π ≤ x ≤ 0   1  for  0 < x <  π 2   0  for   π 2 ≤ x ≤ π


  f  ( x ) = 0   when  0 < x < π


  f  ( x ) = 1   when  π < x < 2 π


  f  ( x ) = 1   when  π < x < 2 π


   1 2 −  2 π  (  sin ⁡ x +  1 3  sin ⁡ 3 x +  1 5  sin ⁡ 5 x + … )


  f  ( x ) =  {    1  for  0 < x < π   2  for  π < x < 2 π


   π 4 = 1 −  1 3 +  1 5 −  1 7 + …


   3 2 −  2 π  (  sin ⁡ x +  1 3  sin ⁡ 3 x +  1 5  sin ⁡ 5 x + … )


  f  ( x ) =  {    0  for  − π < x ≤ 0    1 4 π x  for  0 < x < π


     π 2 8 =  1   1 2 +  1   3 2 +  1   5 2 + …


     π 2 16 +   ∑  n = 1 ∞   [      ( − 1 ) n − 1  4  n 2  cos ⁡ n x −      ( − 1 ) n π  4 n  sin ⁡ n x + … ]


  f  ( x )


  f  ( x ) = − π   for  − π < x ≤ 0


  = x   for  0 < x < π


  = x   for  0 < x < π


  = −  π 2   for  x = 0


  = −  π 2   for  x = 0


   1   1 2 +  1   3 2 +  1   5 2 + … =    π 2 8


  −  π 4 −  2 π  (  cos ⁡ x +    cos ⁡ 3 x   3 2 +    cos ⁡ 5 x   5 2 + … ) + 3  sin ⁡ x −  1 2  sin ⁡ 2 x +  3 3  sin ⁡ 3 x −  1 4  sin ⁡ 4 x + …


  f  ( x ) = | x |   for  − π < x < π


     π 2 8 =  1   1 2 +  1   3 2 +  1   5 2 + …


   π 2 −  4 π  [  cos ⁡ x +  1   3 2  cos ⁡ 3 x +  1   5 2  cos ⁡ 5 x + … ]


  f  ( x )


  f  ( x ) =  {    π + x  for  − π < x < −  π 2    π 2  for  −  π 2 < x <  π 2   π − x  for   π 2 < x < π


  Ans.    3 π 8 +  2 π  [  1   1 2  cos ⁡ x −  2   2 2  cos ⁡ 2 x +  1   3 2  cos ⁡ 3 x + … ]


  Ans.    3 π 8 +  2 π  [  1   1 2  cos ⁡ x −  2   2 2  cos ⁡ 2 x +  1   3 2  cos ⁡ 3 x + … ]


  f  ( x ) = |  sin ⁡ x |   for  − π < x < π


   [ Hint  f  ( x ) =  {    −  sin ⁡ x  for  − π < x < 0    sin ⁡ x  for  0 < x < π ]


   [ Hint  f  ( x ) =  {    −  sin ⁡ x  for  − π < x < 0    sin ⁡ x  for  0 < x < π ]


  Ans.   2 π −  4 π  [  1 3  cos ⁡ 2 x +  1 15  cos ⁡ 4 x +  1 35  cos ⁡ 6 x + … ]


  Ans.   2 π −  4 π  [  1 3  cos ⁡ 2 x +  1 15  cos ⁡ 4 x +  1 35  cos ⁡ 6 x + … ]


  i = I  sin ⁡ θ   for  0 < θ < π


  = 0   for  π < θ < 2 π


  = 0   for  π < θ < 2 π


   Ans.   I π −   2 I π  (    cos ⁡ 2 θ 3 +    cos ⁡ 4 θ 15 + … ) +  I 2  sin ⁡ θ


  f  ( x ) = 0


  − π < x < 0


  =  sin ⁡ x  for  0 < x < π


  f  ( x ) =  1 π +    sin ⁡ x 2 −  2 π   ∑  m = 1 ∞     cos ⁡ 2 mx  4  m 2 − 1


   1  1 . 3 −  1  3 . 5 +  1  5 . 7 − … ∞ =  1 4  ( π − 2 )


  f  ( x )


  f  ( − x ) = f  ( x )


  f  ( x )


  − π


  π


  0


  π


  ∴   ∫  − π π f  ( x )   dx = 2   ∫ 0 π f  ( x )   dx


   a 0 =  1 π   ∫  − π π f  ( x )   dx =  2 π   ∫ 0 π f  ( x )   dx


   a n =  1 π   ∫  − π π f  ( x )  cos ⁡ n x   dx =  2 π   ∫ 0 π f  ( x )  cos ⁡ n x   dx


   a n =  1 π   ∫  − π π f  ( x )  cos ⁡ n x   dx =  2 π   ∫ 0 π f  ( x )  cos ⁡ n x   dx


  f  ( x )


   cos ⁡ n x


  ∴


  f  ( x ) ⋅  cos ⁡ n x


   b n =  1 π   ∫  − π π f  ( x )  sin ⁡ n x   dx = 0


   sin ⁡  n x  


  f  ( x ) .  sin ⁡  n x  


   b n


  f  ( x )


  f  ( − x ) = − f  ( x )


  − π


  π


    ∫  − π π f  ( x )   dx = 0


   a 0 =  1 π   ∫  − π π f  ( x )   dx = 0


   a n =  1 π   ∫  − π π f  ( x )  cos ⁡ n x   dx = 0    [ f  ( x ) ⋅  cos ⁡ n x  is odd function. ]


   a n =  1 π   ∫  − π π f  ( x )  cos ⁡ n x   dx = 0    [ f  ( x ) ⋅  cos ⁡ n x  is odd function. ]


   b n =  1 π   ∫  − π π f  ( x )  sin ⁡ n x   dx =  2 π   ∫ 0 π f  ( x )  sin ⁡ n x   dx


   b n =  1 π   ∫  − π π f  ( x )  sin ⁡ n x   dx =  2 π   ∫ 0 π f  ( x )  sin ⁡ n x   dx


     [ f  ( x ) ⋅  sin ⁡ n x  is even function. ]


     [ f  ( x ) ⋅  sin ⁡ n x  is even function. ]


  2 π


  f  ( x ) =  x 2 ,   − π ≤ x ≤ π


   1   1 2 −  1   2 2 +  1   3 2 −  1   4 2 + …


  f  ( x ) =  x 2 ,   − π ≤ x ≤ π


  ∴  b n = 0


   a 0 =  2 π   ∫ 0 π f  ( x )   dx =  2 π   ∫ 0 π   x 2   dx =  2 π    [    x 3 3 ] 0 π =   2  π 2 3


   a n =  2 π   ∫ 0 π f  ( x )  cos ⁡ n x   dx =  2 π   ∫ 0 π   x 2  cos ⁡ n x   dx


   a n =  2 π   ∫ 0 π f  ( x )  cos ⁡ n x   dx =  2 π   ∫ 0 π   x 2  cos ⁡ n x   dx


  =  2 π    [  x 2  (    sin ⁡ n x n ) −  ( 2 x )  ( −    cos ⁡ n x   n 2 ) +  ( 2 )  ( −    sin ⁡ n x   n 3 ) ] 0 π


  =  2 π    [  x 2  (    sin ⁡ n x n ) −  ( 2 x )  ( −    cos ⁡ n x   n 2 ) +  ( 2 )  ( −    sin ⁡ n x   n 3 ) ] 0 π


  =  2 π  [    π 2  sin ⁡ n π n +   2 π  cos ⁡ n π   n 2 −   2  sin ⁡ n π   n 3 ] =   4    ( − 1 ) n   n 2


  =  2 π  [    π 2  sin ⁡ n π n +   2 π  cos ⁡ n π   n 2 −   2  sin ⁡ n π   n 3 ] =   4    ( − 1 ) n   n 2


  f  ( x ) =    a 0 2 +  a 1  cos ⁡ x +  a 2  cos ⁡ 2 x +  a 3  cos ⁡ 3 x + … +  a n  cos ⁡ n x + …


   x 2 =    π 2 3 − 4  [    cos ⁡ x   1 2 −    cos ⁡ 2 x   2 2 +    cos ⁡ 3 x   3 2 −    cos ⁡ 4 x   4 2 + … ]


  x = 0


  0 =    π 2 3 − 4  [  1   1 2 −  1   2 2 +  1   3 2 −  1   4 2 … ]


  or   1   1 2 −  1   2 2 +  1   3 2 −  1   4 2 … =    π 2 12   Proved.


  or   1   1 2 −  1   2 2 +  1   3 2 −  1   4 2 … =    π 2 12   Proved.


  f  ( x ) =  x 3   for  − π < x < π


  f  ( x ) =  x 3


  ∴  a 0 = 0   and   a n = 0


  ⋅  b n =  2 π   ∫ 0 π f  ( x )  sin ⁡ n x   dx =  2 π   ∫ 0 π   x 3  sin ⁡ n x   dx


  ⋅  b n =  2 π   ∫ 0 π f  ( x )  sin ⁡ n x   dx =  2 π   ∫ 0 π   x 3  sin ⁡ n x   dx


   [  ∫ u v = u  v 1 − u ′  v 2 + u ′ ′  v 3 − u ′ ′ ′  v 4 + … ]


   [  ∫ u v = u  v 1 − u ′  v 2 + u ′ ′  v 3 − u ′ ′ ′  v 4 + … ]


  =  2 π    [  x 3  ( −    cos ⁡ n x n ) − 3  x 2  ( −    sin ⁡ n x   n 2 ) + 6 x  (    cos ⁡ n x   n 3 ) − 6  (    sin ⁡ n x   n 4 ) ] 0 π


  =  2 π  [ −    π 3  cos ⁡ n π n +   6 π  cos ⁡ n π   n 3 ] = 2 ⋅    ( − 1 ) n  [ −    π 2 n +  6   n 3 ]


  =  2 π  [ −    π 3  cos ⁡ n π n +   6 π  cos ⁡ n π   n 3 ] = 2 ⋅    ( − 1 ) n  [ −    π 2 n +  6   n 3 ]


  ∴  x 3 = 2  [ −  ( −    π 2 1 +  6   1 3 )  sin ⁡ x +  ( −    π 2 2 +  6   2 3 )  sin ⁡ 2 x −  ( −    π 2 3 +  6   3 3 )  sin ⁡ 3 x … ]   Ans.


  ∴  x 3 = 2  [ −  ( −    π 2 1 +  6   1 3 )  sin ⁡ x +  ( −    π 2 2 +  6   2 3 )  sin ⁡ 2 x −  ( −    π 2 3 +  6   3 3 )  sin ⁡ 3 x … ]   Ans.


  π


   ( 0 , π )


   ( 0 , π )


  f  ( x )


   ( − π , π )


   a n =  2 π   ∫ 0 π f  ( x )  cos ⁡ n x   dx   and   b n = 0


  f  ( x )


   ( − π , π )


   b n =  2 π   ∫ 0 π f  ( x )  sin ⁡ n x   dx   and   a n = 0


  f  ( t ) =  {    t ,  0 < t ≤  π 2    π 2 ,   π 2 < t ≤ π


   b n =  2 π   ∫ 0 π f  ( t )  sin ⁡ n t   dt


  =  2 π   ∫ 0  π / 2 t  sin ⁡ n t   dt +  2 π   ∫  π / 2 π   π 2  sin ⁡ n t   dt


  =  2 π    [ t  ( −    cos ⁡ n t n ) −  ( 1 )  ( −    sin ⁡ n t   n 2 ) ] 0  π / 2 +  2 π  π 2    [ −    cos ⁡ n t n ]  π / 2 π


  =  2 π    [ t  ( −    cos ⁡ n t n ) −  ( 1 )  ( −    sin ⁡ n t   n 2 ) ] 0  π / 2 +  2 π  π 2    [ −    cos ⁡ n t n ]  π / 2 π


  =  2 π  [ −  π 2    cos ⁡    n π 2 n +    sin ⁡    n π 2   n 2 ] +  [ −    cos ⁡ n π n +    cos ⁡    n π 2 n ]


  =  2 π  [ −  π 2    cos ⁡    n π 2 n +    sin ⁡    n π 2   n 2 ] +  [ −    cos ⁡ n π n +    cos ⁡    n π 2 n ]


   b 1 =  2 π  [ −  π 2  cos ⁡   π 2 +  sin ⁡   π 2 ] +  [ −  cos ⁡ π +  cos ⁡   π 2 ] =  2 π  [ 0 + 1 ] +  [ 1 ] =  2 π + 1


   b 1 =  2 π  [ −  π 2  cos ⁡   π 2 +  sin ⁡   π 2 ] +  [ −  cos ⁡ π +  cos ⁡   π 2 ] =  2 π  [ 0 + 1 ] +  [ 1 ] =  2 π + 1


   b 2 =  2 π  [ −  π 2    cos ⁡ π 2 +    sin ⁡ π   2 2 ] +  [ −    cos ⁡ 2 π 2 +    cos ⁡ π 2 ] =  2 π  [ −  π 2    ( − 1 ) 2 + 0 ] +  [ −  1 2 −  1 2 ]


  =  2 π  [  π 4 ] − 1 =  1 2 − 1 = −  1 2


  =  2 π  [  π 4 ] − 1 =  1 2 − 1 = −  1 2


   b 3 =  2 π  [ −  π 2    cos ⁡    3 π 2 3 +    sin ⁡    3 π 2   3 2 ] +  [ −    cos ⁡ 3 π 3 +    cos ⁡    3 π 2 3 ]


   b 3 =  2 π  [ −  π 2    cos ⁡    3 π 2 3 +    sin ⁡    3 π 2   3 2 ] +  [ −    cos ⁡ 3 π 3 +    cos ⁡    3 π 2 3 ]


  =  2 π  [ −  π 2  ( 0 ) −  1 9 ] +  [  1 3 + 0 ] = −  2  9 π +  1 3


  =  2 π  [ −  π 2  ( 0 ) −  1 9 ] +  [  1 3 + 0 ] = −  2  9 π +  1 3


  f  ( t ) =  (  2 π + 1 )  sin ⁡ t −  1 2  sin ⁡ 2 t +  ( −  2  9 π +  1 3 )  sin ⁡ 3 t + …   Ans.


  f  ( t ) =  (  2 π + 1 )  sin ⁡ t −  1 2  sin ⁡ 2 t +  ( −  2  9 π +  1 3 )  sin ⁡ 3 t + …   Ans.


  f  ( x ) =  e ax


  0 < x < π  


  a  


   ∫   e ax  sin ⁡ b x   dx =    e ax   a 2 +  b 2  [ a  sin ⁡ b x − b  cos ⁡ b x ]


   b n =  2 π   ∫ 0 π   e ax  sin ⁡ n x   dx


  =  2 π    [    e ax   a 2 +  n 2  ( a  sin ⁡ n x − n  cos ⁡ n x ) ] 0 π


  =  2 π    [    e ax   a 2 +  n 2  ( a  sin ⁡ n x − n  cos ⁡ n x ) ] 0 π


  =  2 π  [    e  a π   a 2 +  n 2  ( a  sin ⁡ n π − n  cos ⁡ n π ) +  n   a 2 +  n 2 ]


  =  2 π  [    e  a π   a 2 +  n 2  ( a  sin ⁡ n π − n  cos ⁡ n π ) +  n   a 2 +  n 2 ]


  =  2 π  n   a 2 +  n 2  [ −    ( − 1 ) n  e  a π + 1 ] =   2 n   (  a 2 +  n 2 ) π  [ 1 −    ( − 1 ) n  e  a π ]


  =  2 π  n   a 2 +  n 2  [ −    ( − 1 ) n  e  a π + 1 ] =   2 n   (  a 2 +  n 2 ) π  [ 1 −    ( − 1 ) n  e  a π ]


   b 1 =   2  ( 1 +  e  a π )   (  a 2 +  1 2 ) π ,    b 2 =   2 ⋅ 2 ⋅  ( 1 −  e  a π )   (  a 2 +  2 2 ) π


   b 1 =   2  ( 1 +  e  a π )   (  a 2 +  1 2 ) π ,    b 2 =   2 ⋅ 2 ⋅  ( 1 −  e  a π )   (  a 2 +  2 2 ) π


   e ax =  2 π  [   1 +  e  a π   a 2 +  1 2  sin ⁡ x +   2  ( 2 −  e  a π )   a 2 +  2 2  sin ⁡ 2 x + … ]   Ans.


   e ax =  2 π  [   1 +  e  a π   a 2 +  1 2  sin ⁡ x +   2  ( 2 −  e  a π )   a 2 +  2 2  sin ⁡ 2 x + … ]   Ans.


  f  ( x ) =  {    1  for  0 < x <  π 2   0  for   π 2 < x < π


  Ans.   1 2 +  2 π  [  cos ⁡ x −  1 3  cos ⁡ 3 x +  1 5  cos ⁡ 5 x − … ]


  Ans.   1 2 +  2 π  [  cos ⁡ x −  1 3  cos ⁡ 3 x +  1 5  cos ⁡ 5 x − … ]


  x


  f  ( x )


   ( 0 , π )


  f  ( x ) = 0   for  0 < x <  π 2


  f  ( x ) =  π 2   for   π 2 < x < π


  f  ( x ) =  π 2   for   π 2 < x < π


  Deduce that  1 −  1 3 +  1 5 −  1 7 + … ∞ =  π 4


  Deduce that  1 −  1 3 +  1 5 −  1 7 + … ∞ =  π 4


  Ans.   π 4 −  cos ⁡ x +  1 3  cos ⁡ 3 x −  1 5  cos ⁡ 5 x + …


  Ans.   π 4 −  cos ⁡ x +  1 3  cos ⁡ 3 x −  1 5  cos ⁡ 5 x + …


  f  ( x ) = x


  0 < x < π


  Ans.  2  [  sin ⁡ x −  1 2  sin ⁡ 2 x +  1 3  sin ⁡ 3 x − … ]


  f  ( x ) = π − x


  0 < x < π


  Ans.   π 2 +  4 π  (  cos ⁡ x +    cos ⁡ 3 x   3 2 +    cos ⁡ 5 x   5 2 + … )


  f  ( x ) = x ,   for  0 < x <  π 2


  = π − x ,   for   π 2 < x < π


  (i)  f  ( x ) =  4 π  (  sin ⁡ x −  1   3 2  sin ⁡ 3 x +  1   5 2  sin ⁡ 5 x − … )


  (ii)  f  ( x ) =  π 4 −  2 π  (  1   1 2  cos ⁡ 2 x +  1   3 2  cos ⁡ 6 x +  1   5 2  cos ⁡ 10 x + … )


  (ii)  f  ( x ) =  π 4 −  2 π  (  1   1 2  cos ⁡ 2 x +  1   3 2  cos ⁡ 6 x +  1   5 2  cos ⁡ 10 x + … )


  f  ( x ) =  x 2


  0 < x < π


  Ans.     π 2 3 −  4 π  (  cos ⁡ x −  1   2 2  cos ⁡ 2 x +  1   3 2  cos ⁡ 3 x − … )


  f  ( x ) =  e x   for  0 < x < π .


  Ans. (i)   2 π   ∑  n = 1 ∞ n  [   1 −    ( − 1 ) n  e π   n 2 + 1 ]  sin ⁡ n x   (ii)     e π − 1 π −  2 π   ∑  n = 1 ∞    1 −    ( − 1 ) n  e π   n 2 + 1  cos ⁡ n x


  Ans. (i)   2 π   ∑  n = 1 ∞ n  [   1 −    ( − 1 ) n  e π   n 2 + 1 ]  sin ⁡ n x   (ii)     e π − 1 π −  2 π   ∑  n = 1 ∞    1 −    ( − 1 ) n  e π   n 2 + 1  cos ⁡ n x


  f  ( x ) = x + 1


  0 < x < π


  (i)  1 −  1 3 +  1 5 −  1 7 + … =  π 4   (ii)  1 +  1   3 2 +  1   5 2 +  1   7 2 + … =    π 2 8


  Ans. (i)   2 π  [  ( π + 2 )  sin ⁡ x −  π 2  sin ⁡ 2 x +  1 3  ( π + 2 )  sin ⁡ 3 x −  π 4  sin ⁡ 4 x + … ]


  (ii)   π 2 + 1 − 4  (  cos ⁡ x +    cos ⁡ 3 x   3 2 +    cos ⁡ 5 x   5 2 + … )


  (ii)   π 2 + 1 − 4  (  cos ⁡ x +    cos ⁡ 3 x   3 2 +    cos ⁡ 5 x   5 2 + … )


  f  ( x ) =  cos ⁡   ( sx ) ,   − π ≤ x ≤ π


   cot ⁡ θ =  1 θ +   2 θ   θ 2 −  π 2 +   2 θ   θ 2 − 4  π 2 + …


  Ans.     sin ⁡ π s  π s +  1 π  (    sin ⁡   ( s π + n π )  s + n +    sin ⁡   ( s π − n π )  s − n )  cos ⁡ n x


  2 π  


  T


  2 c


  2 π


  x


  f  ( x )


   ( − c , c )


  2 π  


   a n ,  b n


  2 c  


  x


  ∴ 1  is the interval for the variable  =  x  2 c


  ∴ 2 π  is the invertal for the variable  =   x ⋅ 2 π  2 c =   π x c


  ∴ 2 π  is the invertal for the variable  =   x ⋅ 2 π  2 c =   π x c


  so put  z =   π x c   or  x =  zc π


  so put  z =   π x c   or  x =  zc π


  f  ( x )


  2 c


  f  (  cz π )


  F  ( z )


  2 π


  F  ( z )


  F  ( z ) = f  (  cz π ) =    a 0 2 +  a 1  cos ⁡ z +  a 2  cos ⁡ 2 z +  b 1  sin ⁡ z +  b 2  sin ⁡ 2 z + …


   a 0 =  1 π   ∫ 0  2 π F  ( z )   dz =  1 π   ∫ 0  2 π f  (  cz π )   dz


  =  1 c   ∫ 0  2 c f  ( x )   d  (   π x c ) =  1 c   ∫ 0  2 c f  ( x )   dx   put  z =   π x c


   a n =  1 π   ∫ 0  2 π F  ( z )  cos ⁡ n z   dz =  1 π   ∫ 0  2 π f  (  cz π )  cos ⁡ n x   dz   Put  z =   π x c


   a n =  1 π   ∫ 0  2 π F  ( z )  cos ⁡ n z   dz =  1 π   ∫ 0  2 π f  (  cz π )  cos ⁡ n x   dz   Put  z =   π x c


  =  1 π   ∫ 0  2 c f  ( x )  cos ⁡    n π x c   d  (   π x c ) =  1 c   ∫ 0  2 c f  ( x )  cos ⁡    n π x c   dx .


  =  1 π   ∫ 0  2 c f  ( x )  cos ⁡    n π x c   d  (   π x c ) =  1 c   ∫ 0  2 c f  ( x )  cos ⁡    n π x c   dx .


  Similarly   b n =  1 c   ∫ 0  2 c f  ( x )  sin ⁡    n π x c   dx .


   ( 0 , c )


  f  ( x ) =    a 0 2 +  a 1  cos ⁡    π x c +  a 2  cos ⁡    2 π x c + … +  a n  cos ⁡    n π x c + …


  where   a 0 =  2 c   ∫ 0 c f  ( x )   dx ,    a n =  2 c   ∫ 0 c f  ( x )  cos ⁡    n π x c   dx


  where   a 0 =  2 c   ∫ 0 c f  ( x )   dx ,    a n =  2 c   ∫ 0 c f  ( x )  cos ⁡    n π x c   dx


  f  ( x ) =  b 1  sin ⁡    π x c +  b 2  sin ⁡    2 π x c + … +  b n  sin ⁡    n π x c + …


  where   b n =  2 c   ∫ 0 c f  ( x )  sin ⁡    n π x c   dx .


  where   b n =  2 c   ∫ 0 c f  ( x )  sin ⁡    n π x c   dx .


  f  ( x ) = | x | ,   − 2 < x < 2 .


  f  ( x ) = | x |   − 2 < x < 2


  f  ( x ) = x   0 < x < 2


  = − x   − 2 < x < 0


  = − x   − 2 < x < 0


   a 0 =  1 c   ∫  − c c f  ( x )   dx =  1 2   ∫ 0 2 x   dx +  1 2   ∫  − 2 0   ( − x )   dx


   a 0 =  1 c   ∫  − c c f  ( x )   dx =  1 2   ∫ 0 2 x   dx +  1 2   ∫  − 2 0   ( − x )   dx


  =  1 2    [    x 2 2 ] 0 2 +  1 2    [   −  x 2 2 ]  − 2 0 =  1 4  ( 4 − 0 ) +  1 4  ( 0 + 4 ) = 2


  =  1 2    [    x 2 2 ] 0 2 +  1 2    [   −  x 2 2 ]  − 2 0 =  1 4  ( 4 − 0 ) +  1 4  ( 0 + 4 ) = 2


   a n =  1 c   ∫  − c c f  ( x )  cos ⁡    n π x c   dx =  1 2   ∫ 0 2 x  cos ⁡    n π x 2   dx +  1 2   ∫  − 2 0   ( − x )  cos ⁡    n π x 2   dx


   a n =  1 c   ∫  − c c f  ( x )  cos ⁡    n π x c   dx =  1 2   ∫ 0 2 x  cos ⁡    n π x 2   dx +  1 2   ∫  − 2 0   ( − x )  cos ⁡    n π x 2   dx


  =  1 2    [ x  (  2  n π  sin ⁡    n π x 2 ) −  ( 1 )  ( −  4   n 2  π 2  cos ⁡    n π x 2 ) ] 0 2


  =  1 2    [ x  (  2  n π  sin ⁡    n π x 2 ) −  ( 1 )  ( −  4   n 2  π 2  cos ⁡    n π x 2 ) ] 0 2


  +  1 2    [  ( − x )  (  2  n π  sin ⁡    n π x 2 ) −  ( − 1 )  ( −  4   n 2  π 2 )  cos ⁡    n π x 2 ]  − 2 0


  +  1 2    [  ( − x )  (  2  n π  sin ⁡    n π x 2 ) −  ( − 1 )  ( −  4   n 2  π 2 )  cos ⁡    n π x 2 ]  − 2 0


  =  1 2  [ 0 +  4   n 2  π 2    ( − 1 ) n −  4   n 2  π 2 ] +  1 2  [ 0 −  4   n 2  π 2 +  4   n 2  π 2    ( − 1 ) n ]


  =  1 2  [ 0 +  4   n 2  π 2    ( − 1 ) n −  4   n 2  π 2 ] +  1 2  [ 0 −  4   n 2  π 2 +  4   n 2  π 2    ( − 1 ) n ]


  =  1 2  4   n 2  π 2  [    ( − 1 ) n − 1 − 1 +    ( − 1 ) n ] =  4   n 2  π 2  [    ( − 1 ) n − 1 ]


  =  1 2  4   n 2  π 2  [    ( − 1 ) n − 1 − 1 +    ( − 1 ) n ] =  4   n 2  π 2  [    ( − 1 ) n − 1 ]


  = −  8   n 2  π 2   if  n  is odd.


  = 0   if  n  is even.


  = 0   if  n  is even.


   b n = 0


  f  ( x )


  f  ( x ) =    a 0 2 +  a 1  cos ⁡    π x c +  a 2  cos ⁡    2 π x c + … +  b 1  sin ⁡    π x c +  b 2  sin ⁡    2 π x c + …


  f  ( x ) = 1 −  8   π 2  [    cos ⁡    π x 2   1 2 +    cos ⁡    3 π x 2   3 2 +    cos ⁡    5 π x 2   5 2 + … ]   Ans.


  f  ( x ) = 1 −  8   π 2  [    cos ⁡    π x 2   1 2 +    cos ⁡    3 π x 2   3 2 +    cos ⁡    5 π x 2   5 2 + … ]   Ans.


  f  ( x ) =  ( − x / l ) + 1 ,   0 ≤ x ≤ l .


   a 0 =  2 l   ∫ 0 l f  ( x )   dx =  2 l   ∫ 0 l   ( −  x l + 1 )   dx


  =  2 l    [ −    x 2  2 l + x ] 0 l =  2 l  [ −    l 2  2 l + l ] =   2 l l  [ −  1 2 + 1 ] = 1


   a n =  2 l   ∫ 0 l f  ( x )  cos ⁡    n π x l   dx =  2 l   ∫ 0 l   ( −  x l + 1 )  cos ⁡    n π x l   dx


   a n =  2 l   ∫ 0 l f  ( x )  cos ⁡    n π x l   dx =  2 l   ∫ 0 l   ( −  x l + 1 )  cos ⁡    n π x l   dx


  =  2 l    [  ( −  x l + 1 )  (  l  n π  sin ⁡    n π x l ) −  ( −  1 l )  ( −    l 2   n 2  π 2  cos ⁡    n π x l ) ] 0 l


  =  2 l    [  ( −  x l + 1 )  (  l  n π  sin ⁡    n π x l ) −  ( −  1 l )  ( −    l 2   n 2  π 2  cos ⁡    n π x l ) ] 0 l


  =  2 l  [ 0 −  l   n 2  π 2  cos ⁡ n π +  l   n 2  π 2 ] =  2 l  l   n 2  π 2  [ −    ( − 1 ) n + 1 ] =  2   n 2  π 2  [ 1 −    ( − 1 ) n ]


  =  2 l  [ 0 −  l   n 2  π 2  cos ⁡ n π +  l   n 2  π 2 ] =  2 l  l   n 2  π 2  [ −    ( − 1 ) n + 1 ] =  2   n 2  π 2  [ 1 −    ( − 1 ) n ]


  =  4   n 2  π 2   when  n  is odd.


  =  4   n 2  π 2   when  n  is odd.


  = 0   when  n  is even.


  = 0   when  n  is even.


  f  ( x ) =  1 2 +  4   π 2  [  1   1 2  cos ⁡    π x l +  1   3 2  cos ⁡    3 π x l +  1   5 2  cos ⁡    5 π x l … ]   Ans.


  f  ( x ) =  1 2 +  4   π 2  [  1   1 2  cos ⁡    π x l +  1   3 2  cos ⁡    3 π x l +  1   5 2  cos ⁡    5 π x l … ]   Ans.


  f  ( t ) = 2 t ,   0 < t < 1


  = 2  ( 2 − t ) ,   1 < t < 2  


  = 2  ( 2 − t ) ,   1 < t < 2  


  f  ( t ) = 2 t ,   0 < t < 1


  = 2  ( 2 − t ) ,   1 < t < 2


  f  ( x ) =  e x


   ( 0 , 1 )


  f  ( x ) =  e x   and  c = 1


   a 0 =  2 c   ∫ 0 c f  ( x )   dx =  2 1   ∫ 0 1   e x   dx = 2  ( e − 1 )


   a n =  2 c   ∫ 0 c f  ( x )  cos ⁡    n π x c   dx =  2 1   ∫ 0 1   e x  cos ⁡    n π x 1   dx


   a n =  2 c   ∫ 0 c f  ( x )  cos ⁡    n π x c   dx =  2 1   ∫ 0 1   e x  cos ⁡    n π x 1   dx


  = 2    [    e x   n 2  π 2 + 1  ( n π  sin ⁡ n π x +  cos ⁡ n π x ) ] 0 1 = 2  [    e x   n 2  π 2 + 1  ( n π  sin ⁡ n π +  cos ⁡ n π ) −  1   n 2  π 2 + 1 ]


  = 2    [    e x   n 2  π 2 + 1  ( n π  sin ⁡ n π x +  cos ⁡ n π x ) ] 0 1 = 2  [    e x   n 2  π 2 + 1  ( n π  sin ⁡ n π +  cos ⁡ n π ) −  1   n 2  π 2 + 1 ]


  =  2   n 2  π 2 + 1  [    ( − 1 ) n e − 1 ]


  =  2   n 2  π 2 + 1  [    ( − 1 ) n e − 1 ]


  f  ( x ) =    a 0 2 +  a 1  cos ⁡ π x +  a 2  cos ⁡ 2 π x +  a 3  cos ⁡ 3 π x + … … … …


  f  ( x ) =    a 0 2 +  a 1  cos ⁡ π x +  a 2  cos ⁡ 2 π x +  a 3  cos ⁡ 3 π x + … … … …


   e x = e − 1 + 2  [   − e − 1   π 2 + 1  cos ⁡ π x +   e − 1  4  π 2 + 1  cos ⁡ 2 π x +   − e − 1  9  π 2 + 1  cos ⁡ 3 π x + … ]   Ans.


   e x = e − 1 + 2  [   − e − 1   π 2 + 1  cos ⁡ π x +   e − 1  4  π 2 + 1  cos ⁡ 2 π x +   − e − 1  9  π 2 + 1  cos ⁡ 3 π x + … ]   Ans.


  f  ( x )


  f  ( x ) = − a   − c < x < 0


  = a   0 < x < c


  = a   0 < x < c


  Ans.    4 a π  [  sin ⁡    π x c +  1 3  sin ⁡    3 π x c +  1 5  sin ⁡    5 π x c + … ]


  Ans.    4 a π  [  sin ⁡    π x c +  1 3  sin ⁡    3 π x c +  1 5  sin ⁡    5 π x c + … ]


  f  ( x ) = x  


  0 < x < 2


  Ans.  1 −  8   π 2  [  1   1 2  cos ⁡    π x 2 +  1   3 2  cos ⁡    3 π x 2 +  1   5 2  cos ⁡    5 π x 2 + … ]


  f  ( x ) =  {    − 2  for  − 4 < x < − 2   x  for  − 2 < x < 2   2  for  2 < x < 4


  Ans.   4 π +  8   π 2  sin ⁡    π x 4 −  2 π  sin ⁡    2 π x 4 +  (  4  3 π −  8   3 2 π )  sin ⁡    3 π x 4 −  2  2 π  sin ⁡    4 π x 4 + …


  Ans.   4 π +  8   π 2  sin ⁡    π x 4 −  2 π  sin ⁡    2 π x 4 +  (  4  3 π −  8   3 2 π )  sin ⁡    3 π x 4 −  2  2 π  sin ⁡    4 π x 4 + …


  f  ( x ) =  x 2 − 2   from  − 2 < x < 2 .


  Ans.  −  2 3 −  16   π 2  [  cos ⁡    π x   2 2 −  1 4  cos ⁡ π x +  1 9  cos ⁡    3 π x 2 … ]


  F  ( s ) =       ∫ 0 ∞   e  − st f  ( t ) dt 


  L  [ f  ( t ) ] =   F  ( s ) =     ∫ 0 ∞   e  − st f  ( t ) dt


  .   L  (  t n ) =   n !   s  n + 1 ,    


 


  


 


  


  


  


  


   [ a    f 1  ( t ) +   b    f 2  ( t ) ] =   a   L  [  f 1  ( t ) ] +   b   L  [  f 2  ( t ) ]


  If   L   f  ( t ) =   F  ( s ) ,   then   L  [  e at f  ( t ) ] =   F  ( s   −   a ) .


    L  (  e at  t n ) =     n !     ( s   −   a )  n + 1


  .   L  (  e at  cosh ⁡ bt ) =


   [    ( s   −   a ) 2 −    b 2 ]


  L  (  e at sinhbt ) = b /  [  ( s − a ) ² − b ² ]


  L  (  e at sinbt ) = b /  [  ( s − a ) ² + b ² ] .


  (  e at   cos ⁡ bt


   ( s − a ) /  [  ( s − a ) ² + b ² ]


  L  ( cos ² t ) = L  [ 1 / 2  ( cos 2 t + 1 ) ] = 1 / 2  [ s /  ( s ² + 4 ) + 1 / s ] .


   t  −  1 2 .


  L  (  t  − 1 / 2 ) =   Γ  (  1 2 )   s   1 2   = √  ( π / s ) .


  L  [ t + t ² + t ³ ]                                                                                                             Ans . 1 / s ² + 2 / s ³ + 6 / s ⁴


  L  [ sintcost ]                                                                                                                   Ans . 1 /  ( s ² + 4 )


  L  [ t ³ e − 2 t ]                                                                                                                     Ans . 6 /  ( s + 2 ) ⁴


  L  [ sin ³ 2 t ]                                                                                                                           Ans . 48 /  [  ( s ² + 4 )  ( s ² + 36 ) ]


  L  [ sin 2 tcos 3 t ]                                                                                                             Ans . 2  ( s ² − 5 ) /  [  ( s ² + 1 )  ( s ² + 25 ) ]


  L  [  f ′  ( t ) ] =   s   L  [ f  ( t ) ] −   f  ( 0 )     where   L  [ f  ( t ) ] =   F  ( s )


  parts ,


  L  [  f ′  ( t ) ] =     ∫ 0 ∞   e  − st    f ′  ( t ) dt  


  =      [    e  − st f  ( t ) ] 0 ∞ −     ∫ 0 ∞   ( − s    e  − st ) f  ( t ) dt


  =      [    e  − st f  ( t ) ] 0 ∞ −     ∫ 0 ∞   ( − s    e  − st ) f  ( t ) dt


  =   − f  ( 0 ) +   s   L   f  ( t ) .


  =   − f  ( 0 ) +   s   L   f  ( t ) .


  L  [ f ⁿ  ( t ) ] =   s ⁿ   L  [ f  ( t ) ] −   s  ⁿ  − 1 f  ( 0 ) −   s  ⁿ  − 2  f ′  ( 0 ) −   …   −   f  ⁿ  − 1  ( 0 )


  L  [  f  ′ ′  ( t ) ] =   s   L  [  f ′  ( t ) ] −    f ′  ( 0 ) =    s 2 L  [ f  ( t ) ] −   s   f  ( 0 ) −    f ′  ( 0 )


  


  L  [     ∫ 0 t  f ( t )     dt   ] =    1 s F  ( s ) ,   where   L  [ f  ( t ) ] =   F  ( s )


  Let   φ  ( t ) =       ∫ 0 t  f  ( t )     dt       with   φ  ( 0 ) =   0 ,   so    φ ′  ( t ) =   f  ( t ) .


    L  [  φ ′  ( t ) ] =   s   L  [ φ  ( t ) ] =   L  [ φ  ( t ) ] =    (  1 s ) L  [ f  ( t ) ] .  


  L  [ t ⁿ   f  ( t ) ] =    ( − 1 ) ⁿ    (   d ⁿ  d  s n )  [ F  ( s ) ]


  F  ( s ) =     ∫ 0 ∞      e  − st f  ( t )


   d ds  [ F  ( s ) ] =     ∫ 0 ∞    − t   e  − st f  ( t )   dt   =   − L  [ t   f  ( t ) ] .


  L  [ t  sinh ⁡ at ] =   −  d ds  [     a   (  s 2 −    a 2 ) ] =     2 as     (  s 2 −    a 2 ) 2    


  L  [  t 2  cos ⁡ at ] =    d 2  d  s 2  s     (  s 2 +    a 2 ) 2 =   2 s  (  s 2 −   3  a 2 )     (  s 2 +    a 2 ) 3


     ( 1 / t ) f  ( t )   (


      t )


  L  [    (  1 t ) f  ( t ) ] =   ∫ s ∞    F ( s )   ds


    ∫ s ∞    F ( s )   ds


    ∫ 0 ∞      e  − st


     (  sin ⁡  2 t )  t . .


  L [ ( sin ⁡ 2 t ) / t ]   =     ∫ s ∞   [   2   /   ( s ²   +   4 )   ]   ds   =   cot ⁡ ⁻ ¹ ( s / 2 )


     ( 1   −  cos ⁡ t )   t 2 .


  L  [   1   −  cos ⁡ t   t 2 ] =    cot  − 1 ⁡ s +  (  s 2 )  log ⁡   [    s 2   (  s 2 +   1 ) ] .  


  1 .   L  [ t  sin ⁡ at ]                                                                                                                                                                                   Ans .     2 as     (  s 2 +    a 2 ) 2


 


  


  


  u  ( t   −   a )


  u  ( t   −   a ) =    {    0     when   t   <   a   1     when   t   ≥   a      


  f  ( t ) =   8   for   t   <   2 ,   f  ( t ) =   6   for   t   >   2 .


  f  ( t ) =   8   +   0    ( t   <   2 ) ,   8   −   2    ( t   >   2 ) =   8   −   2   u  ( t   −   2 )


  


  f  ( t ) =  {      t   −   1     ,   for   1   <   t   <   2        3   −   t   for   2   <   t   <   3 ,     


  f  ( t ) =    ( t   −   1 ) [ u  ( t   −   1 ) −   u  ( t   −   2 ) ] +    ( t   −   3 ) [ u  ( t   −   2 ) −   u  ( t   −   3 )


  


  


  L  [ u  ( t − a ) ] =    e  − as s


  L  [ f  ( t ) ] = F  ( s ) , then       L  [ f  ( t − a ) u  ( t − a ) ] =  e   ( − as ) F  ( s ) .


  L  [ f  ( t ) u  ( t − a ) ] =  e   ( − as ) L  [ f  ( t + a ) ]


  t ² u  ( t − 3 ) .


  L  [ t ² u  ( t − 3 ) ] =  e   ( − 3 s )  [  ( 2 / s ³ ) +  ( 6 / s ² ) +  ( 9 / s ) ]                                                                ( Ans . )


  f  ( t ) = sin 2 t       for       2 π < t < 4 π


  f  ( t ) = 0


  L  [ f  ( t ) ] =  (  e   ( − 2 π s ) −  e   ( − 4 π s ) ) ·  [ 2 /  ( s ² + 4 ) ]                                                    ( Ans . )


  f  ( t ) = t − 1  ( 1 < t < 2 )


   (  e   ( − s ) −  e   ( − 2 s ) ) / s ² −  (  e   ( − 2 s ) / s )


  .  e t   u  ( t − 1 )                                                                                                                                                         Ans .  e   ( −  ( s − 1 ) ) /  ( s − 1 )


  t ²   u  ( t − 2 )                                                                                                                                                           Ans .  (  e   ( − 2 s ) / s ³ )  ( 4 s ² + 4 s + 2 )


  sint   u  ( t − 4 )                                                                                                                                         Ans .  (  e   ( − 4 s ) /  ( s ² + 1 ) )  [ cos 4 + ssin 4 ]


  f  ( t ) = K  ( t − 2 )  [ U  ( t − 2 ) − U  ( t − 3 ) ]                                               Ans .  ( K / s ² )  [  e   ( − 2 s ) −  ( s + 1 )  e   ( − 3 s ) ]


  1 . Unit     Impulse     Function : δ  ( t − a ) =  {    ∞                 for       t = a   0                       for   t ≠ a     , with         ∫ 0 ∞  δ ( t − a ) dt = 1 .


  L  [ 𝛿  ( t − a ) ] =   e   ( − a s ) L  [ f  ( t ) 𝛿  ( t − a ) ]


  =   e   ( − a s ) f  ( a ) L  [ f  ( t ) 𝛿 ′  ( t − a ) ]


  =   e   ( − a s ) f  ( a ) L  [ f  ( t ) 𝛿 ′  ( t − a ) ]


  = − d / d t  [   e   ( − s t ) f  ( t ) ]  |  t = a


  = − d / d t  [   e   ( − s t ) f  ( t ) ]  |  t = a


    ∫ 0 ∞   e  − 3 t δ  ( t − 4 ) dt                                                                                                           Ans .  e  − 12


    ∫ 0 ∞  sin 2 t δ  ( t − π / 4 ) dt                                                                                         Ans . 1


    ∫  − ∞ ∞   e  − 3 t δ ′  ( t − 2 ) dt                                                                                                     Ans . 3  e   ( − 6 )


  δ  ( t − 4 ) / t                                                                                                                                       Ans .  e   ( − 4 s ) / 4


   δ  ​   ( − 4 t )  ( t − 3 )                                                                                                                     Ans .  e   ( − 3  ( s + 4 ) )


  f  ( t )


  L  [ f  ( t ) ] =  1   ( 1 −  e   ( − sT ) )   ∫ 0 T   e  − st f  ( t ) dt


  f  ( t ) =   2 t 3                                                     for       0 ≤ t ≤ 3 .


  L  [ f  ( t ) ] =   2 [ 1 −   ( 1 + 3 s ) e  − 3 s ]  e  − 3 s  3 s ²  ( 1 −  e  − 3 s )                                                                                            ( Ans . )


  f  ( t ) =  {    sin ω t           for         0 < t < π / ω     0                       for         π / ω < t < 2 π / ω  


  L  [ f  ( t ) ] = ω /  [  ( s ² + ω ² )  ( 1 −  e   ( − π s / ω ) ) ]                                                                              ( Ans . )


  L  [ f  ( t ) ] = ω /  [  ( s ² + ω ² )  ( 1 −  e   ( − π s / ω ) ) ]                                                                              ( Ans . )


  f  ( t ) =  ( k / T ) t                   for                         0 < t < T .


  L  [ f  ( t ) ] =   − k  e   ( − sT )  s  ( 1 −  e   ( − sT ) ) +  k  Ts ²                                                                                                    ( Ans . )


  L  [ f  ( t ) ] =   − k  e   ( − sT )  s  ( 1 −  e   ( − sT ) ) +  k  Ts ²                                                                                                    ( Ans . )


  f ( t ) =  {    A                                   for       0 < t <  T 2   − A                                     for              T 2   < t < T


  L  [ f  ( t ) ] =  A s tanh  sT 4                                                                                                                        ( Ans . )


  L  [ f  ( t ) ] =  A s tanh  sT 4                                                                                                                        ( Ans . )


  f  ( t ) =  e t                   for                         0 < t < 2 π .


  L  [ f  ( t ) ] =                     1 −  e  2 π  ( 1 − s )   ( 1 −  e   ( − 2 π s ) ) ( s − 1 )                                                                                                          ( Ans . )


  L  [ f  ( t ) ] =                     1 −  e  2 π  ( 1 − s )   ( 1 −  e   ( − 2 π s ) ) ( s − 1 )                                                                                                          ( Ans . )


  f  ( t ) =  e t     for         0 < t < 2 π .                                                           Ans .  (  e  2  ( 1 − s ) π − 1 ) /  [  ( 1 − s )  ( 1 −  e  − 2 π s ) ]


  f  ( t ) = sin ω t                          ( 0 < t < π / ω )  


  Ans .        ( ω /  ( s ² + ω ² ) ) coth  ( π s / 2 ω )


  f  ( t ) = kn ,     np < t <  ( n + 1 ) p                       Ans . k  e   ( ps ) /  [ s  ( 1 −  e  − ps ) ]


  f  ( t ) = t ² ,     0 < t < 2 ,


  f  ( t + 2 ) = f  ( t )


  Ans .  ( 2 −  e  − 2 s − 4 s  e  − 2 s − 4 s ²  e  − 2 s ) /  [ s ³  ( 1 −  e  − 2 s ) ]


  f  ( t ) =  {    t       ,   0 < t < c   2 c − t ,       c < t < 2 c                                                               Ans .  ( 1 / s ² ) tanh  ( cs / 2 )


  f  ( t ) =  {    cos ω t ,                       0 < t < π / ω   0           ,                       π / ω < t < 2 π / ω    


  Ans .  ( s /  ( s ² + ω ² ) )  ( 1 −  e  − π s / ω )


  L  [   ∫ 0 t  f ₁  ( x ) f ₂  ( t − x ) dx ] = F ₁  ( s ) · F ₂  ( s )


  L  [ J ₀  ( t ) ] = 1 / √  ( s ² + 1 )


  L  [ J ₀  ( at ) ] = 1 / √  ( s ² + a ² )


  L  [ J ₀  ( at ) ] = 1 / √  ( s ² + a ² )


  L  [ J ₁  ( x ) ] = 1 − s / √  ( s ² + 1 )


  L  [ J ₁  ( x ) ] = 1 − s / √  ( s ² + 1 )


    ∫ 0 t t


   e  − 3 t


   ( Ans . )                               3 / 50


    ∫ 0 ∞   e  − t


   sint t dt               and       ∫ 0 ∞       sint t dt   .            


    ∫ 0 ∞   e  − t


   sint t dt


  = π / 4                                            ( Ans . )


    ∫ 0 ∞       sint t dt   = π / 2                                                      ( Ans . )


    ∫ 0 ∞   te  − 4 t sintdt                                                                                                                                   Ans . 8 / 289


  .   ∫ 0 ∞   e  − 2 t


    sinht   sint t dt                                                                                                                     Ans .  ( 1 / 2 ) tan ⁻ ¹  ( 1 / 2 )


    ∫ 0 ∞         sin 2 t   t 2 dt                                                                                                                                                 Ans . π / 2


    ∫ 0 ∞     e  − t −  e  − 4 t t                                                                                                                                                   Ans . log 4


    e   ( a t )


  1 /  ( s − a )


    t  n


    s   ( n + 1 )


    s   ( n + 1 )


  s i n a t


  a /  ( s ² + a ² )


  c o s a t


  s /  ( s ² + a ² )


  s i n h a t


  a /  ( s ² − a ² )


  c o s h a t


  s /  ( s ² − a ² )


  U  ( t − a )


    e   ( − a s ) / s


  𝛿  ( t − a )


    e   ( − a s )


    e   ( b t ) s i n a t


  a /  [  ( s − b ) ² + a ² ]


    e   ( b t ) c o s a t


   ( s − b ) /  [  ( s − b ) ² + a ² ]


   ( 1 / 2 a ) s i n a t


  s /  ( s ² + a ² ) ²


  t c o s a t


   ( s ² − a ² ) /  ( s ² + a ² ) ²


   ( 1 / 2 a ³ )  ( s i n a t − a t c o s a t )


  1 /  ( s ² + a ² ) ²


   ( 1 / 2 a )  ( s i n a t + a t c o s a t )


  s ² /  ( s ² + a ² ) ²


  f  ( a t )


   ( 1 / a ) F  ( s / a ) , a > 0


  d f  ( t ) / d t


  s F  ( s ) − f  ( 0 ) , s > 0


  d ² f  ( t ) / d t ²


  s ² F  ( s ) − s f  ( 0 ) − f ′  ( 0 ) , s > 0


  d ³ f  ( t ) / d t ³


  s ³ F  ( s ) − s ² f  ( 0 ) − s f ′  ( 0 ) − f ′ ′  ( 0 ) , s > 0


  ∫  ₀  t f  ( t ) d t


   ( 1 / s ) F  ( s ) , s > 0


  l i   m  t → 0 f  ( t )


  l i   m  s → ∞ s F  ( s )


  l i   m  t → ∞ f  ( t )


  l i   m  s → 0 s F  ( s )


    e   ( − a t ) f  ( t )


  F  ( s + a )


  f  ( t ) U  ( t − a )


    e   ( − a s ) L f  ( t + a )


  t f  ( t )


  − d / d s F  ( s )


    t  n f  ( t )


     ( − 1 )  n  (   d  n / d   s  n ) F  ( s )


   ( 1 / t ) f  ( t )


   ∫  s ∞ F  ( s ) d s


  f  ( t )


   [ ∫  ₀  T   e   ( − s t ) f  ( t ) d t ] /  ( 1 −   e   ( − s T ) ) , f  ( t + T ) = f  ( t )


  f  ( t ) ∗ g  ( t )


  F  ( s ) G  ( s )


  If     Lf ( t ) = F ( s ) ,   then     L ⁻ ¹ F ( s ) = f ( t ) .


  L ⁻ ¹


  L ⁻ ¹  ( 1 / s ) = 1 .


  L ⁻ ¹  ( 1 /  s n ) =  t   ( n − 1 ) /  ( n − 1 ) ! .


  L ⁻ ¹  ( 1 /  ( s − a ) ) =  e   ( at ) .


  L ⁻ ¹  ( s /  ( s ² − a ² ) ) = coshat


  L ⁻ ¹  ( 1 /  ( s ² − a ² ) ) =  ( 1 / a ) sinhat .


  L ⁻ ¹  ( 1 /  ( s ² + a ² ) ) =  ( 1 / a ) sinat .


  L ⁻ ¹  ( s /  ( s ² + a ² ) ) = cosat .


  L ⁻ ¹  [ F  ( s − a ) ] =  e   ( at ) f  ( t )


  L ⁻ ¹  ( 1 /  [  ( s − a ) ² + b ² ] ) =  ( 1 / b )  e   ( at ) sinbt


  L ⁻ ¹  (  ( s − a ) /  [  ( s − a ) ² + b ² ] ) =  e   ( at ) cosbt


  L ⁻ ¹  ( 1 /  [  ( s − a ) ² − b ² ] ) =  ( 1 / b )  e   ( at ) sinhbt


  L ⁻ ¹  (  ( s − a ) /  [  ( s − a ) ² − b ² ] ) =  e   ( at ) coshbt


  L ⁻ ¹  ( 1 /  ( s ² + a ² ) ² ) =  ( 1 / 2 a ³ )  ( sinat − atcosat )


  L ⁻ ¹  ( s /  ( s ² + a ² ) ² ) =  ( 1 / 2 a ) tsinat


  L ⁻ ¹  (  ( s ² − a ² ) /  ( s ² + a ² ) ² ) = t   cosat


  L ⁻ ¹  ( 1 ) = δ  ( t )


  L ⁻ ¹  ( s ² /  ( s ² + a ² ) ² ) =  ( 1 / 2 a )  [ sinat + at   cosat ]


  1 /  ( s − 2 )                                                                                                               Ans .  e   ( 2 t )


  1 /  ( s ² − 9 )                                                                                                     Ans .  ( 1 / 3 ) sinh 3 t


  s /  ( s ² − 16 )                                                                                                   Ans . cosh 4 t


  1 /  ( s ² + 25 )                                                                                                   Ans .  ( 1 / 5 ) sin 5 t


  s /  ( s ² + 9 )                                                                                                           Ans . cos 3 t


   ( 3 s − 8 ) /  ( 4 s ² + 25 )                                                                       Ans .  ( 3 / 4 ) cos  ( 5 t / 2 ) −  ( 4 / 5 ) sin  ( 5 t / 2 )


  3  ( s ² − 2 ) ² /  ( 2 s ⁵ )                                                                                     Ans .  ( 3 / 2 ) − 3 t ² +  ( 1 / 2 ) t ⁴


   ( 2 s − 5 ) /  ( 4 s ² + 25 ) +  ( 4 s − 18 ) /  ( 9 − s ² )


                                                                                                                            Ans .  ( 1 / 2 )  [ cos  ( 5 t / 2 ) − sin  ( 5 t / 2 ) ] − 4 cosh 3 t + 6 sinh


  5 s − 10 ) /  ( 9 s ² − 16 )                                                               Ans .  ( 5 / 9 ) cosh  ( 4 t / 3 ) −  ( 5 / 6 ) sinh  ( 4 t / 3 )


   ( 1 / 4 s ) + 16 /  ( 1 − s ² )                                                                   Ans .  ( 1 / 4 ) − 16 sinht


  1 /  [  ( s − 2 ) ² + 1 ]                                                                                   Ans .  e   ( 2 t ) sint


   ( s − 1 ) /  [  ( s − 1 ) ² + 4 ]                                                             Ans .  e t cos 2 t


  1 /  [  ( s + 3 ) ² − 4 ]                                                                             Ans .  ( 1 / 2 )  e   ( − 3 t ) sinh 2 t


   ( s + 2 ) /  [  ( s + 2 ) ² − 25 ]                                                       Ans .  e   ( − 2 t ) cosh 5 t


  1 /  ( 2 s − 7 )                                                                                                         Ans .  ( 1 / 2 )  e   ( 7 t / 2 )


  L ⁻ ¹  [ sF  ( s ) ] =  ( d / dt ) f  ( t ) + f  ( 0 ) δ  ( t )


  s /  ( s ² + 1 )                                                                                                                   Ans . cost


  s /  ( 4 s ² − 25 )                                                                                                     Ans .  ( 1 / 4 ) cosh  ( 5 t / 2 )


  3 s /  ( 2 s + 9 )                                                                                                   Ans . −  ( 27 / 4 )  e   ( − 11 t / 2 ) + 3 / 2


  s /  ( s + 5 )                                                                                                           Ans . − 5  e   ( − 5 t ) + 1


  2 s /  ( 3 s + 6 )                                                                                               Ans .  ( 2 / 3 )  [ − 2  e   ( − 2 t ) + 1 ]


  s /  ( 2 s ² − 1 )                                                                                               Ans .  ( 1 / 2 ) cosh  ( t / √ 2 )


  s ² /  ( s ² + a ² )                                                                                             Ans . − asinat + 1


   ( s ² + 4 ) /  ( s ² + 9 )                                                                             Ans . −  ( 5 / 3 ) sin 3 t + 1


  .  [ s ² /  ( s ² + 4 ) ² ]                                                                                           Ans .  ( 1 / 4 ) sin 2 t +  ( t / 2 ) cos 2 t


  L ⁻ ¹  [ F  ( s ) / s ] =   ∫ 0 t  L ⁻ ¹  [ F  ( s ) ] dt =   ∫ 0 t  f  ( t ) dt


  1 /  [ s  ( s + a ) ]                                                                                                                     Ans .  ( 1 / a )  [ 1 −  e   ( − at ) ]


  1 /  [ s  ( s ² + 1 ) ]                                                                                                               Ans . 1 − cost


   ( s ² + 3 ) /  [ s  ( s ² + 9 ) ]                                                                                 Ans .  ( 1 / 3 )  [ 2 cos 3 t + 1 ]


  1 /  [ 2 s  ( s − 3 ) ]                                                                               Ans .  ( 1 / 2 )  [  e   ( 3 t ) / 3 − 1 ]


  1 /  [ s  ( s + 2 ) ]                                                                                     Ans .  ( 1 −  e   ( − 2 t ) ) / 2


  1 /  [ s  ( s ² − 16 ) ]                                                                             Ans .  ( 1 / 16 )  [ cosh 4 t − 1 ]


  1 /  [ s  ( s ² + a ² ) ]                                                                               Ans .  ( 1 − cosat ) / a ²


   ( s ² + 2 ) /  [ s  ( s ² + 4 ) ]                                                           Ans . cos ² t


  1 /  [ s ²  ( s + 1 ) ]                                                                                     Ans . t − 1 +  e   ( − t )


  1 /  [ s ³  ( s ² + 1 ) ]                                                                               Ans .  ( t ² / 2 ) + cost − 1


  1 /  ( s  ( s ² + 1 ) )                                                                                 Ans . 1 − cost


  If     L ⁻ ¹  [ F  ( s ) ] = f  ( t ) ,       then               L ⁻ ¹  [ F  ( s + a ) ] =  e   ( − at ) L ⁻ ¹  [ F  ( s ) ] .


  1 /  ( s + 2 ) ⁵                                                                                                     Ans .  e   ( − 2 t )  ( t ⁴ / 24 )


  s /  ( s ² + 4 s + 13 )                                                                         Ans .  e   ( − 2 t ) cos 3 t −  ( 2 / 3 )  e   ( − 2 t ) sin 3 t


  1 /  ( 9 s ² + 6 s + 1 )                                                                       Ans .  ( t  e   ( − t / 3 ) ) / 9


   ( s + 8 ) /  ( s ² + 4 s + 5 )                                                                             Ans .  e   ( − 2 t )  ( cost + 6 sint )


  s /  [  ( s + 3 ) ² + 4 ]                                                                                                   Ans .  e   ( − 3 t )  ( cos 2 t − 1 . 5 sin 2 t )


  s /  ( s + 7 ) ⁴                                                                                                                         Ans .  e   ( − 7 t )  ( t ² / 6 )  ( 3 − 7 t )


   ( s + 2 ) /  ( s ² − 2 s − 8 )                                                                               Ans .  e t  ( cosh 3 t + sinh 3 t )


  s /  ( s ² + 6 s + 25 )                                                                                               Ans .  e   ( − 3 t )  [ cos 4 t −  ( 3 / 4 ) sin 4 t ]


  1 /  [ 2  ( s − 1 ) ² + 32 ]                                                                                         Ans .  (  e t / 8 ) sin 4 t


   ( s − 4 ) /  [ 4  ( s − 3 ) ² + 16 ]                                                                 Ans .  ( 1 / 4 )  e   ( 3 t ) cos 2 t −  ( 1 / 8 )  e   ( 3 t ) sin 2 t


  L ⁻ ¹  [  e   ( − as ) F  ( s ) ] = f  ( t − a ) U  ( t − a )


   e   ( − π s ) /  ( s + 3 )                                                                           Ans .  e   ( − 3  ( t − π ) ) U  ( t − π )


   e   ( − s ) /  ( s + 1 ) ³                                                                           Ans .  e   ( −  ( t − 1 ) )  [  ( t − 1 ) ² / 2 ] U  ( t − 1 )


   [ s  e   ( − s / 2 ) + π  e   ( − s ) ] /  ( s ² + π ² )                                                                         Ans .  [ U  ( t − 1 / 2 ) − U  ( t − 1 ) ] sin π t


   e   ( − s ) /  ( s + 2 ) ³                                                                                                                                   Ans .  e   ( −  ( t − 2 ) )  [  ( t − 2 ) ² / 2 ] U  ( t − 2 )


   e   ( − 2 s ) /  [  ( s + 1 )  ( s ² + 2 s + 2 ) ]                                                                       Ans .  e   ( −  ( t − 2 ) )  [ 1 − cos  ( t − 2 ) ] U  ( t − 2 )


   e   ( − s ) / √  ( s + 1 )                                                                                                                           Ans .  e   ( −  ( t − 1 ) ) / √  ( π  ( t − 1 ) ) U  ( t − 1 )


   [  e   ( − π s / 2 ) +  e   ( − 3 π s / 2 ) ] /  ( s ² + 1 )                                                                 Ans . cot  [ U  ( t − 3 π / 2 ) − U  ( t − π / 2 ) ]


   e   ( − 4 s )  ( s + 2 ) /  ( s ² + 4 s + 5 )                                                                         Ans .  e   ( − 2  ( t − 4 ) ) cos  ( t − 4 ) U  ( t − 4 )


   e   ( − as ) / s ²                                                                                                                       Ans . f  ( t ) = t − a     when   t > a ; 0     when   t < a


   e   ( − π s ) /  ( s ² + 1 )                                                                                                                 Ans . − sintu  ( t − π )


  L ⁻ ¹  [  ( d / d s ) F  ( s ) ] = − t L ⁻ ¹  [ F  ( s ) ]


                                                    = − t f  ( t )


                                                    = − t f  ( t )


  o r       L ⁻ ¹  [ F  ( s ) ] = −  ( 1 / t ) L ⁻ ¹  [  ( d / d s ) F  ( s ) ]


  o r       L ⁻ ¹  [ F  ( s ) ] = −  ( 1 / t ) L ⁻ ¹  [  ( d / d s ) F  ( s ) ]


  log  ( 1 + ω ² / s ² )                                                                                                                           Ans . −  ( 2 / t ) cos ω t + 2


  . log  ( 1 + 1 / s ² )                                                                                                                               Ans .  ( 2 / t )  [ 1 − cost ]


  s /  ( 1 + s ² + s ⁴ )                                                                                                                       Ans .  ( 2 / √ 3 ) sin  ( √ 3 t / 2 ) sinh  ( t / 2 )


   ( s + 1 ) /  ( s ² + 6 s + 13 ) ²                                                                           Ans .  (  e   ( − 3 t ) / 8 )  [ 2 tsin 2 t + 2 tcos 2 t − sin 2 t ]


  s /  ( s ² + a ² ) ²                                                                                                                                         Ans .  ( tsinat ) / 2 a


  s   log  [ s / √  ( s ² + 1 ) ] + cot ⁻ ¹ s                                                                                   Ans .  ( 1 − cost ) / t ²


   ( 1 / 2 ) log  [  ( s ² + b ² ) /  ( s − a ) ² ]                                                                             Ans .  (  e   ( at ) − cosbt ) / t


  tan ⁻ ¹  ( s + 1 )                                                                                                                                                 Ans . −  ( 1 / t )  e   ( − t ) sint


  L ⁻ ¹  [  ∫ s ∞ F  ( s ) ds ] = f  ( t ) / t =  ( 1 / t ) L ⁻ ¹  [ F  ( s ) ]


     ( s + 4 )  s  ( s − 1 )  ( s ² + 4 ) .


     ( s + 4 )  s  ( s − 1 )  ( s ² + 4 ) = −  1 s +  1   ( s − 1 ) −  1   ( s ² + 4 )


  ∴ L ⁻ ¹  [    ( s + 4 )  s  ( s − 1 )  ( s ² + 4 ) ] = L ⁻ ¹  [ −  1 s +  1   ( s − 1 ) −  1   ( s ² + 4 ) ]


  ∴ L ⁻ ¹  [    ( s + 4 )  s  ( s − 1 )  ( s ² + 4 ) ] = L ⁻ ¹  [ −  1 s +  1   ( s − 1 ) −  1   ( s ² + 4 ) ]


  = − L ⁻ ¹  [ 1 / s ] + L ⁻ ¹  [ 1 /  ( s − 1 ) ] −  ( 1 / 2 ) L ⁻ ¹  [ 2 /  ( s ² + 2 ² ) ]


  = − L ⁻ ¹  [ 1 / s ] + L ⁻ ¹  [ 1 /  ( s − 1 ) ] −  ( 1 / 2 ) L ⁻ ¹  [ 2 /  ( s ² + 2 ² ) ]


  = − 1 + e ᵗ −  ( 1 / 2 ) sin 2 t                       Ans .


  = − 1 + e ᵗ −  ( 1 / 2 ) sin 2 t                       Ans .


  s ² /  [  ( s ² + a ² )  ( s ² + b ² ) ]


  L ⁻ ¹  [ s ² /  ( s ² + a ² )  ( s ² + b ² ) ]


  L ⁻ ¹  [ a ² /  ( a ² − b ² ) · 1 /  ( s ² + a ² ) − b ² /  ( a ² − b ² ) · 1 /  ( s ² + b ² ) ]


  = 1 /  ( a ² − b ² ) L ⁻ ¹  [ a ² /  ( s ² + a ² ) − b ² /  ( s ² + b ² ) ]


  = 1 /  ( a ² − b ² )  [ a ²  (  ( 1 / a ) s i n a t ) − b ²  (  ( 1 / b ) sinbt ) ]


  = 1 /  ( a ² − b ² )  [ a ²  (  ( 1 / a ) s i n a t ) − b ²  (  ( 1 / b ) sinbt ) ]


  = 1 /  ( a ² − b ² )  [ asinat − bsinbt ]                                         Ans .


  = 1 /  ( a ² − b ² )  [ asinat − bsinbt ]                                         Ans .


   ( s ² + 2 s + 6 ) / s ³                                                                                                     Ans . 1 + 2 t + 3 t ²


  1 /  ( s ² − 7 s + 12 )                                                                                                     Ans . e ⁴ ᵗ − e ³ ᵗ


   ( s + 2 ) /  ( s ² − 4 s + 13 )                                                                             Ans . e ² ᵗ cos 3 t +  ( 4 / 3 ) e ² ᵗ sin 3 t


   ( 3 s + 1 ) /  [  ( s − 1 )  ( s ² + 1 ) ]                                                                     Ans . e ᵗ − 2 cost + sint


   ( 11 s ² − 2 s + 5 ) /  ( 2 s ³ − 3 s ² − 3 s + 2 )                             Ans . 2 e ⁻ ᵗ + 5 e ² ᵗ −  ( 3 / 2 ) e ᵗ / ²


   ( 2 s ² − 6 s + 5 ) /  [  ( s − 1 )  ( s − 2 )  ( s − 3 ) ]                               Ans .  ( 1 / 2 ) e ᵗ − e ² ᵗ +  ( 5 / 2 ) e ³ ᵗ


   ( s − 4 ) /  [  ( s − 4 ) ² + 9 ]                                                                                       Ans . e ⁴ ᵗ cos 3 t


  16 /  ( s ² + 2 s + 5 ) ²                                                                                                             Ans . e ⁻ ᵗ  ( sin 2 t − 2 tcos 2 t )


  1 /  [  ( s + 1 )  ( s ² + 2 s + 2 ) ]                                                                                   Ans . e ⁻ ᵗ  ( 1 − cost )


  1 /  [  ( s − 2 )  ( s ² + 1 ) ]                                                                                         Ans .  ( 1 / 5 ) e ² ᵗ −  ( 1 / 5 ) cost −  ( 2 / 5 ) sint


  L   ∫ 0 t  f ₁  ( x ) ∗ f ₂  ( t − x ) dx = F ₁  ( s ) · F ₂  ( s )


    ∫ 0 t  f ₁  ( x ) · f ₂  ( t − x ) dx = L ⁻ ¹  [ F ₁  ( s ) · F ₂  ( s ) ]


    ∫ 0 t  f ₁  ( x ) · f ₂  ( t − x ) dx = L ⁻ ¹  [ F ₁  ( s ) · F ₂  ( s ) ]


  L ⁻ ¹  [ s ² /  ( s ² + a ² )  ( s ² + b ² ) ] , a ≠ b .


  L  ( cosat ) = s /  ( s ² + a ² )       and               L  ( cosbt ) = s /  ( s ² + b ² )


  L   ∫ 0 t cosax   cosb  ( t − x ) dx = s ² /  [  ( s ² + a ² )  ( s ² + b ² ) ]


  L ⁻ ¹  [ s ² /  ( s ² + a ² )  ( s ² + b ² ) ] =   ∫ 0 t cosax   cosb  ( t − x ) dx


  =  ( 1 / 2 )   ∫ 0 t   [  cos ⁡   ( ax + bt − bx ) +  cos ⁡   ( ax − bt + bx ) ] dx


  =  ( 1 / 2 )   ∫ 0 t cos  [  ( a − b ) x + bt ] dx +  ( 1 / 2 )   ∫ 0 t cos  [  ( a + b ) x + bt ] dx


  =  ( 1 / 2 )   ∫ 0 t cos  [  ( a − b ) x + bt ] dx +  ( 1 / 2 )   ∫ 0 t cos  [  ( a + b ) x + bt ] dx


  =  [ sin  [  ( a − b ) x + bt ] / 2  ( a − b ) ] ₀ ᵗ +  [ sin  [  ( a + b ) x − bt ] / 2  ( a + b ) ] ₀ ᵗ


  =  [ sin  [  ( a − b ) x + bt ] / 2  ( a − b ) ] ₀ ᵗ +  [ sin  [  ( a + b ) x − bt ] / 2  ( a + b ) ] ₀ ᵗ


  =  ( sinat − sinbt ) /  [ 2  ( a − b ) ] +  ( sinat + sinbt ) /  [ 2  ( a + b ) ]


  =  ( sinat − sinbt ) /  [ 2  ( a − b ) ] +  ( sinat + sinbt ) /  [ 2  ( a + b ) ]


  =  ( asinat − bsinbt ) /  ( a ² − b ² )                               Ans .


  =  ( asinat − bsinbt ) /  ( a ² − b ² )                               Ans .


  L ⁻ ¹  [ 1 / s  ( s ² + a ² ) ]


  L ⁻ ¹  [ 1 / s ] = 1                


  L ⁻ ¹  [ 1 /  ( s ² + a ² ) ] =  ( sinat ) / a


  L   ∫ 0 t 1 ·   sina  ( t − x ) a dx =  1  s  ( s ² + a ² )


  L ⁻ ¹  [ 1 / s  ( s ² + a ² ) ] =   ∫ 0 t 1 · sina  ( t − x ) / adx


  L ⁻ ¹  [ 1 / s  ( s ² + a ² ) ] =   ∫ 0 t 1 · sina  ( t − x ) / adx


  =  [ − cos  ( at − ax ) /  ( − a ² ) ] ₀ ᵗ


  =  [ − cos  ( at − ax ) /  ( − a ² ) ] ₀ ᵗ


  =  ( 1 / a ² )  [ 1 − cosat ]                                                                                             Ans .


  =  ( 1 / a ² )  [ 1 − cosat ]                                                                                             Ans .


  s ² /  ( s ² + a ² ) ²                                                                                                                   Ans .  ( 1 / 2 ) tcosat +  ( 1 / 2 a ) sinat


  1 /  ( s ² + 1 ) ³                                                                                                                     Ans .  ( 1 / 8 )  [  ( 3 − t ² ) sint − 3 tcost ]


  y ′ ′ − 4 y ′ + 4 y = 64 sin 2 t ,             y  ( 0 ) = 0 , y ′  ( 0 ) = 1


  y ′ ′ − 4 y ′ + 4 y = 64 sin 2 t . . .  ( 1 )


   [ s ² y ̄ − sy  ( 0 ) − y ′  ( 0 ) ] − 4  [ sy ̄ − y  ( 0 ) ] + 4 y ̄ =  ( 64 × 2 ) /  ( s ² + 4 ) . . .  ( 2 )


  y  ( 0 )


  y ′  ( 0 )


  s ² y ̄ − 1 − 4 sy ̄ + 4 y ̄ = 128 /  ( s ² + 4 )


   ( s ² − 4 s + 4 ) y ̄ = 1 + 128 /  ( s ² + 4 )


   ( s ² − 4 s + 4 ) y ̄ = 1 + 128 /  ( s ² + 4 )


   ( s − 2 ) ² y ̄ = 1 + 128 /  ( s ² + 4 )


   ( s − 2 ) ² y ̄ = 1 + 128 /  ( s ² + 4 )


  y ̄ = 1 /  ( s − 2 ) ² + 128 /  [  ( s − 2 ) ²  ( s ² + 4 ) ] = 1 /  ( s − 2 ) ² − 8 /  ( s − 2 ) + 16 /  ( s − 2 ) ² + 8 s /  ( s ² + 4 )


  y ̄ = 1 /  ( s − 2 ) ² + 128 /  [  ( s − 2 ) ²  ( s ² + 4 ) ] = 1 /  ( s − 2 ) ² − 8 /  ( s − 2 ) + 16 /  ( s − 2 ) ² + 8 s /  ( s ² + 4 )


  y = L ⁻ ¹  [ − 8 /  ( s − 2 ) + 17 /  ( s − 2 ) ² + 8 s /  ( s ² + 4 ) ]


  y = L ⁻ ¹  [ − 8 /  ( s − 2 ) + 17 /  ( s − 2 ) ² + 8 s /  ( s ² + 4 ) ]


  y = − 8 e ² ᵗ + 17 te ² ᵗ + 8 cos 2 t                         Ans .


  y = − 8 e ² ᵗ + 17 te ² ᵗ + 8 cos 2 t                         Ans .


  y ′ ′ + 25 y = 10   cos 5 t , y  ( 0 ) = 2 , y ′  ( 0 ) = 0


   [ s ² y ̄ − sy  ( 0 ) − y ′  ( 0 ) ] + 25 y ̄ = 10 s /  ( s ² + 25 )


  s ² y ̄ − 2 s + 25 y ̄ = 10 s /  ( s ² + 25 )


  s ² y ̄ − 2 s + 25 y ̄ = 10 s /  ( s ² + 25 )


   ( s ² + 25 ) y ̄ = 2 s + 10 s /  ( s ² + 25 )


   ( s ² + 25 ) y ̄ = 2 s + 10 s /  ( s ² + 25 )


  y ̄ = 2 s /  ( s ² + 25 ) + 10 s /  ( s ² + 25 ) ²


  y ̄ = 2 s /  ( s ² + 25 ) + 10 s /  ( s ² + 25 ) ²


  L ⁻ ¹ [ y ̄ ] = L ⁻ ¹ [ 2 s /  ( s ² + 25 ) + 10 s /  ( s ² + 25 ) ² ]


  L ⁻ ¹ [ y ̄ ] = L ⁻ ¹ [ 2 s /  ( s ² + 25 ) + 10 s /  ( s ² + 25 ) ² ]


  y = L ⁻ ¹  [ 2 s /  ( s ² + 25 ) + 10 s /  ( s ² + 25 ) ² ]


  y = L ⁻ ¹  [ 2 s /  ( s ² + 25 ) + 10 s /  ( s ² + 25 ) ² ]


  = 2 cos 5 t + L ⁻ ¹  [ 10 s /  ( s ² + 25 ) ² ]


  = 2 cos 5 t + L ⁻ ¹  [  ( d / ds ) − 5 /  ( s ² + 25 ) ]


  = 2 cos 5 t + tsin 5 t                                                 Ans .


  = 2 cos 5 t + tsin 5 t                                                 Ans .


  y ′ ′ + y = sin 3 t , y  ( 0 ) = 0 , y ′  ( 0 ) = 0


  y ′ ′ + y = sin 3 t


   [ s ² y ̄ − sy  ( 0 ) − y ′  ( 0 ) ] + y ̄ = 3 /  ( s ² + 9 ) . . .  ( 1 )


  s ² y ̄ + y ̄ = 3 /  ( s ² + 9 )


   ( s ² + 1 ) y ̄ = 3 /  ( s ² + 9 )


   ( s ² + 1 ) y ̄ = 3 /  ( s ² + 9 )


  y ̄ = 3 /  [  ( s ² + 1 )  ( s ² + 9 ) ]


  y ̄ = 3 /  [  ( s ² + 1 )  ( s ² + 9 ) ]


  =  ( 3 / 8 )  [ 1 /  ( s ² + 1 ) − 1 /  ( s ² + 9 ) ]


  y =  ( 3 / 8 ) L ⁻ ¹  [ 1 /  ( s ² + 1 ) ] −  ( 3 / 8 ) L ⁻ ¹  [ 1 /  ( s ² + 9 ) ]


  y =  ( 3 / 8 ) sint −  ( 3 / 8 ) ×  ( 1 / 3 ) sin 3 t


  y =  ( 3 / 8 ) sint −  ( 3 / 8 ) ×  ( 1 / 3 ) sin 3 t


  =  ( 3 / 8 ) sint −  ( 1 / 8 ) sin 3 t                                                                                                     Ans .


  =  ( 3 / 8 ) sint −  ( 1 / 8 ) sin 3 t                                                                                                     Ans .


  y ′ ′ + 9 y = 6 cos 3 t , y  ( 0 ) = 2 , y ′  ( 0 ) = 0


  y ′ ′ + 9 y = 6 cos 3 t . . .  ( 1 )


  y  ( 0 ) = 2 , y ′  ( 0 ) = 0


   [ s ² y ̄ − sy  ( 0 ) − y ′  ( 0 ) ] + 9 y ̄ = 6 s /  ( s ² + 9 ) . . .  ( 2 )


  y  ( 0 )


  y ′  ( 0 )


  s ² y ̄ − 2 s + 9 y ̄ = 6 s /  ( s ² + 9 )


   ( s ² + 9 ) y ̄ = 2 s + 6 s /  ( s ² + 9 )


   ( s ² + 9 ) y ̄ = 2 s + 6 s /  ( s ² + 9 )


  or     y ̄ = 2 s /  ( s ² + 9 ) + 6 s /  ( s ² + 9 ) ²


  y = L ⁻ ¹  [ 2 s /  ( s ² + 9 ) ] + L ⁻ ¹  [ 6 s /  ( s ² + 9 ) ² ]


  y = L ⁻ ¹  [ 2 s /  ( s ² + 9 ) ] + L ⁻ ¹  [ 6 s /  ( s ² + 9 ) ² ]


  = 2 cos 3 t + 3 L ⁻ ¹  [  ( d / ds ) − 3 /  ( s ² + 9 ) ]


  = 2 cos 3 t + 3 L ⁻ ¹  [  ( d / ds ) − 3 /  ( s ² + 9 ) ]


  = 2 cos 3 t − L ⁻ ¹  [  ( d / ds ) 3 /  ( s ² + 9 ) ]


  = 2 cos 3 t − L ⁻ ¹  [  ( d / ds ) 3 /  ( s ² + 9 ) ]


  = 2 cos 3 t + tsin 3 t                                                                           Ans .


  = 2 cos 3 t + tsin 3 t                                                                           Ans .


  2 y ′ ′ + 5 y ′ + 2 y = e ⁻ ² ᵗ , y  ( 0 ) = 1 , y ′  ( 0 ) = 1


  . 2 y ′ ′ + 5 y ′ + 2 y = e ⁻ ² ᵗ , y  ( 0 ) = 1 , y ′  ( 0 ) = 1


  2  [ s ² y ̄ − sy  ( 0 ) − y ′  ( 0 ) ] + 5  [ sy ̄ − y  ( 0 ) ] + 2 y ̄ = 1 /  ( s + 2 ) . . .  ( 1 )


  y  ( 0 )


  y ′  ( 0 )


  2  [ s ² y ̄ − s − 1 ] + 5  [ sy ̄ − 1 ] + 2 y ̄ = 1 /  ( s + 2 )


   [ 2 s ² + 5 s + 2 ] y ̄ − 2 s − 2 − 5 = 1 /  ( s + 2 )


   [ 2 s ² + 5 s + 2 ] y ̄ − 2 s − 2 − 5 = 1 /  ( s + 2 )


  y ̄ = 1 /  [  ( s + 2 )  ( 2 s ² + 5 s + 2 ) ] +  ( 2 s + 7 ) /  ( 2 s ² + 5 s + 2 )


  y ̄ = 1 /  [  ( s + 2 )  ( 2 s ² + 5 s + 2 ) ] +  ( 2 s + 7 ) /  ( 2 s ² + 5 s + 2 )


  =  ( 1 + 2 s ² + 7 s + 4 s + 14 ) /  [  ( 2 s ² + 5 s + 2 )  ( s + 2 ) ]


  =  ( 1 + 2 s ² + 7 s + 4 s + 14 ) /  [  ( 2 s ² + 5 s + 2 )  ( s + 2 ) ]


  =  ( 2 s ² + 11 s + 15 ) /  [  ( 2 s + 1 )  ( s + 2 ) ² ]


  =  ( 2 s ² + 11 s + 15 ) /  [  ( 2 s + 1 )  ( s + 2 ) ² ]


  =  ( 4 / 9 ) /  ( 2 s + 1 ) −  ( 11 / 9 ) /  ( s + 2 ) −  ( 1 / 3 ) /  ( s + 2 ) ²                                                                                                             =  ( 4 / 9 ) ·  ( 1 / 2 ) /  ( s + 1 / 2 ) −  ( 11 / 9 ) /  ( s + 2 ) −  ( 1 / 3 ) /  ( s + 2 ) ²


  =  ( 4 / 9 ) /  ( 2 s + 1 ) −  ( 11 / 9 ) /  ( s + 2 ) −  ( 1 / 3 ) /  ( s + 2 ) ²                                                                                                             =  ( 4 / 9 ) ·  ( 1 / 2 ) /  ( s + 1 / 2 ) −  ( 11 / 9 ) /  ( s + 2 ) −  ( 1 / 3 ) /  ( s + 2 ) ²


  y =  ( 2 / 9 ) e ⁻ ᵗ −  ( 11 / 9 ) e ⁻ ² ᵗ −  ( 1 / 3 ) te ⁻ ² ᵗ                               Ans .


  y =  ( 2 / 9 ) e ⁻ ᵗ −  ( 11 / 9 ) e ⁻ ² ᵗ −  ( 1 / 3 ) te ⁻ ² ᵗ                               Ans .


  d ² y / dx ² + 2 dy / dx + 5 y = e ⁻ ˣ sinx   where   y  ( 0 ) = 0 , y ′  ( 0 ) = 1 .


  d ² y / dx ² + 2 dy / dx + 5 y = e ⁻ ˣ sinx


   [ s ² y ̄ − sy  ( 0 ) − y ′  ( 0 ) ] + 2  [ sy ̄ − y  ( 0 ) ] + 5 y ̄ = L  ( e ⁻ ˣ sinx )


   [ s ² y ̄ − sy  ( 0 ) − y ′  ( 0 ) ] + 2  [ sy ̄ − y  ( 0 ) ] + 5 y ̄ = 1 /  [  ( s + 1 ) ² + 1 ] . . .  ( 1 )


   [ s ² y ̄ − sy  ( 0 ) − y ′  ( 0 ) ] + 2  [ sy ̄ − y  ( 0 ) ] + 5 y ̄ = 1 /  [  ( s + 1 ) ² + 1 ] . . .  ( 1 )


  y  ( 0 )


  y ′  ( 0 )


   ( s ² y ̄ − 1 ) + 2  ( sy ̄ ) + 5 y ̄ = 1 /  ( s ² + 2 s + 2 )


   ( s ² + 2 s + 5 ) y ̄ = 1 + 1 /  ( s ² + 2 s + 2 )


   ( s ² + 2 s + 5 ) y ̄ = 1 + 1 /  ( s ² + 2 s + 2 )


  =  ( s ² + 2 s + 3 ) /  ( s ² + 2 s + 2 )


  =  ( s ² + 2 s + 3 ) /  ( s ² + 2 s + 2 )


  y ̄ =  ( s ² + 2 s + 3 ) /  [  ( s ² + 2 s + 5 )  ( s ² + 2 s + 2 ) ]


  y ̄ =  ( s ² + 2 s + 3 ) /  [  ( s ² + 2 s + 5 )  ( s ² + 2 s + 2 ) ]


  y ̄ =  ( 2 / 3 ) /  ( s ² + 2 s + 5 ) +  ( 1 / 3 ) /  ( s ² + 2 s + 2 )


  y =  ( 2 / 3 ) L ⁻ ¹  [ 1 /  ( s ² + 2 s + 5 ) ] +  ( 1 / 3 ) L ⁻ ¹  [ 1 /  ( s ² + 2 s + 2 ) ]


  y =  ( 1 / 3 ) L ⁻ ¹  [ 2 /  ( s + 1 ) ² +  ( 2 ) ² ] +  ( 1 / 3 ) L ⁻ ¹  [ 1 /  ( s + 1 ) ² +  ( 1 ) ² ]


  y =  ( 1 / 3 ) L ⁻ ¹  [ 2 /  ( s + 1 ) ² +  ( 2 ) ² ] +  ( 1 / 3 ) L ⁻ ¹  [ 1 /  ( s + 1 ) ² +  ( 1 ) ² ]


  y =  ( 1 / 3 ) e ⁻ ˣ sin 2 x +  ( 1 / 3 ) e ⁻ ˣ sinxory =  ( 1 / 3 ) e ⁻ ˣ  ( sinx + sin 2 x )               Ans .


  y ′ ′ + 9 y = 9   u  ( t − 3 ) , y  ( 0 ) = y ′  ( 0 ) = 0      


  u  ( t − 3 )  


  y ′ ′ + 9 y = 9   u  ( t − 3 ) . . .  ( 1 )


  s ² y ̄ − sy  ( 0 ) − y ′  ( 0 ) + 9 y ̄ = 9 e ⁻ ³ ˢ / s . . .  ( 2 )


  y  ( 0 ) = 0


  y ′  ( 0 ) = 0


  s ² y ̄ + 9 y ̄ = 9 e ⁻ ³ ˢ / s


   ( s ² + 9 ) y ̄ = 9 e ⁻ ³ ˢ / s


   ( s ² + 9 ) y ̄ = 9 e ⁻ ³ ˢ / s


  y ̄ = 9 e ⁻ ³ ˢ /  [ s  ( s ² + 9 ) ]


  y ̄ = 9 e ⁻ ³ ˢ /  [ s  ( s ² + 9 ) ]


  y = L ⁻ ¹  [ 9 e ⁻ ³ ˢ / s  ( s ² + 9 ) ]


  y = L ⁻ ¹  [ 9 e ⁻ ³ ˢ / s  ( s ² + 9 ) ]


  L ⁻ ¹  [ 3 /  ( s ² + 9 ) ] = sin 3 t


  L ⁻ ¹  [ 3 /  ( s ² + 9 ) ] = sin 3 t


  3 L ⁻ ¹  [ 3 / s  ( s ² + 9 ) ] = 3 ∫ ₀ ᵗ sin 3 tdt


  3 L ⁻ ¹  [ 3 / s  ( s ² + 9 ) ] = 3 ∫ ₀ ᵗ sin 3 tdt


  = −  [ cos 3 t ] ₀ ᵗ = 1 − cos 3 t


  = −  [ cos 3 t ] ₀ ᵗ = 1 − cos 3 t


  y = L ⁻ ¹  [ 9 e ⁻ ³ ˢ / s  ( s ² + 9 ) ]


  y = L ⁻ ¹  [ 9 e ⁻ ³ ˢ / s  ( s ² + 9 ) ]


  y =  [ 1 − cos 3  ( t − 3 ) ] u  ( t − 3 )                           Ans .


  y =  [ 1 − cos 3  ( t − 3 ) ] u  ( t − 3 )                           Ans .


  d ² y / dx ² + y = 0 , wherey = 1 anddy / dx = − 1         at       x = 0 .


  Ans . y = cosx − sinx


  d ² y / dx ² − 4 y = 0 , where     y = 0   andd       y / dx = − 6               at         x = 0 .


  Ans . y = −  ( 3 / 2 ) e ² ˣ +  ( 3 / 2 ) e ⁻ ² ˣ


  d ² y / dx ² + y = 0 , wherey = 1 , dy / dx = 1 atx = 0 .


  Ans . y = sinx + cosx


  d ² y / dx ² + 2 dy / dx + 5 y = 0 , wherey = 2 , dy / dx = − 4 atx = 0 .


  Ans . y = e ⁻ ˣ  ( 2 cos 2 x − sin 2 x )


  d ³ y / dx ³ + 2 d ² y / dx ² − dy / dx − 2 y = 0 , given     y = 0 ,     dy / dx = 0 ,   d ² y / dx ² = 6   at         x = 0 .                                                                       Ans . y = e ˣ − 3 e ⁻ ˣ + 2 e ⁻ ² ˣ


  . d ² y / dx ² + y = 3 cos 2 x , wherey = dy / dx = 0 atx = 0 .


  Ans . y = cosx − cos 2 x


  d ² y / dx ² + dy / dx − 2 y = 1 − 2 x , giveny = 0 , dy / dx = 4 atx = 0 .


  Ans . y = e ˣ − e ⁻ ² ˣ + x


  d ² y / dx ² − 3 dy / dx + 2 y = 4 e ² ˣ , giveny = − 3 , anddy / dx = 5 atx = 0 .


  Ans . y = − 7 e ˣ + 4 e ² ˣ + 4 xe ² ˣ


  d ² y / dx ² − 3 dy / dx + 2 y = 4 x + e ² ˣ , wherey = 1 , dy / dx = − 1 atx = 0 .


  Ans . y = 3 + 2 x +  ( 1 / 2 ) e ³ ˣ − 2 e ² ˣ −  ( 1 / 2 ) e ˣ


  d ³ y / dx ³ + 2 d ² y / dx ² − dy / dx − 2 y = 0 , where   y = 1 ,   dy / dx = 2 ,     d ² y / dx ² = 2   at   x = 0 .                                                                                                                                                 Ans .  ( 5 / 3 ) e ˣ − e ⁻ ˣ +  ( 1 / 3 ) e ⁻ ² ˣ


   ( D ² − D − 2 ) x = 20 sin 2 t ,     x ₀ = − 1 ,     x ₁ = 2


  Ans . x = 2 e ² ᵗ − 4 e ⁻ ᵗ + cos 2 t − 3 sin 2 t


   ( D ³ + D ² ) x = 6 t ² + 4 , x  ( 0 ) = 0 , x ′  ( 0 ) = 2 , x ′ ′  ( 0 ) = 0


  Ans . x =  ( 1 / 2 ) t ⁴ − 2 t ³ + 8 t ² − 16 t + 16 − 16 e ⁻ ᵗ


  d ² x / dt ² − 2 dx / dt + x = e ᵗ , where     x  ( 0 ) = 2 ,     dx / dt = − 1     at     t = 0 .


  Ans . x = 2 e ᵗ − 3 te ᵗ +  ( 1 / 2 ) t ² e ᵗ


   ( D ² + n ² ) x = asin  ( nt + α ) where     x = Dx = 0     at       t = 0 .


  Ans . x =   a  n cos α  ( sinnt − nt   cosnt ) +  ( a   sin 2 α / 2 n )  ( t   sinnt )


  y ′ ′ + 2 y ′ + y = te ⁻ ᵗ         if     y  ( 0 ) = 1 , y ′  ( 0 ) = − 2 .             Ans . y =  ( 1 − t + t ³ / 6 ) e ⁻ ᵗ


  . d ² y / d x ² + y = x c o s 2 x ,   w h e r e     y = d y / d x = 0   a t x = 0 .


  Ans .                 y =  ( 4 / 9 ) sin 2 x −  ( 5 / 9 ) sinx −  ( 1 / 3 ) xcos 2 x


  d ³ y / dx ³ − 3 d ² y / dx ² + 3 dy / dx − y = x ² e ² ˣ , where   y = 1 , dy / dx = 0 , d ² y / dx ² = − 2         at     x = 0 .                                       Ans . y = e ² ˣ  ( x ² − 6 x + 12 ) − e ˣ  ( 15 x ² + 7 x + 11 )


  y ′ ′ + 4 y ′ + 3 y = t , t > 0 ; given   that   y  ( 0 ) = 0     and   y ′  ( 0 ) = 1 .


  Ans . y = − 4 / 9 + t / 6 + e ⁻ ᵗ −  ( 5 / 9 ) e ⁻ ³ ᵗ


  . y ′ ′ + 2 y = r  ( t ) , y  ( 0 ) = 0 , y ′  ( 0 ) = 0   where       r  ( t ) = 0     , t ≥ 1 ; 1 , 0 ≤ t < 1


  Ans . y = 1 / 2 −  ( 1 / 2 ) cos √ 2 t


  d ² y / dx ² + y = u  ( t − π ) − u  ( t − 2 π ) , y  ( 0 ) = y ′  ( 0 ) = 0 .


  Ans . y =  ( 1 + cost ) u  ( t − π ) −  ( 1 − cost ) u  ( t − 2 π )


  dx / dt + y = 0


  dy / dt − x = 0


  x  ( 0 ) = 1 , y  ( 0 ) = 0 .


  x ′ + y = 0 . . .  ( 1 )


  y ′ − x = 0 . . .  ( 2 )


   [ sx ̄ − x  ( 0 ) ] + y ̄ = 0 . . .  ( 3 )


   [ sy ̄ − y  ( 0 ) ] − x ̄ = 0 . . .  ( 4 )


   [ sy ̄ − y  ( 0 ) ] − x ̄ = 0 . . .  ( 4 )


  sx ̄ − 1 + y ̄ = 0 . . .  ( 5 )


  sy ̄ − x ̄ = 0 . . .  ( 6 )


  sy ̄ − x ̄ = 0 . . .  ( 6 )


  x ̄          


  y ̄    


  x ̄ = s /  ( s ² + 1 ) , y ̄ = 1 /  ( s ² + 1 )


  x = L ⁻ ¹  [ s /  ( s ² + 1 ) ] , y = L ⁻ ¹  [ 1 /  ( s ² + 1 ) ]


  x = cost , y = sint                                             Ans .


  x = cost , y = sint                                             Ans .


   ( D + 1 ) y ₁ +  ( D − 1 ) y ₂ = e ⁻ ᵗ


   ( D + 2 ) y ₁ +  ( D + 1 ) y ₂ = e ᵗ


   ( D + 2 ) y ₁ +  ( D + 1 ) y ₂ = e ᵗ


  D = d / dt                   and               y ₁  ( 0 ) = 1 , y ₂  ( 0 ) = 0


   ( D + 1 ) y ₁ +  ( D − 1 ) y ₂ = e ⁻ ᵗ . . .  ( 1 )


   ( D + 2 ) y ₁ +  ( D + 1 ) y ₂ = e ᵗ . . .  ( 2 )


   ( D + 1 )


   ( D − 1 )


   ( D + 1 ) ² y ₁ +  ( D ² − 1 ) y ₂ =  ( D + 1 ) e ⁻ ᵗ . . .  ( 3 )


   ( D − 1 )  ( D + 2 ) y ₁ +  ( D ² − 1 ) y ₂ =  ( D − 1 ) e ᵗ . . .  ( 4 )


   ( D − 1 )  ( D + 2 ) y ₁ +  ( D ² − 1 ) y ₂ =  ( D − 1 ) e ᵗ . . .  ( 4 )


   ( D ² + 2 D + 1 − D ² − D + 2 ) y ₁ =  ( − e ⁻ ᵗ + e ⁻ ᵗ ) −  ( e ᵗ − e ᵗ )


       ( D + 3 ) y ₁ = 0                   or               Dy ₁ + 3 y ₁ = 0


  sy ̄ ₁ − y ₁  ( 0 ) + 3 y ̄ ₁ = 0


   ( s + 3 ) y ̄ ₁ = 1             or       y ̄ ₁ = 1 /  ( s + 3 )


   ( s + 3 ) y ̄ ₁ = 1             or       y ̄ ₁ = 1 /  ( s + 3 )


  y ₁ = e ⁻ ³ ᵗ


  y ₁ = e ⁻ ³ ᵗ


      y = − ½ L ⁻ ¹  [ 1 /  ( s − 1 ) ] + ½ L ⁻ ¹  [ s /  ( s ² + 1 ) ] − ½ L ⁻ ¹  [ 1 /  ( s ² + 1 ) ] + L ⁻ ¹  [ s /  ( s ² + 1 ) ² ] y = − ½ e ᵗ + ½ cost − ½ sint + ½ tsint


                    y = ½  [ − e ᵗ − sint + cost + tsint ]                              


  y ₁ ′ ′ = y ₁ + 3 y ₂


  y ₂ ′ ′ = 4 y ₁ − 4 e ᵗ


  y ₂ ′ ′ = 4 y ₁ − 4 e ᵗ


  y ₁  ( 0 ) = 2 , y ₁ ′  ( 0 ) = 3 , y ₂  ( 0 ) = 1 , y ₂ ′  ( 0 ) = 2 .


  y ₁  ( 0 ) = 2 , y ₁ ′  ( 0 ) = 3 , y ₂  ( 0 ) = 1 , y ₂ ′  ( 0 ) = 2 .


  y ₁ ′ ′ = y ₁ + 3 y ₂ . . .  ( 1 )


  y ₂ ′ ′ = 4 y ₁ − 4 e ᵗ . . .  ( 2 )


  y ₂ ′ ′ = 4 y ₁ − 4 e ᵗ . . .  ( 2 )


  s ² y ̄ ₁ − sy ₁  ( 0 ) − y ₁ ′  ( 0 ) = y ̄ ₁ + 3 y ̄ ₂ . . .  ( 3 )


  s ² y ̄ ₂ − sy ₂  ( 0 ) − y ₂ ′  ( 0 ) = 4 y ̄ ₁ − 4 /  ( s − 1 ) . . .  ( 4 )


  s ² y ̄ ₂ − sy ₂  ( 0 ) − y ₂ ′  ( 0 ) = 4 y ̄ ₁ − 4 /  ( s − 1 ) . . .  ( 4 )


  y ₁  ( 0 ) , y ₁ ′  ( 0 ) , y ₂  ( 0 ) , y ₂ ′  ( 0 )


  s ² y ̄ ₁ − 2 s − 3 = y ̄ ₁ + 3 y ̄ ₂


  or                ( s ² − 1 ) y ̄ ₁ − 3 y ̄ ₂ = 2 s + 3 . . .  ( 5 )


  or                ( s ² − 1 ) y ̄ ₁ − 3 y ̄ ₂ = 2 s + 3 . . .  ( 5 )


  s ² y ̄ ₂ − s − 2 = 4 y ̄ ₁ − 4 /  ( s − 1 )


  s ² y ̄ ₂ − s − 2 = 4 y ̄ ₁ − 4 /  ( s − 1 )


  or     4 y ̄ ₁ − sy ̄ ₂ = 4 /  ( s − 1 ) − s − 2 . . .  ( 6 )


  or     4 y ̄ ₁ − sy ̄ ₂ = 4 /  ( s − 1 ) − s − 2 . . .  ( 6 )


  y ̄ ₁ =  [  ( 2 s − 3 )  ( s ² + 3 )  ( s + 2 ) ] /  [  ( s − 1 )  ( s ² + 3 )  ( s ² − 4 ) ]


  =  ( 2 s − 3 ) /  [  ( s − 1 )  ( s − 2 ) ] = 1 /  ( s − 1 ) + 1 /  ( s − 2 )


  =  ( 2 s − 3 ) /  [  ( s − 1 )  ( s − 2 ) ] = 1 /  ( s − 1 ) + 1 /  ( s − 2 )


  y ₁ = e ᵗ + e ² ᵗ


  y ₁ = e ᵗ + e ² ᵗ


  y ̄ ₂ =  [  ( s + 2 )  ( s ² + 3 ) ] /  [  ( s ² + 3 )  ( s ² − 4 ) ]


  y ̄ ₂ =  [  ( s + 2 )  ( s ² + 3 ) ] /  [  ( s ² + 3 )  ( s ² − 4 ) ]


  = 1 /  ( s − 2 )


  = 1 /  ( s − 2 )


  ⇒ y ₂ = e ² ᵗ                       Ans .


  ⇒ y ₂ = e ² ᵗ                       Ans .


  . dx / dt + 4 y = 0 , dy / dt − 9 x = 0 . Given


  x = 2     and     y = 1     at     t = 0 .


  Ans . x = −  2 3 sin 6 t + 2 cos 6 t ,     y = cos 6 t + 3 sin 6 t


  4  ( dy / dt ) +  ( dx / dt ) + 3 y = 0 ,     3  ( dx / dt ) + 2 x +  ( dy / dt ) = 1   under           the           condition       x = y = 0     at           t = 0 .


  Ans . x =  1 2 −  1 5 e ⁻ ᵗ −  3 10  e  − (  6 11 ) t     ,     y =  1 5 e ⁻ ᵗ −  1 5  e  − (  6 11 ) t


  dx / dt + 5 x − 2 y = t , dy / dt + 2 x + y = 0     being     given   x = y = 0   when   t = 0 .


  Ans . x =   − 1 27  ( 1 + 6 t ) e ⁻ ³ ᵗ +  1 27  ( 1 + 3 t ) ,     y =   − 2 27  ( 2 + 3 t ) e ⁻ ³ ᵗ −   2 t 9 +  4 27


  dx / dt + y = sint , dy / dt + x = cost


  given       that     x = 2 , and     y = 0       when     t = 0 .       Ans . x = e ᵗ + e ⁻ ᵗ , y = e ⁻ ᵗ − e ᵗ + sint


  D ² x + 3 x − 2 y = 0 ,     D ² x + D ² y − 3 x + 5 y = 0   ,   if   x = 0 , y = 0 , Dx = 3 ,


  Dy = 2         when             t = 0 .


  Dy = 2         when             t = 0 .


  Ans . x =   − 11 4 sint +  1 12 sin 3 t ,


  y =  11 4 sint −  1 4 sin 3 t


  3  ( dx / dt ) + 3  ( dy / dt ) + 5 x = 25   cost ,


  2  ( dx / dt ) − 3  ( dy / dt ) = 5 sint


              with       x  ( 0 ) = 2 ,   y    ( 0 ) = 3 .


  Ans . x = 2 cost + 3 sint ,     y = 3 cost + 2 sin 2 t .


  f  ( x )


  2 l


  f  ( x )


  f  ( x )


  − l < x < l


  f  ( x )


  f ′  ( x )


  − l < x < l


  f  ( x )


  2 l


  F  ( x )


  f  ( x )


  − l ≤ x ≤ l


    ∫  − ∞ ∞ | f  ( x ) | dx


  f  ( x )


  − ∞ < x < ∞


  f  ( x ) =   ∫ 0 ∞   { A  ( s )  cos ⁡ s x + B  ( s )  sin ⁡ s x } ds ,   …  ( 1 )


  A  ( s ) =  1 π   ∫  − ∞ ∞ f  ( u )  cos ⁡ s u   du   and   B  ( s ) =  1 π   ∫  − ∞ ∞ f  ( u )  sin ⁡ s u   du   …  ( 2 )


  f  ( x ) =  1  2 π   ∫  s = − ∞ ∞    ∫  u = − ∞ ∞ f  ( u )  cos ⁡ s  ( x − u )   du   ds .   …  ( 3 )


  x


  f  ( x )


  x


  f  ( x )


   { f  ( x + 0 ) + f  ( x − 0 ) } / 2


  f  ( x )


  f  ( x ) =  1 π   ∫  − ∞ ∞ f  ( u )  {   ∫ 0 ∞   cos ⁡ s  ( x − u )   ds } du .   …  ( 1 )


  x


  f  ( x )


  f  ( x ) =  1  2 π   ∫  − ∞ ∞   {   ∫  − ∞ ∞ f  ( u )  cos ⁡ s  ( x − u )   du } ds =  1  2 π   ∫  − ∞ ∞ f  ( u )  {   ∫  − ∞ ∞   cos ⁡ s  ( x − u )   ds } du


  [changing the order of integration]


  [changing the order of integration]


  =  1  2 π   ∫  − ∞ ∞ f  ( u )  { 2   ∫ 0 ∞   cos ⁡ s  ( x − u )   ds } du   using a property of definite integral, namely,


  =  1  2 π   ∫  − ∞ ∞ f  ( u )  { 2   ∫ 0 ∞   cos ⁡ s  ( x − u )   ds } du   using a property of definite integral, namely,


    ∫  − a a f  ( x )   dx = 2   ∫ 0 a f  ( x )   dx ,  iff  f  ( − x ) = f  ( x )


    ∫  − a a f  ( x )   dx = 2   ∫ 0 a f  ( x )   dx ,  iff  f  ( − x ) = f  ( x )


  =  1 π   ∫  − ∞ ∞ f  ( u )  {   ∫  s = 0 ∞   cos ⁡ s  ( x − u )   ds } du .


  =  1 π   ∫  − ∞ ∞ f  ( u )  {   ∫  s = 0 ∞   cos ⁡ s  ( x − u )   ds } du .


  f  ( x )


  x


  f  ( x ) =   ∫ 0 ∞   [ A  ( s )  cos ⁡ s x + B  ( s )  sin ⁡ s x ] ds ,   …  ( 2 )


  A  ( s ) =  1 π   ∫  − ∞ ∞ f  ( u )  cos ⁡ s u   du   …  ( 3 )


  B  ( s ) =  1 π   ∫  − ∞ ∞ f  ( u )  sin ⁡ s u   du .   …  ( 4 )


  f  ( x ) =  1 π   ∫  − ∞ ∞ f  ( u )  {   ∫ 0 ∞   cos ⁡ s  ( x − u )   ds } du =  1 π   ∫ 0 ∞   {   ∫  − ∞ ∞ f  ( u )  cos ⁡ s  ( x − u )   du } ds


  [changing the order of integration]


  [changing the order of integration]


  =  1 π   ∫ 0 ∞   {   ∫  − ∞ ∞ f  ( u )  (  cos ⁡ s x  cos ⁡ s u +  sin ⁡ s x  sin ⁡ s u )   du } ds


  =  1 π   ∫ 0 ∞   {   ∫  − ∞ ∞ f  ( u )  (  cos ⁡ s x  cos ⁡ s u +  sin ⁡ s x  sin ⁡ s u )   du } ds


  =   ∫ 0 ∞   [  cos ⁡ s x  {  1 π   ∫  − ∞ ∞ f  ( u )  cos ⁡ s u   du } +  sin ⁡ s x  {  1 π   ∫  − ∞ ∞ f  ( u )  sin ⁡ s u   du } ] ds


  =   ∫ 0 ∞   [  cos ⁡ s x  {  1 π   ∫  − ∞ ∞ f  ( u )  cos ⁡ s u   du } +  sin ⁡ s x  {  1 π   ∫  − ∞ ∞ f  ( u )  sin ⁡ s u   du } ] ds


  =   ∫ 0 ∞   [ A  ( s )  cos ⁡ s x + B  ( s )  sin ⁡ s x ]   ds ,   using (3) and (4)


  =   ∫ 0 ∞   [ A  ( s )  cos ⁡ s x + B  ( s )  sin ⁡ s x ]   ds ,   using (3) and (4)


  f  ( x )


  f  ( x ) =  2 π   ∫ 0 ∞   sin ⁡ s x  {   ∫ 0 ∞ f  ( u )  sin ⁡ s u   du } ds .   …  ( 5 )


  f  ( x ) =  1 π   ∫ 0 ∞   [  cos ⁡ s x  {   ∫  − ∞ ∞ f  ( u )  cos ⁡ s u   du } +  sin ⁡ s x  {   ∫  − ∞ ∞ f  ( u )  sin ⁡ s u   du } ] ds   …  ( 6 )


  f  ( x )


  f  ( u )  cos ⁡ s u


  f  ( u )  sin ⁡ s u


    ∫  − ∞ ∞ f  ( u )  cos ⁡ s u   du = 0   and     ∫  − ∞ ∞ f  ( u )  sin ⁡ s u   du = 2   ∫ 0 ∞ f  ( u )  sin ⁡ s u   du .


  ⇒ f  ( x ) =  2 π   ∫ 0 ∞   sin ⁡ s x  {   ∫ 0 ∞ f  ( u )  sin ⁡ s u   du } ds .


  ⇒ f  ( x ) =  2 π   ∫ 0 ∞   sin ⁡ s x  {   ∫ 0 ∞ f  ( u )  sin ⁡ s u   du } ds .


  f  ( x )


  f  ( x ) =  2 π   ∫ 0 ∞   cos ⁡ s x  {   ∫ 0 ∞ f  ( u )  cos ⁡ s u   du } ds .   …  ( 7 )


  f  ( x ) =  1 π   ∫ 0 ∞   [  cos ⁡ s x  {   ∫  − ∞ ∞ f  ( u )  cos ⁡ s u   du } +  sin ⁡ s x  {   ∫  − ∞ ∞ f  ( u )  sin ⁡ s u   du } ] ds   …  ( 8 )


  f  ( x )


  f  ( u )  cos ⁡ s u


  f  ( u )  sin ⁡ s u


    ∫  − ∞ ∞ f  ( u )  cos ⁡ s u   du = 2   ∫ 0 ∞ f  ( u )  cos ⁡ s u   du   and     ∫  − ∞ ∞ f  ( u )  sin ⁡ s u   du = 0 .


  ∴                             ⇒ f  ( x ) =  2 π   ∫ 0 ∞   cos ⁡ s x   ∫ 0 ∞ f  ( u )  cos ⁡ s u   du .


  ∴                             ⇒ f  ( x ) =  2 π   ∫ 0 ∞   cos ⁡ s x   ∫ 0 ∞ f  ( u )  cos ⁡ s u   du .


  f  ( x ) =  1  2 π   ∫  − ∞ ∞   e  − isx  {   ∫  − ∞ ∞ f  ( u )  e isu   du } ds .   …  ( 9 )


  f  ( x ) =  1 π   ∫  − ∞ ∞ f  ( u )  {   ∫ 0 ∞   cos ⁡ s  ( x − u )   ds } du =  1 π   ∫ 0 ∞   {   ∫  − ∞ ∞ f  ( u )  cos ⁡ s  ( x − u )   du } ds ,  changing the order of integration


  =  1 π   ∫ 0 ∞   {   ∫  − ∞ ∞ f  ( u )    e  is  ( x − u ) +  e  − is  ( x − u ) 2   du } ds


  =  1 π   ∫ 0 ∞   {   ∫  − ∞ ∞ f  ( u )    e  is  ( x − u ) +  e  − is  ( x − u ) 2   du } ds


  ∴ f  ( x ) =  1  2 π   ∫ 0 ∞   e isx  {   ∫  − ∞ ∞ f  ( u )  e  − isu   du } ds +  1  2 π   ∫ 0 ∞   e  − isx  {   ∫  − ∞ ∞ f  ( u )  e isu   du } ds   …  ( 10 )


  ∴ f  ( x ) =  1  2 π   ∫ 0 ∞   e isx  {   ∫  − ∞ ∞ f  ( u )  e  − isu   du } ds +  1  2 π   ∫ 0 ∞   e  − isx  {   ∫  − ∞ ∞ f  ( u )  e isu   du } ds   …  ( 10 )


  s = − y


  ds = − dy


  f  ( x ) =  1  2 π   ∫ 0  − ∞   e  − iyx  {   ∫  − ∞ ∞ f  ( u )  e iyu   du }  ( − dy ) +  1  2 π   ∫ 0 ∞   e  − isx  {   ∫  − ∞ ∞ f  ( u )  e isu   du } ds


  =  1  2 π   ∫  − ∞ 0   e  − iyx  {   ∫  − ∞ ∞ f  ( u )  e iyu   du } dy +  1  2 π   ∫ 0 ∞   e  − isx  {   ∫  − ∞ ∞ f  ( u )  e isu   du } ds


  =  1  2 π   ∫  − ∞ 0   e  − iyx  {   ∫  − ∞ ∞ f  ( u )  e iyu   du } dy +  1  2 π   ∫ 0 ∞   e  − isx  {   ∫  − ∞ ∞ f  ( u )  e isu   du } ds


  =  1  2 π   ∫  − ∞ 0   e  − isx  {   ∫  − ∞ ∞ f  ( u )  e isu   du } ds +  1  2 π   ∫ 0 ∞   e  − isx  {   ∫  − ∞ ∞ f  ( u )  e isu   du } ds =  1  2 π   ∫  − ∞ ∞   e  − isx  {   ∫  − ∞ ∞ f  ( u )  e isu   du } ds .


  =  1  2 π   ∫  − ∞ 0   e  − isx  {   ∫  − ∞ ∞ f  ( u )  e isu   du } ds +  1  2 π   ∫ 0 ∞   e  − isx  {   ∫  − ∞ ∞ f  ( u )  e isu   du } ds =  1  2 π   ∫  − ∞ ∞   e  − isx  {   ∫  − ∞ ∞ f  ( u )  e isu   du } ds .


  s = − y


  ds = − dy


  f  ( x ) =  1  2 π   ∫  − ∞ ∞   e isx  {   ∫  − ∞ ∞ f  ( u )  e  − isu   du } ds ,   …  ( 11 )


    ∫ 0 ∞   e  − ax  cos ⁡ b x   dx =  a   a 2 +  b 2


    ∫ 0 ∞   e  − ax  sin ⁡ b x   dx =  b   a 2 +  b 2


    ∫ 0 ∞     cos ⁡ λ x   λ 2 + 1   d λ =  π 2  e  − x , x ≥ 0


  f  ( x ) =  2 π   ∫ 0 ∞   cos ⁡ λ x  {   ∫ 0 ∞ f  ( u )  cos ⁡ λ u   du } d λ   …  ( 1 )


  f  ( x ) =  e  − x


  f  ( u ) =  e  − u


    …  ( 2 )


   e  − x =  2 π   ∫ 0 ∞   cos ⁡ λ x  {   ∫ 0 ∞   e  − u  cos ⁡ λ u   du } d λ =  2 π   ∫ 0 ∞   cos ⁡ λ x ⋅  1  1 +  λ 2   d λ ,   as    ∫ 0 ∞   e  − ax  cos ⁡ b x   dx =  a   a 2 +  b 2


  ∴   ∫ 0 ∞     cos ⁡ λ x  1 +  λ 2   d λ =  π 2  e  − x


  ∴   ∫ 0 ∞     cos ⁡ λ x  1 +  λ 2   d λ =  π 2  e  − x


   e  − x  cos ⁡ x =  2 π   ∫ 0 ∞     (  u 2 + 2 )  cos ⁡ u x   u 4 + 4   du , x > 0


  f  ( x ) =  2 π   ∫ 0 ∞   cos ⁡ u x  {   ∫ 0 ∞ f  ( v )  cos ⁡ u v   dv } du ,   …  ( 1 )


  f  ( x ) =  e  − x  cos ⁡ x


  f  ( v ) =  e  − v  cos ⁡ v


   e  − x  cos ⁡ x =  2 π   ∫ 0 ∞   cos ⁡ u x  {   ∫ 0 ∞   e  − v  cos ⁡ v  cos ⁡ u v   dv } du =  1 π   ∫ 0 ∞   cos ⁡ u x  {   ∫ 0 ∞   e  − v  ( 2  cos ⁡ u v  cos ⁡ v )   dv } du


  =  1 π   ∫ 0 ∞   cos ⁡ u x  [   ∫ 0 ∞   e  − v  {  cos ⁡   ( u + 1 ) v +  cos ⁡   ( u − 1 ) v }   dv ] du


  =  1 π   ∫ 0 ∞   cos ⁡ u x  [   ∫ 0 ∞   e  − v  {  cos ⁡   ( u + 1 ) v +  cos ⁡   ( u − 1 ) v }   dv ] du


  =  1 π   ∫ 0 ∞   cos ⁡ u x  [   ∫ 0 ∞   e  − v  cos ⁡   ( u + 1 ) v   dv +   ∫ 0 ∞   e  − v  cos ⁡   ( u − 1 ) v   dv ] du


  =  1 π   ∫ 0 ∞   cos ⁡ u x  [   ∫ 0 ∞   e  − v  cos ⁡   ( u + 1 ) v   dv +   ∫ 0 ∞   e  − v  cos ⁡   ( u − 1 ) v   dv ] du


  =  1 π   ∫ 0 ∞   cos ⁡ u x  [  1  1 +    ( u + 1 ) 2 +  1  1 +    ( u − 1 ) 2 ] du ,   as    ∫ 0 ∞   e  − ax  cos ⁡ b x   dx =  a   a 2 +  b 2


  =  1 π   ∫ 0 ∞   cos ⁡ u x  [  1  1 +    ( u + 1 ) 2 +  1  1 +    ( u − 1 ) 2 ] du ,   as    ∫ 0 ∞   e  − ax  cos ⁡ b x   dx =  a   a 2 +  b 2


  =  1 π   ∫ 0 ∞     (  u 2 + 2 − 2 u ) +  (  u 2 + 2 + 2 u )   (  u 2 + 2 + 2 u )  (  u 2 + 2 − 2 u )  cos ⁡ u x   dx =  1 π   ∫ 0 ∞    2  (  u 2 + 2 )  cos ⁡ u x     (  u 2 + 2 ) 2 −    ( 2 u ) 2   dx


  =  2 π   ∫ 0 ∞     (  u 2 + 2 )  cos ⁡ u x   u 4 + 4


  =  2 π   ∫ 0 ∞     (  u 2 + 2 )  cos ⁡ u x   u 4 + 4


   e  − ax −  e  − bx =   2  (  b 2 −  a 2 ) π   ∫ 0 ∞    u  sin ⁡ u x   du   (  u 2 +  a 2 )  (  u 2 +  b 2 ) ,   a ≥ 0 , b ≥ 0 .


  f  ( x ) =  2 π   ∫ 0 ∞   sin ⁡ u x  {   ∫ 0 ∞ f  ( v )  sin ⁡ u v   dv } du   …  ( 1 )


  f  ( x ) =  e  − ax −  e  − bx


  f  ( v ) =  e  − av −  e  − bv


   e  − ax −  e  − bx =  2 π   ∫ 0 ∞   sin ⁡ u x  {   ∫ 0 ∞   (  e  − av −  e  − bv )  sin ⁡ u v   dv } du =  2 π   ∫ 0 ∞   sin ⁡ u x  {   ∫ 0 ∞   e  − av  sin ⁡ u v   dv −   ∫ 0 ∞   e  − bv  sin ⁡ u v   dv } du


  =  2 π   ∫ 0 ∞   sin ⁡ u x  [  u   a 2 +  u 2 −  u   b 2 +  u 2 ] du =  2 π   ∫ 0 ∞    u  (  b 2 −  a 2 )  sin ⁡ u x   du   (  a 2 +  u 2 )  (  b 2 +  u 2 )


  =  2 π   ∫ 0 ∞   sin ⁡ u x  [  u   a 2 +  u 2 −  u   b 2 +  u 2 ] du =  2 π   ∫ 0 ∞    u  (  b 2 −  a 2 )  sin ⁡ u x   du   (  a 2 +  u 2 )  (  b 2 +  u 2 )


  ∴  e  − ax −  e  − bx =   2  (  b 2 −  a 2 ) π   ∫ 0 ∞    u  sin ⁡ u x   (  a 2 +  u 2 )  (  b 2 +  u 2 )   du .


  ∴  e  − ax −  e  − bx =   2  (  b 2 −  a 2 ) π   ∫ 0 ∞    u  sin ⁡ u x   (  a 2 +  u 2 )  (  b 2 +  u 2 )   du .


  f  ( x )


  f  ( x ) =  {    0 ,  when  x ≤ 0  or  x ≥ π    sin ⁡ x ,  when  0 ≤ x ≤ π .


  f  ( x ) =  1 π   ∫ 0 ∞     cos ⁡ u  ( π − x ) +  cos ⁡ u x  1 −  u 2   du


  f  ( x ) =  1 π   ∫ 0 ∞   {   ∫  − ∞ ∞ f  ( v )  cos ⁡ u  ( v − x )   dv } du ,   − ∞ < x < ∞ .   …  ( 1 )


  f  ( x )


  f  ( v ) =  {    0 ,  v ≤ 0  or  v ≥ π    sin ⁡ v ,  0 ≤ v ≤ π   …  ( 2 )


  ∴   ∫  − ∞ ∞ f  ( v )  cos ⁡ u  ( v − x )   dv


  ∴   ∫  − ∞ ∞ f  ( v )  cos ⁡ u  ( v − x )   dv


  =   ∫  − ∞ 0 f  ( v )  cos ⁡ u  ( v − x )   dv +   ∫ 0 π f  ( v )  cos ⁡ u  ( v − x )   dv +   ∫ π ∞ f  ( v )  cos ⁡ u  ( v − x )   dv


  =   ∫ 0 π   sin ⁡ v  cos ⁡ u  ( v − x )   dv ,   using given values of  f  ( v )  from (2)


  =   ∫ 0 π   sin ⁡ v  cos ⁡ u  ( v − x )   dv ,   using given values of  f  ( v )  from (2)


  =  1 2   ∫ 0 π   [  sin ⁡   {  ( u + 1 ) v − ux } −  sin ⁡   {  ( u − 1 ) v − ux } ]   dv ,   as  2  cos ⁡ A  sin ⁡ B =  sin ⁡   ( A + B ) −  sin ⁡   ( A − B )


  =  1 2   ∫ 0 π   [  sin ⁡   {  ( u + 1 ) v − ux } −  sin ⁡   {  ( u − 1 ) v − ux } ]   dv ,   as  2  cos ⁡ A  sin ⁡ B =  sin ⁡   ( A + B ) −  sin ⁡   ( A − B )


  =  1 2    [   −  cos ⁡   {  ( u + 1 ) v − ux }  u + 1 +    cos ⁡   {  ( u − 1 ) v − ux }  u − 1 ]  v = 0  v = π =  1 2    [    cos ⁡ C  u − 1 −    cos ⁡ D  u + 1 ]  v = 0 π ,


  =  1 2    [   −  cos ⁡   {  ( u + 1 ) v − ux }  u + 1 +    cos ⁡   {  ( u − 1 ) v − ux }  u − 1 ]  v = 0  v = π =  1 2    [    cos ⁡ C  u − 1 −    cos ⁡ D  u + 1 ]  v = 0 π ,


  [Taking  C =  ( u − 1 ) v − ux   and  D =  ( u + 1 ) v − ux ]


  [Taking  C =  ( u − 1 ) v − ux   and  D =  ( u + 1 ) v − ux ]


  =  1 2    [    ( u + 1 )  cos ⁡ C −  ( u − 1 )  cos ⁡ D   ( u − 1 )  ( u + 1 ) ]  v = 0 π =    [   u  (  cos ⁡ C −  cos ⁡ D ) +  (  cos ⁡ C +  cos ⁡ D )  2  (  u 2 − 1 ) ]  v = 0 π


  =  1 2    [    ( u + 1 )  cos ⁡ C −  ( u − 1 )  cos ⁡ D   ( u − 1 )  ( u + 1 ) ]  v = 0 π =    [   u  (  cos ⁡ C −  cos ⁡ D ) +  (  cos ⁡ C +  cos ⁡ D )  2  (  u 2 − 1 ) ]  v = 0 π


  =    [   2 u  sin ⁡   {  ( C + D ) / 2 }  sin ⁡   {  ( D − C ) / 2 } + 2  cos ⁡   {  ( C + D ) / 2 }  cos ⁡   {  ( D − C ) / 2 }  2  (  u 2 − 1 ) ]  v = 0 π


  =    [   2 u  sin ⁡   {  ( C + D ) / 2 }  sin ⁡   {  ( D − C ) / 2 } + 2  cos ⁡   {  ( C + D ) / 2 }  cos ⁡   {  ( D − C ) / 2 }  2  (  u 2 − 1 ) ]  v = 0 π


  =  { 1 /  (  u 2 − 1 ) }    [ u  sin ⁡   ( v − x ) u  sin ⁡ v +  cos ⁡   ( v − x ) u  cos ⁡ v ]  v = 0 π ,   putting values of  C  and  D


  =  { 1 /  (  u 2 − 1 ) }    [ u  sin ⁡   ( v − x ) u  sin ⁡ v +  cos ⁡   ( v − x ) u  cos ⁡ v ]  v = 0 π ,   putting values of  C  and  D


  =  [  cos ⁡   ( π − x ) u  cos ⁡ π −  cos ⁡   ( − xu ) ] /  (  u 2 − 1 ) =  [  cos ⁡ u  ( π − x ) +  cos ⁡ u x ] /  ( 1 −  u 2 )


    ∫  − ∞ ∞ f  ( v )  cos ⁡ u  ( v − x )   dv =    cos ⁡ u  ( π − x ) +  cos ⁡ u x  1 −  u 2   …  ( 3 )


  f  ( x ) =  1 π   ∫ 0 ∞     cos ⁡ u  ( π − x ) +  cos ⁡ u x  1 −  u 2   du .


  f  ( x ) =  {    1 ,  when  | x | ≤ 1   0 ,  when  | x | > 1


    ∫ 0 ∞     sin ⁡ λ  cos ⁡ λ x λ   d λ


  f  ( x ) =  1 π   ∫  s = 0 ∞   {   ∫  u = − ∞ ∞ f  ( u )  cos ⁡ s  ( u − x )   du } ds .   …  ( 1 )


  f  ( x )


  f  ( u ) =  {    1 ,  when  − 1 ≤ u ≤ 1   0 ,  u < − 1  or  u > 1 .   …  ( 2 )


    ∫  − ∞ ∞ f  ( u )  cos ⁡ s  ( u − x )   du


  =   ∫  − ∞  − 1 f  ( u )  cos ⁡ s  ( u − x )   du +   ∫  − 1 1 f  ( u )  cos ⁡ s  ( u − x )   du +   ∫ 1 ∞ f  ( u )  cos ⁡ s  ( u − x )   du


  =   ∫  − ∞  − 1 f  ( u )  cos ⁡ s  ( u − x )   du +   ∫  − 1 1 f  ( u )  cos ⁡ s  ( u − x )   du +   ∫ 1 ∞ f  ( u )  cos ⁡ s  ( u − x )   du


  = 0 +   ∫  − 1 1   cos ⁡ s  ( u − x )   du + 0 ,  using (2)


  =    [    sin ⁡ s  ( u − x ) s ]  u = − 1 1 =    sin ⁡ s  ( 1 − x ) −  sin ⁡ s  ( − 1 − x ) s =    sin ⁡ s  ( 1 − x ) +  sin ⁡ s  ( 1 + x ) s =   2  sin ⁡ s  cos ⁡ s x s   …  ( 3 )


  =    [    sin ⁡ s  ( u − x ) s ]  u = − 1 1 =    sin ⁡ s  ( 1 − x ) −  sin ⁡ s  ( − 1 − x ) s =    sin ⁡ s  ( 1 − x ) +  sin ⁡ s  ( 1 + x ) s =   2  sin ⁡ s  cos ⁡ s x s   …  ( 3 )


  f  ( x ) =  1 π   ∫  s = 0 ∞    2  sin ⁡ s  cos ⁡ s x s   ds =  2 π   ∫ 0 ∞     sin ⁡ λ  cos ⁡ λ x λ   d λ .   …  ( 4 )


  f  ( x )


    ∫ 0 ∞     sin ⁡ λ  cos ⁡ λ x λ   d λ =  π 2 f  ( x ) =  {    π / 2 ,  | x | < 1   0 ,  | x | > 1   [Using the given value of  f  ( x ) .]


  f  ( x ) =  {    1  for  0 ≤ x ≤ π   0  for  x > π


    ∫ 0 ∞    1 −  cos ⁡ π λ λ  sin ⁡ x λ   d λ


  f  ( x )


  f  ( u ) =  {    1  for  0 ≤ u ≤ π   0  for  u > π .   …  ( 1 )


  λ


  s


  f  ( x ) =  2 π   ∫ 0 ∞   sin ⁡ λ x  {   ∫ 0 ∞ f  ( u )  sin ⁡ λ u   du } d λ =  2 π   ∫ 0 ∞   sin ⁡ λ x  {   ∫ 0 π f  ( u )  sin ⁡ λ u   du +   ∫ π ∞ f  ( u )  sin ⁡ λ u   du } d λ


  =  2 π   ∫ 0 ∞   sin ⁡ λ x  {   ∫ 0 π   sin ⁡ λ u   du +   ∫ π ∞   ( 0 )  sin ⁡ λ u   du } d λ ,   using (1)


  =  2 π   ∫ 0 ∞   sin ⁡ λ x  {   ∫ 0 π   sin ⁡ λ u   du +   ∫ π ∞   ( 0 )  sin ⁡ λ u   du } d λ ,   using (1)


  =  2 π   ∫ 0 ∞   sin ⁡ λ x    [ −    cos ⁡ λ u λ ] 0 π d λ =  2 π   ∫ 0 ∞    1 −  cos ⁡ λ π λ  sin ⁡ λ x   d λ .


  =  2 π   ∫ 0 ∞   sin ⁡ λ x    [ −    cos ⁡ λ u λ ] 0 π d λ =  2 π   ∫ 0 ∞    1 −  cos ⁡ λ π λ  sin ⁡ λ x   d λ .


    ∫ 0 ∞    1 −  cos ⁡ λ π λ  sin ⁡ λ x   d λ =  π 2 f  ( x ) =  {    π / 2 ,  for  0 ≤ x ≤ π   0 ,  for  x > π   [Using the given value of  f  ( x ) ]


  x = π


  f  ( x )


  =  π 2  [   f  ( π − 0 ) +  ( π + 0 ) 2 ] =  π 2 ×   1 + 0 2 =  π 4 .


   e  − ax =   2 a π   ∫ 0 ∞     cos ⁡ u x   u 2 +  a 2   dx , a > 0 , x ≥ 0 .


   e  − x −  e  − 2 x =  6 π   ∫ 0 ∞    u  sin ⁡ u x   du   (  u 2 + 1 )  (  u 2 + 4 ) , x ≥ 0 .


  f  ( x )


  f  ( x ) =  {    0 ,  when  x ≤ 0  and  x ≥ π    cos ⁡ x ,  when  0 ≤ x ≤ π


  f  ( x ) =  1 π   ∫ 0 ∞    u  [  sin ⁡ u x −  sin ⁡ u  ( π − x ) ]   u 2 − 1   du .


  f  ( x ) =  {     cos ⁡ x ,  0 < x < π / 2   0 ,  x > π / 2


  f  ( x ) =  2 π   ∫ 0 ∞     cos ⁡   ( π s / 2 )  1 −  s 2  cos ⁡ s x   ds ;


    f  ( x ) =  2 π   ∫ 0 ∞   (   s −  sin ⁡   ( π s / 2 )   s 2 − 1 )  sin ⁡ s x   dx


  f  ( x ) =  {    0 ,  x < 0    e  − x ,  x > 0


  f  ( x ) =  1 π   ∫ 0 ∞     cos ⁡ s x + s  sin ⁡ s x   s 2 + 1   ds


  1 / 2


  x = 0


  F  ( x )


   ( − ∞ , ∞ )


   ( − ∞ , ∞ )


  F  ( x )


  s


  F  { F  ( x ) } =  F -  ( s ) = f  ( s ) =   ∫  − ∞ ∞   e isx F  ( x )   dx   …  ( 1 )


  F  ( x )


   F -  ( s )


  f  ( s )


  F  ( x ) =  F  − 1  {  F -  ( s ) }   or   F  ( x ) =  F  − 1  { f  ( s ) }   …  ( 2 )


  p


  s


  f  ( x )


  F  ( s )


  F  ( x )


  f  ( s )


   F -  ( s )


  F  ( x )


  F  ( x )


   ( − l , l )


  F  ( x )


   ( − ∞ , ∞ )


  F  ( x )


  F  ( x ) =  1  2 π   ∫  − ∞ ∞   F -  ( s )  e  − isx   ds .


  F  ( x ) =  1  2 π   ∫  − ∞ ∞   e  − isx  {   ∫  − ∞ ∞ F  ( u )  e isu   du } ds .   …  ( 3 )


  F  ( x )


   F -  ( s ) =   ∫  − ∞ ∞   e isx F  ( x )   dx =   ∫  − ∞ ∞ F  ( u )  e isu   du .   …  ( 4 )


  ⇒


  F  ( x ) =  1  2 π   ∫  − ∞ ∞   F -  ( s )  e  − isx   ds ,   …  ( 5 )


  F  { F  ( x ) } =  F -  ( s ) = f  ( s ) =   ∫  − ∞ ∞   e isx F  ( x )   dx   … 1  ( a )


  F  ( x ) =  1  2 π   ∫  − ∞ ∞   e  − isx  F -  ( s )   ds   or   F  ( x ) =  1  2 π   ∫  − ∞ ∞   e  − isx f  ( s )   ds   … 1  ( b )


  F  ( x ) =  1  2 π   ∫  − ∞ ∞   e  − isx  F -  ( s )   ds   or   F  ( x ) =  1  2 π   ∫  − ∞ ∞   e  − isx f  ( s )   ds   … 1  ( b )


                                    F  { F  ( x ) } =  F -  ( s ) = f  ( s ) =  1   2 π   ∫  − ∞ ∞   e isx F  ( x )   dx   … 2  ( a )


  F  ( x ) =  1   2 π   ∫  − ∞ ∞   e  − isx  F -  ( s )   ds   or   f  ( x ) =  1   2 π   ∫  − ∞ ∞   e  − isx f  ( s )   ds   … 2  ( b )


  F  { F  ( x ) } =  F -  { F  ( s ) } = f  ( s ) =   ∫  − ∞ ∞   e  − isx F  ( x )   dx   … 3  ( a )


  F  ( x ) =  1  2 π   ∫  − ∞ ∞   e isx  F -  ( s )   ds   or   F  ( x ) =  1  2 π   ∫  − ∞ ∞   e isx f  ( s )   ds   … 3  ( b )


  F  { F  ( x ) } =  F -  ( s ) = f  ( s ) =  1   2 π   ∫  − ∞ ∞   e  − isx F  ( x )   dx .   … 4  ( a )


  F  ( x ) =  1   2 π   ∫  − ∞ ∞   e isx  F -  ( s )   ds   or   F  ( x ) =  1   2 π   ∫  − ∞ ∞   e isx f  ( s )   ds   … 4  ( b )


  f  ( s )


  F  ( x )


  F  { F  ( − x ) } = f  ( − s )


  F  {   F  ( − x ) ¯ } =   f  ( s ) ¯


  F  {   F  ( x ) ¯ } =   f  ( − s ) ¯


  where bar over a quantity represents its complex conjugate.


  F  { F  ( x ) } = f  ( s ) =   ∫  − ∞ ∞ F  ( x )  e isx   dx .   …  ( 1 )


  F  { F  ( − x ) } =   ∫  − ∞ ∞ F  ( − x )  e isx   dx =   ∫ ∞  − ∞ F  ( y )  e  − isy  ( − dy ) ,  putting  y = − x  and  dx = − dy


  =   ∫  − ∞ ∞ F  ( x )  e  i  ( − s ) x   dx = f  ( − s ) ,  by (1)


  F  {   F  ( − x ) ¯ } =   ∫  − ∞ ∞   {   F  ( − x ) ¯ }  e isx   dx =   ∫ ∞  − ∞    F  ( y ) ¯  e  − isy  ( − dy ) ,  putting  y = − x  and  dx = − dy


  =   ∫  − ∞ ∞    F  ( x ) ¯  e  − isx   dx =  {   ∫  − ∞ ∞ F  ( x )  e isx   dx } =   f  ( s ) ¯ ,  by (1)


  F  ( x )


   ( − ∞ , ∞ )


   ( − ∞ , ∞ )


  F  ( x )


  s


   F s  { F  ( x ) } =    F - s  ( s ) =  f s  ( s ) =   ∫ 0 ∞ F  ( x )  sin ⁡ s x   dx   …  ( 1 )


  F  ( x )


     F - s  ( s )


   f s  ( s )


  F  ( x ) =  F s  − 1  {    F - s  ( s ) }   or   F  ( x ) =  F s  − 1  {  f s  ( s ) }   …  ( 2 )


  p


  s


     F - s  ( s )


  F  ( x )


  F  ( x )


   ( − l , l )


  F  ( x )


   ( − ∞ , ∞ )


  F  ( x )


  F  ( x ) =  2 π   ∫ 0 ∞     F - s  ( s )  sin ⁡ s x   ds


  F  ( x ) =  2 π   ∫ 0 ∞   sin ⁡ s x  {   ∫ 0 ∞ F  ( u )  sin ⁡ s u   du } ds   …  ( 3 )


  F  ( x )


     F - s  ( s ) =   ∫ 0 ∞ F  ( x )  sin ⁡ s x   dx =   ∫ 0 ∞ F  ( u )  sin ⁡ s u   du   …  ( 4 )


  ⇒


  F  ( x ) =  2 π   ∫ 0 ∞     F - s  ( s )  sin ⁡ s x   ds ,   …  ( 5 )


   F s  { F  ( x ) } =    F - s  ( s ) =  f s  ( s ) =   ∫ 0 ∞ F  ( x )  sin ⁡ s x   dx   … 1  ( a )


  and   F  ( x ) =  F s  − 1  {    F - s  ( s ) } =  2 π   ∫ 0 ∞     F - s  ( s )  sin ⁡ s x   ds   … 1  ( b )


  and   F  ( x ) =  F s  − 1  {    F - s  ( s ) } =  2 π   ∫ 0 ∞     F - s  ( s )  sin ⁡ s x   ds   … 1  ( b )


  1  ( a )


  1  ( b )


   F s  { F  ( x ) } =    F - s  ( s ) =  f s  ( s ) =   2 π   ∫ 0 ∞ F  ( x )  sin ⁡ s x   dx   … 2  ( a )


  and   F  ( x ) =  F s  − 1  {    F - s  ( s ) } =   2 π   ∫ 0 ∞     F - s  ( s )  sin ⁡ s x   ds   … 2  ( b )


  and   F  ( x ) =  F s  − 1  {    F - s  ( s ) } =   2 π   ∫ 0 ∞     F - s  ( s )  sin ⁡ s x   ds   … 2  ( b )


  F  ( x )


   ( − ∞ , ∞ )


   ( − ∞ , ∞ )


  F  ( x )


  s


   F c  { F  ( x ) } =    F - c  ( s ) =  f c  ( s ) =   ∫ 0 ∞ F  ( x )  cos ⁡ s x   dx   …  ( 1 )


  F  ( x )


     F - c  ( s )


   f c  ( s )


  F  ( x ) =  F c  − 1  {    F - c  ( s ) }   or   F  ( x ) =  F c  − 1  {  f c  ( s ) }   …  ( 2 )


     F - c  ( s )


  F  ( x )


  F  ( x )


   ( − l , l )


  F  ( x )


   ( − ∞ , ∞ )


  F  ( x )


  F  ( x ) =  2 π   ∫ 0 ∞     F - c  ( s )  cos ⁡ s x   ds .


  F  ( x ) =  2 π   ∫ 0 ∞   cos ⁡ s x  {   ∫ 0 ∞ F  ( u )  cos ⁡ s u   du } ds   …  ( 3 )


  F  ( x )


     F - c  ( s ) =   ∫ 0 ∞ F  ( x )  cos ⁡ s x   dx =   ∫ 0 ∞ F  ( u )  cos ⁡ s u   du   …  ( 4 )


   ( 3 )


   ( 4 ) ⟹


  F  ( x ) =  2 π   ∫ 0 ∞     F - c  ( s )  cos ⁡ s x   ds ,   …  ( 5 )


   F c  { F  ( x ) } =    F - c  ( s ) =  f c  ( s ) =   ∫ 0 ∞ F  ( x )  cos ⁡ s x   dx   … 1  ( a )


  F  ( x ) =  F c  − 1  {    F - c  ( s ) } =  2 π   ∫ 0 ∞     F - c  ( s )  cos ⁡ s x   ds   … 1  ( b )


  1  ( a )


  1  ( b )


   F c  { F  ( x ) } =    F - c  ( s ) =  f c  ( s ) =   2 π   ∫ 0 ∞ F  ( x )  cos ⁡ s x   dx   … 2  ( a )


  F  ( x ) =  F c  − 1  {    F - c  ( s ) } =   2 π   ∫ 0 ∞     F - c  ( s )  cos ⁡ s x   dx   … 2  ( b )


  F  ( t ) =  {     e  − xt G  ( t ) ,  t > 0   0 ,  t < 0 .


  F  { F  ( t ) } =   ∫  − ∞ ∞   e ist F  ( t ) dt ,  by definition of Fourier transform


  =   ∫  − ∞ 0   e ist F  ( t ) dt +   ∫ 0 ∞   e ist F  ( t ) dt =   ∫ 0 ∞   e ist  e  − xt G  ( t ) dt =   ∫ 0 ∞   e  −  ( x − is ) t G  ( t ) dt ,  by   ( 1 )


  =   ∫  − ∞ 0   e ist F  ( t ) dt +   ∫ 0 ∞   e ist F  ( t ) dt =   ∫ 0 ∞   e ist  e  − xt G  ( t ) dt =   ∫ 0 ∞   e  −  ( x − is ) t G  ( t ) dt ,  by   ( 1 )


  F  { F  ( t ) } =   ∫ 0 ∞   e  − pt G  ( t ) dt


  x − is = p


  = L  { G  ( t ) } ,  by the definition of Laplace transform


  F  { F  ( t ) } = L  { G  ( t ) } ,


   ∫   e ax  sin ⁡ b x   dx =    e ax   a 2 +  b 2  ( a  sin ⁡ b x − b  cos ⁡ b x )


   ∫   e ax  cos ⁡ b x   dx =    e ax   a 2 +  b 2  ( a  cos ⁡ b x + b  sin ⁡ b x )


    ∫ 0 ∞   e  − ax  sin ⁡ b x   dx =  b   a 2 +  b 2   and     ∫ 0 ∞   e  − ax  cos ⁡ b x   dx =  a   a 2 +  b 2


     d n  d  x n  (  x   a 2 +  x 2 ) =      ( − 1 ) n × n !     (  a 2 +  x 2 )   ( n + 1 ) / 2  cos ⁡   {  ( n + 1 )    tan  − 1 ⁡   ( a / x ) }


     d n  d  x n  (  a   a 2 +  x 2 ) =      ( − 1 ) n × n !     (  a 2 +  x 2 )   ( n + 1 ) / 2  sin ⁡   {  ( n + 1 )    tan  − 1 ⁡   ( a / x ) } .


    ∫ 0 ∞     sin ⁡ p x x dx =  {    π / 2 ,  if  p > 0   − π / 2 ,  if  p < 0 .


    ∫ 0 ∞     sin ⁡ p x x dx =  {    π / 2 ,  if  p > 0   − π / 2 ,  if  p < 0 .


    ∫ 0 ∞   e  −  x 2 dx =  π ,     ∫ 0 ∞   e  −  x 2 dx =    π 2


    ∫ 0 ∞   e  −  x 2 dx =  π ,     ∫ 0 ∞   e  −  x 2 dx =    π 2


    ∫ 0 ∞     e ax −  e  − ax   e  π x −  e  − π x dx =  1 2  tan ⁡   a 2 ,     ∫ 0 ∞     e ax +  e  − ax   e  π x −  e  − π x dx =  1 2  sec ⁡   a 2


    ∫ 0 ∞     e ax −  e  − ax   e  π x −  e  − π x dx =  1 2  tan ⁡   a 2 ,     ∫ 0 ∞     e ax +  e  − ax   e  π x −  e  − π x dx =  1 2  sec ⁡   a 2


    ∫ 0 ∞     cos ⁡ p x  1 +  p 2 dp =  π 2  e  − x ,     ∫ 0 ∞    p  sin ⁡ p x  1 +  p 2 dp =  π 2  e  − x


    ∫ 0 ∞     cos ⁡ p x  1 +  p 2 dp =  π 2  e  − x ,     ∫ 0 ∞    p  sin ⁡ p x  1 +  p 2 dp =  π 2  e  − x


   c 1


   c 2


  F  {  c 1  F 1  ( x ) +  c 2  F 2  ( x ) } =  c 1 F  {  F 1  ( x ) } +  c 2 F  {  F 2  ( x ) }


   F s  {  c 1  F 1  ( x ) +  c 2  F 2  ( x ) } =  c 1  F s  {  F 1  ( x ) } +  c 2  F s  {  F 2  ( x ) }


   F c  {  c 1  F 1  ( x ) +  c 2  F 2  ( x ) } =  c 1  F c  {  F 1  ( x ) } +  c 2  F c  {  F 2  ( x ) }


  F  {  c 1  F 1  ( x ) +  c 2  F 2  ( x ) } =   ∫  − ∞ ∞   e isx  {  c 1  F 1  ( x ) +  c 2  F 2  ( x ) } dx


  =  c 1   ∫  − ∞ ∞   e isx  F 1  ( x ) dx +  c 2   ∫  − ∞ ∞   e isx  F 2  ( x ) dx =  c 1 F  {  F 1  ( x ) } +  c 2 F  {  F 2  ( x ) } ,  by definition


  =  c 1   ∫  − ∞ ∞   e isx  F 1  ( x ) dx +  c 2   ∫  − ∞ ∞   e isx  F 2  ( x ) dx =  c 1 F  {  F 1  ( x ) } +  c 2 F  {  F 2  ( x ) } ,  by definition


   F s  {  c 1  F 1  ( x ) +  c 2  F 2  ( x ) } =   ∫ 0 ∞   {  c 1  F 1  ( x ) +  c 2  F 2  ( x ) }  sin ⁡ s x   dx


  =  c 1   ∫ 0 ∞   F 1  ( x )  sin ⁡ s x   dx +  c 2   ∫ 0 ∞   F 2  ( x )  sin ⁡ s x   dx =  c 1  F s  {  F 1  ( x ) } +  c 2  F s  {  F 2  ( x ) } ,  by definition


  =  c 1   ∫ 0 ∞   F 1  ( x )  sin ⁡ s x   dx +  c 2   ∫ 0 ∞   F 2  ( x )  sin ⁡ s x   dx =  c 1  F s  {  F 1  ( x ) } +  c 2  F s  {  F 2  ( x ) } ,  by definition


  f  ( s )


  F  ( x )


   ( 1 / | a | ) f  ( s / a )


  F  ( ax )


  a ≠ 0


  If  F  { F  ( x ) } = f  ( s ) ,  then  F  { F  ( ax ) } =  ( 1 / | a | ) f  ( s / a ) ,  where  a ≠ 0 .  


   F s  { F  ( x ) } =  f s  ( s )


   F s  { F  ( ax ) } =  ( 1 / a )  f s  ( s / a )


   F c  { F  ( x ) } =  f c  ( s )


   F c  { F  ( ax ) } =  ( 1 / a )  f c  ( s / a )


  a > 0


  F  { F  ( ax ) } =   ∫  − ∞ ∞   e isx F  ( ax ) dx =  1 a   ∫  − ∞ ∞   e  i  ( s / a ) t F  ( t ) dt


  [Putting  ax = t  so that  dx =  ( 1 / a ) dt ]


  [Putting  ax = t  so that  dx =  ( 1 / a ) dt ]


  =  ( 1 / a ) f  ( s / a ) ,  by definition of Fourier transform.


  =  ( 1 / a ) f  ( s / a ) ,  by definition of Fourier transform.


  a < 0


  b > 0


  a = − b


  F  { F  ( ax ) } =   ∫  − ∞ ∞   e isx F  ( ax ) dx =   ∫  − ∞ ∞   e isx F  ( − bx ) dx ,  as  a = − b


  =   ∫ ∞  − ∞   e  i  ( − s / b ) t F  ( t )  dt   ( − b ) ,  putting  − bx = t  and  dx = −  ( 1 / b ) dt


  =   ∫ ∞  − ∞   e  i  ( − s / b ) t F  ( t )  dt   ( − b ) ,  putting  − bx = t  and  dx = −  ( 1 / b ) dt


  =  1 b   ∫  − ∞ ∞   e  i  ( s / a ) t F  ( t ) dt =  1   ( − a ) f  ( s / a ) ,  by definition


  F  { F  ( ax ) } =  ( 1 / | a | ) f  ( s / a )


    ∫ 0 ∞ F  ( x )  sin ⁡ s x   dx =  f s  ( s ) .   …  ( 1 )


   F s  { F  ( ax ) } =   ∫ 0 ∞ F  ( ax )  sin ⁡ s x   dx


  =  1 a   ∫ 0 ∞ F  ( t )  sin ⁡   st a dt ,  putting  ax = t  so that  dx =  dt a


  =  1 a   ∫ 0 ∞ F  ( x )  sin ⁡   {  ( s / a ) × x } dx =  1 a  f s  ( s / a ) ,  on replacing  s  by  s / a  in   ( 1 )


  =  1 a   ∫ 0 ∞ F  ( x )  sin ⁡   {  ( s / a ) × x } dx =  1 a  f s  ( s / a ) ,  on replacing  s  by  s / a  in   ( 1 )


  f  ( s )


  F  ( x )


  F  ( x − a )


   e isa f  ( s )


  F  { F  ( x ) } = f  ( s )


  F  { F  ( x − a ) } =  e isa f  ( s )


    ∫  − ∞ ∞   e isx F  ( x ) dx = f  ( s ) .   …  ( 1 )


  F  { F  ( x − a ) } =   ∫  − ∞ ∞   e isx F  ( x − a ) dx =   ∫  − ∞ ∞   e  is  ( t + a ) F  ( t ) dt


  x − a = t


  dx = dt


  =  e isa   ∫  − ∞ ∞   e ist F  ( t ) dt =  e isa   ∫  − ∞ ∞   e isx F  ( x ) dx =  e isa f  ( s ) ,  using   ( 1 ) .


  f  ( s )


  F  ( x )


   [ f  ( s + a ) + f  ( s − a ) ] / 2


  F  ( x )  cos ⁡ a x


  F  { F  ( x ) } = f  ( s )


  F  { F  ( x )  cos ⁡ a x } =  [ f  ( s + a ) + f  ( s − a ) ] / 2


   F s  { F  ( x ) } =  f s  ( s )


   F s  { F  ( x )  cos ⁡ a x } =  [  f s  ( s + a ) +  f s  ( s − a ) ] / 2


   F s  { F  ( x ) } =  f s  ( s )


   F c  { F  ( x )  sin ⁡ a x } =  [  f s  ( s + a ) −  f s  ( s − a ) ] / 2


   F c  { F  ( x ) } =  f c  ( s )


   F s  { F  ( x )  sin ⁡ a x } =  [  f c  ( s − a ) −  f c  ( s + a ) ] / 2


    ∫  − ∞ ∞   e isx F  ( x ) dx = f  ( s ) .   …  ( 1 )


  F  { F  ( x )  cos ⁡ a x } =   ∫  − ∞ ∞   e isx F  ( x )  cos ⁡ a x   dx


  =   ∫  − ∞ ∞   e isx F  ( x )    e iax +  e  − iax 2 dx =  1 2   ∫  − ∞ ∞   e  i  ( s + a ) x F  ( x ) dx +  1 2   ∫  − ∞ ∞   e  i  ( s − a ) x F  ( x ) dx


  =  ( 1 / 2 ) × f  ( s + a ) +  ( 1 / 2 ) × f  ( s − a ) ,  using   ( 1 )


  =  ( 1 / 2 ) × f  ( s + a ) +  ( 1 / 2 ) × f  ( s − a ) ,  using   ( 1 )


  =  [ f  ( s + a ) + f  ( s − a ) ] / 2


  =  [ f  ( s + a ) + f  ( s − a ) ] / 2


    ∫ 0 ∞ F  ( x )  sin ⁡ s x   dx =  f s  ( s ) .   …  ( 1 )


   F s  { F  ( x )  cos ⁡ a x } =   ∫ 0 ∞ F  ( x )  cos ⁡ a x  sin ⁡ s x   dx


  =  1 2   ∫ 0 ∞ F  ( x )  ( 2  sin ⁡ a x  cos ⁡ a x ) dx =  1 2   ∫ 0 ∞ F  ( x )  [  sin ⁡   ( s + a ) x +  sin ⁡   ( s − a ) x ] dx


  =  1 2  [   ∫ 0 ∞ F  ( x )  sin ⁡   ( s + a ) x   dx +   ∫ 0 ∞ F  ( x )  sin ⁡   ( s − a ) x   dx ] =  1 2  [  f s  ( s + a ) +  f s  ( s − a ) ] ,  using   ( 1 ) .


  =  1 2  [   ∫ 0 ∞ F  ( x )  sin ⁡   ( s + a ) x   dx +   ∫ 0 ∞ F  ( x )  sin ⁡   ( s − a ) x   dx ] =  1 2  [  f s  ( s + a ) +  f s  ( s − a ) ] ,  using   ( 1 ) .


  f  ( x )


  f  ( x ) =  {     e iwx ,  a < x < b   0 ,  x < a  or  x > b


  F  { f  ( x ) } =   ∫  − ∞ ∞   e isx f  ( x ) dx =   ∫  − ∞ a   e isx f  ( x ) dx +   ∫ a b   e isx f  ( x ) dx +   ∫ b ∞   e isx f  ( x ) dx


  = 0 +   ∫ a b   e isx  e iwx dx + 0 ,  using the given values of  f  ( x )


  = 0 +   ∫ a b   e isx  e iwx dx + 0 ,  using the given values of  f  ( x )


  =   ∫ a b   e  i  ( s + w ) x dx =    [    e  i  ( s + w ) x  i  ( s + w ) ] a b = i    e  i  ( s + w ) b −  e  i  ( s + w ) a   i 2  ( s + w ) =  i  s + w  [  e  i  ( s + w ) a −  e  i  ( s + w ) b ] ,  as   i 2 = − 1 .


  =   ∫ a b   e  i  ( s + w ) x dx =    [    e  i  ( s + w ) x  i  ( s + w ) ] a b = i    e  i  ( s + w ) b −  e  i  ( s + w ) a   i 2  ( s + w ) =  i  s + w  [  e  i  ( s + w ) a −  e  i  ( s + w ) b ] ,  as   i 2 = − 1 .


  f  ( x ) =  {    x ,  | x | ≤ a   0 ,  | x | > a .  


  F  { f  ( x ) } =   ∫  − ∞ ∞ f  ( x )  e isx dx =   ∫  − ∞  − a f  ( x )  e isx dx +   ∫  − a a f  ( x )  e isx dx +   ∫ a ∞ f  ( x )  e isx dx


  =   ∫  − a a x  e isx dx ,  using the given values of  f  ( x )


  =   ∫  − a a x  e isx dx ,  using the given values of  f  ( x )


  =    [ x    e isx is ]  − a a −   ∫  − a a     e isx is dx ,  integrating by parts


  =    [ x    e isx is ]  − a a −   ∫  − a a     e isx is dx ,  integrating by parts


  =  a is  e isa −    ( − a ) is  e  − isa −    [    e isx     ( is ) 2 ]  − a a =  a is  (  e isa +  e  − isa ) +  1   s 2  (  e isa −  e  − isa )


  =  a is  e isa −    ( − a ) is  e  − isa −    [    e isx     ( is ) 2 ]  − a a =  a is  (  e isa +  e  − isa ) +  1   s 2  (  e isa −  e  − isa )


  = −  ( ia / s ) ×  ( 2  cos ⁡ s a ) +  ( 1 /  s 2 ) ×  ( 2 i  sin ⁡ s a ) =  ( 2 i /  s 2 ) ×  (  sin ⁡  s a − as  cos ⁡ as ) .


  = −  ( ia / s ) ×  ( 2  cos ⁡ s a ) +  ( 1 /  s 2 ) ×  ( 2 i  sin ⁡ s a ) =  ( 2 i /  s 2 ) ×  (  sin ⁡  s a − as  cos ⁡ as ) .


  F  ( x )


  F  ( x ) =  {     x 2 ,  | x | < a   0 ,  | x | > a .  


  F  { F  ( x ) } =   ∫  − ∞ ∞ F  ( x )  e isx dx =   ∫  − ∞  − a F  ( x )  e isx dx +   ∫  − a a F  ( x )  e isx dx +   ∫ a ∞ F  ( x )  e isx dx


  =   ∫  − a a   x 2  e isx dx ,  using the given values of  F  ( x )


  =   ∫  − a a   x 2  e isx dx ,  using the given values of  F  ( x )


  =    [  x 2    e isx is ]  − a a −   ∫  − a a   ( 2 x )    e isx is dx ,  integrating by parts


  =    [  x 2    e isx is ]  − a a −   ∫  − a a   ( 2 x )    e isx is dx ,  integrating by parts


  =    a 2 is  e isa −    a 2 is  e  − isa −  2 is  {    [ x    e isx is ]  − a a −   ∫  − a a 1 ⋅    e isx is dx } =    a 2 is  (  e isa −  e  − isa ) −  2 is  {  a is  e isa +  a is  e  − isa −    [    e isx     ( is ) 2 ]  − a a }


  =    a 2 is  e isa −    a 2 is  e  − isa −  2 is  {    [ x    e isx is ]  − a a −   ∫  − a a 1 ⋅    e isx is dx } =    a 2 is  (  e isa −  e  − isa ) −  2 is  {  a is  e isa +  a is  e  − isa −    [    e isx     ( is ) 2 ]  − a a }


  =  (  a 2 / is ) ×  ( 2 i  sin ⁡ s a ) −  ( 2 a /  i 2  s 2 ) ×  (  e isa +  e  − isa ) +  ( 2 /  i 3  s 3 ) ×  (  e isa −  e  − isa )


  =  (  a 2 / is ) ×  ( 2 i  sin ⁡ s a ) −  ( 2 a /  i 2  s 2 ) ×  (  e isa +  e  − isa ) +  ( 2 /  i 3  s 3 ) ×  (  e isa −  e  − isa )


  =  ( 2  a 2 / s )  sin ⁡ s a +  ( 2 a /  s 2 )  ( 2  cos ⁡ s a ) −  ( 2 / i  s 3 )  ( 2 i  sin ⁡ s a ) =  ( 4 a /  s 2 )  cos ⁡ s a +  ( 2 /  s 3 )  (  a 2  s 2 − 2 )  sin ⁡ s a .


  =  ( 2  a 2 / s )  sin ⁡ s a +  ( 2 a /  s 2 )  ( 2  cos ⁡ s a ) −  ( 2 / i  s 3 )  ( 2 i  sin ⁡ s a ) =  ( 4 a /  s 2 )  cos ⁡ s a +  ( 2 /  s 3 )  (  a 2  s 2 − 2 )  sin ⁡ s a .


  F  ( x ) =  e  − x  | a |


  a > 0


  x


   ( − ∞ , ∞ )


  F  { F  ( x ) } =   ∫  − ∞ ∞   e isx F  ( x ) dx =   ∫  − ∞ ∞   e isx  e  − | a | x dx


  =   ∫  − ∞ 0   e isx  e ax dx +   ∫ 0 ∞   e isx  e  − ax dx ,  noting that  | x | =  {    x ,  x > 0   − x ,  x < 0


  =   ∫  − ∞ 0   e isx  e ax dx +   ∫ 0 ∞   e isx  e  − ax dx ,  noting that  | x | =  {    x ,  x > 0   − x ,  x < 0


  =   ∫  − ∞ 0   e   ( a + is ) x dx +   ∫ 0 ∞   e  −  ( a − is ) x dx =    [    e   ( a + is ) x  a + is ]  − ∞ 0 +    [    e  −  ( a − is ) x  −  ( a − is ) ] 0 ∞


  =   ∫  − ∞ 0   e   ( a + is ) x dx +   ∫ 0 ∞   e  −  ( a − is ) x dx =    [    e   ( a + is ) x  a + is ]  − ∞ 0 +    [    e  −  ( a − is ) x  −  ( a − is ) ] 0 ∞


  = 1 /  ( a + is ) + 1 /  ( a − is ) = 2 a /  (  a 2 +  s 2 )


  = 1 /  ( a + is ) + 1 /  ( a − is ) = 2 a /  (  a 2 +  s 2 )


  x


      sin ⁡ x


    0 < x < a


  0


  x > a


  x


  F  ( x )


  F  ( x ) =  {     sin ⁡ x ,  0 < x < a   0 ,  x > a .   …  ( 1 )


   F s  { F  ( x ) } =   ∫ 0 ∞ F  ( x )  sin ⁡ s x   dx


  =   ∫ 0 a F  ( x )  sin ⁡ s x   dx +   ∫ a ∞ F  ( x )  sin ⁡ s x   dx =   ∫ 0 a   sin ⁡ x  sin ⁡ s x   dx + 0 ,  using   ( 1 )


   1 2   ∫ 0 a   [  cos ⁡   ( s − 1 ) x −  cos ⁡   ( s + 1 ) x ] dx =  1 2    [    sin ⁡   ( s − 1 ) x  s − 1 −    sin ⁡   ( s + 1 ) x  s + 1 ] 0 a =  1 2  [    sin ⁡   ( s − 1 ) a  s − 1 −    sin ⁡   ( s + 1 ) a  s + 1 ]


   1 2   ∫ 0 a   [  cos ⁡   ( s − 1 ) x −  cos ⁡   ( s + 1 ) x ] dx =  1 2    [    sin ⁡   ( s − 1 ) x  s − 1 −    sin ⁡   ( s + 1 ) x  s + 1 ] 0 a =  1 2  [    sin ⁡   ( s − 1 ) a  s − 1 −    sin ⁡   ( s + 1 ) a  s + 1 ]


  x


  0 < x < a


  x ≥ a


   (  sin ⁡ a s ) / s


  x


  F  ( x )


  F  ( x ) =  {    1 ,  0 < x < a   0 ,  x ≥ a .   …  ( 1 )


  ∴  F c  { F  ( x ) } =   ∫ 0 ∞ F  ( x )  cos ⁡ s x   dx =   ∫ 0 a F  ( x )  cos ⁡ s x   dx +   ∫ a ∞ F  ( x )  cos ⁡ s x   dx =   ∫ 0 a   cos ⁡ s x   dx + 0 ,  by   ( 1 )


  ∴  F c  { F  ( x ) } =   ∫ 0 ∞ F  ( x )  cos ⁡ s x   dx =   ∫ 0 a F  ( x )  cos ⁡ s x   dx +   ∫ a ∞ F  ( x )  cos ⁡ s x   dx =   ∫ 0 a   cos ⁡ s x   dx + 0 ,  by   ( 1 )


  =    [    sin ⁡ s x s ] 0 a =    sin ⁡ s a s


  =    [    sin ⁡ s x s ] 0 a =    sin ⁡ s a s


  f  ( x )


   F c  { f  ( x ) } =  (  sin ⁡ a s ) / s


  f  ( x ) =  2 π   ∫ 0 ∞     sin ⁡ a s s  cos ⁡ s x   dx =  1 π   ∫ 0 ∞     sin ⁡   ( a + x ) s +  sin ⁡   ( a − x ) s s dx =  1 π  [   ∫ 0 ∞     sin ⁡   ( a + x ) s s ds +   ∫ 0 ∞     sin ⁡   ( a − x ) s s ds ]


  =  {     ( 1 / π ) ×  ( π / 2 + π / 2 ) ,  x < a    ( 1 / π ) ×  ( π / 2 − π / 2 ) ,  x > a =  {    1 ,  x < a   0 ,  x > a ,


  =  {     ( 1 / π ) ×  ( π / 2 + π / 2 ) ,  x < a    ( 1 / π ) ×  ( π / 2 − π / 2 ) ,  x > a =  {    1 ,  x < a   0 ,  x > a ,


  f  ( x )


  f  ( x ) =  {    x ,  0 < x < 1   2 − x ,  1 < x < 2   0 ,  x > 2 .  


   F s  { f  ( x ) } =   ∫ 0 ∞ f  ( x )  sin ⁡ s x   dx =   ∫ 0 1 f  ( x )  sin ⁡ s x   dx +   ∫ 1 2 f  ( x )  sin ⁡ s x   dx +   ∫ 2 ∞ f  ( x )  sin ⁡ s x   dx


  =   ∫ 0 1 x  sin ⁡ s x   dx +   ∫ 1 2   ( 2 − x )  sin ⁡ s x   dx + 0 ,  by given values of  f  ( x )


  =   ∫ 0 1 x  sin ⁡ s x   dx +   ∫ 1 2   ( 2 − x )  sin ⁡ s x   dx + 0 ,  by given values of  f  ( x )


  =    [  ( x )  ( −    cos ⁡ s x s ) ] 0 1 −   ∫ 0 1 1 ×  ( −    cos ⁡ s x s ) dx +    [  ( 2 − x )  ( −    cos ⁡ s x s ) ] 1 2 −   ∫ 1 2   ( − 1 )  ( −    cos ⁡ s x s ) dx  on integrating by parts


  =    [  ( x )  ( −    cos ⁡ s x s ) ] 0 1 −   ∫ 0 1 1 ×  ( −    cos ⁡ s x s ) dx +    [  ( 2 − x )  ( −    cos ⁡ s x s ) ] 1 2 −   ∫ 1 2   ( − 1 )  ( −    cos ⁡ s x s ) dx  on integrating by parts


  = −    cos ⁡ s s +  1 s    [    sin ⁡ s x s ] 0 1 +    cos ⁡ s s −  1 s    [    sin ⁡ s x s ] 1 2 =    sin ⁡ s   s 2 −    sin ⁡ 2 s −  sin ⁡ s   s 2


  = −    cos ⁡ s s +  1 s    [    sin ⁡ s x s ] 0 1 +    cos ⁡ s s −  1 s    [    sin ⁡ s x s ] 1 2 =    sin ⁡ s   s 2 −    sin ⁡ 2 s −  sin ⁡ s   s 2


  =  ( 1 /  s 2 ) ×  ( 2  sin ⁡ s − 2  sin ⁡ s  cos ⁡ s ) =  ( 2 /  s 2 ) ×  sin ⁡ s    ( 1 −  cos ⁡ s )


  =  ( 1 /  s 2 ) ×  ( 2  sin ⁡ s − 2  sin ⁡ s  cos ⁡ s ) =  ( 2 /  s 2 ) ×  sin ⁡ s    ( 1 −  cos ⁡ s )


   F c  { f  ( x ) } =   ∫ 0 ∞ f  ( x )  cos ⁡ s x   dx =   ∫ 0 1 f  ( x )  cos ⁡ s x   dx +   ∫ 1 2 f  ( x )  cos ⁡ s x   dx +   ∫ 2 ∞ f  ( x )  cos ⁡ s x   dx


  =   ∫ 0 1 x  cos ⁡ s x   dx +   ∫ 1 2   ( 2 − x )  cos ⁡ s x   dx + 0 ,  by given values of  f  ( x )


  =   ∫ 0 1 x  cos ⁡ s x   dx +   ∫ 1 2   ( 2 − x )  cos ⁡ s x   dx + 0 ,  by given values of  f  ( x )


  =    [  ( x )  (    sin ⁡ s x s ) ] 0 1 −   ∫ 0 1 1 ×  (    sin ⁡ s x s ) dx +    [  ( 2 − x )  (    sin ⁡ s x s ) ] 1 2 −   ∫ 1 2   ( − 1 )  (    sin ⁡ s x s ) dx


  =    [  ( x )  (    sin ⁡ s x s ) ] 0 1 −   ∫ 0 1 1 ×  (    sin ⁡ s x s ) dx +    [  ( 2 − x )  (    sin ⁡ s x s ) ] 1 2 −   ∫ 1 2   ( − 1 )  (    sin ⁡ s x s ) dx


  =    sin ⁡ s s −    [ −    cos ⁡ s x   s 2 ] 0 1 −    sin ⁡ s s +    [ −    cos ⁡ s x   s 2 ] 1 2 =    cos ⁡ s   s 2 −  1   s 2 −    cos ⁡ 2 s   s 2 +    cos ⁡ s   s 2


  =    sin ⁡ s s −    [ −    cos ⁡ s x   s 2 ] 0 1 −    sin ⁡ s s +    [ −    cos ⁡ s x   s 2 ] 1 2 =    cos ⁡ s   s 2 −  1   s 2 −    cos ⁡ 2 s   s 2 +    cos ⁡ s   s 2


  =  ( 1 /  s 2 ) ×  { 2  cos ⁡ s −  ( 1 +  cos ⁡ 2 s ) } =  ( 1 /  s 2 ) ×  ( 2  cos ⁡ s − 2    cos 2 ⁡ s ) =  ( 2 /  s 2 ) ×  cos ⁡ s    ( 1 −  cos ⁡ s )


  =  ( 1 /  s 2 ) ×  { 2  cos ⁡ s −  ( 1 +  cos ⁡ 2 s ) } =  ( 1 /  s 2 ) ×  ( 2  cos ⁡ s − 2    cos 2 ⁡ s ) =  ( 2 /  s 2 ) ×  cos ⁡ s    ( 1 −  cos ⁡ s )


   e  − x


    ∫ 0 ∞    t  sin ⁡ t x  1 +  t 2 dt =   π  e  − x 2  


   e  − x


   F s  {  e  − x } =   ∫ 0 ∞   e  − x  sin ⁡ s x   dx =  s   s 2 + 1 ,   as     ∫ 0 ∞   e  − ax  sin ⁡ b x   dx =  b   a 2 +  b 2


   e  − x =  2 π   ∫ 0 ∞   F s  {  e  − x }  sin ⁡ s x   ds =  2 π   ∫ 0 ∞   s   s 2 + 1  sin ⁡ s x   ds


  or    2 π   ∫ 0 ∞    t  sin ⁡ t x  1 +  t 2 dt =  e  − x   so that     ∫ 0 ∞    t  sin ⁡ t x  1 +  t 2 dt =  π 2  e  − x .


  or    2 π   ∫ 0 ∞    t  sin ⁡ t x  1 +  t 2 dt =  e  − x   so that     ∫ 0 ∞    t  sin ⁡ t x  1 +  t 2 dt =  π 2  e  − x .


   e  −  x 2


  x  e  −  x 2 / 2


   F c  {  e  −  x 2 } =   ∫ 0 ∞   e  −  x 2  cos ⁡ s x   dx = I ,  say   …  ( 1 )


  ∴  dI ds =   ∫ 0 ∞   ∂  ∂ s  (  e  −  x 2  cos ⁡ s x ) dx =   ∫ 0 ∞   e  −  x 2  ( − x  sin ⁡ s x ) dx


  ∴  dI ds =   ∫ 0 ∞   ∂  ∂ s  (  e  −  x 2  cos ⁡ s x ) dx =   ∫ 0 ∞   e  −  x 2  ( − x  sin ⁡ s x ) dx


  or    dI ds =  1 2   ∫ 0 ∞   (  sin ⁡ s x )  ( − 2 x  e  −  x 2 ) dx .   …  ( 2 )


  or    dI ds =  1 2   ∫ 0 ∞   (  sin ⁡ s x )  ( − 2 x  e  −  x 2 ) dx .   …  ( 2 )


  −  x 2 = u


  − 2 xdx = du


   ∫   ( − 2 x  e  −  x 2 ) dx =  ∫   e u du =  e u =  e  −  x 2 .   …  ( 3 )


   ( − 2 x    e  −  x 2 )


   dI ds =  1 2  {    [  sin ⁡ s x      e  −  x 2 ] 0 ∞ −   ∫ 0 ∞ s  cos ⁡ s x .  e  −  x 2 dx } = −  s 2   ∫ 0 ∞   e  −  x 2  cos ⁡ s x   dx = −  sI 2 ,  using   ( 1 ) .


   ( 1 / I )   dI = −  ( s / 2 )   ds   …  ( 4 )


   log ⁡ I = −  (  s 2 / 4 ) +  log ⁡ C   or   I = C  e  −  s 2 / 4 ,   …  ( 4 )


  C


   ( 1 )  and   ( 4 ) ⇒


  C  e  −  s 2 / 4 =   ∫ 0 ∞   e  −  x 2  cos ⁡ s x   dx .   …  ( 5 )


  s = 0


   ( 5 )


  C =   ∫ 0 ∞   e  −  x 2   dx =  π / 2   …  ( 6 )


  ∴  ( 1 ) ,  ( 4 )  and   ( 5 ) ⇒


  ∴  ( 1 ) ,  ( 4 )  and   ( 5 ) ⇒


   F c  {  e  −  x 2 } = 1 =  (  π / 2 )  e  −  s 2 / 4 .


   F c  {  e  −  x 2 } = 1 =  (  π / 2 )  e  −  s 2 / 4 .


   F s  { x  e  −  x 2 / 2 } =   ∫ 0 ∞ x  e  −  x 2 / 2  sin ⁡ s x   dx


  or   F s  { x  e  −  x 2 / 2 } = −   ∫ 0 ∞   sin ⁡ s x ×  ( − x  e  −  x 2 / 2 )   dx .   …  ( 1 )


  −  x 2 / 2 = u


  − x   dx = du


   ∫   ( − x )  e  −  x 2 / 2   dx =  ∫   e u   du =  e u =  e  −  x 2 / 2   …  ( 2 )


   ( − x  e  −  x 2 / 2 )


   ( 2 )


   ( 1 )


   F s  { x  e  −  x 2 / 2 } = −  {    [  sin ⁡ s x   x  e  −  x 2 / 2 ] 0 ∞ −   ∫ 0 ∞ s  cos ⁡ s x    e  −  x 2 / 2   dx }


  or   F s  { x  e  −  x 2 / 2 } = s   ∫ 0 ∞   cos ⁡ s x    e  −  x 2 / 2   dx = sI ,   …  ( 3 )


  or   F s  { x  e  −  x 2 / 2 } = s   ∫ 0 ∞   cos ⁡ s x    e  −  x 2 / 2   dx = sI ,   …  ( 3 )


  I =   ∫ 0 ∞   cos ⁡ s x    e  −  x 2 / 2   dx .   …  ( 4 )


   ( 4 )


   dI ds =   ∫ 0 ∞   ∂  ∂ s  (  cos ⁡ s x    e  −  x 2 / 2 )   dx =   ∫ 0 ∞   ( − x  sin ⁡ s x )  e  −  x 2 / 2   dx


  or   dI ds =   ∫ 0 ∞   sin ⁡ s x  ( − x  e  −  x 2 / 2 )   dx =    [  sin ⁡ s x   x  e  −  x 2 / 2 ] 0 ∞ −   ∫ 0 ∞ s  cos ⁡ s x    e  −  x 2 / 2   dx


  or   dI ds =   ∫ 0 ∞   sin ⁡ s x  ( − x  e  −  x 2 / 2 )   dx =    [  sin ⁡ s x   x  e  −  x 2 / 2 ] 0 ∞ −   ∫ 0 ∞ s  cos ⁡ s x    e  −  x 2 / 2   dx


  or   dI ds = − s   ∫ 0 ∞   cos ⁡ s x    e  −  x 2 / 2   dx = − sI ,  using   ( 4 )


  or   dI ds = − s   ∫ 0 ∞   cos ⁡ s x    e  −  x 2 / 2   dx = − sI ,  using   ( 4 )


  ∴  ( 1 / I )   dI = − s   ds


  ∴  ( 1 / I )   dI = − s   ds


   log ⁡ I = −  (  s 2 / 2 ) +  log ⁡ C


  ∴  log ⁡   ( I / C ) = −  (  s 2 / 2 )


  I = C  e  −  (  s 2 / 2 )   …  ( 5 )


   ( 4 )


   ( 5 )


  C  e  −  (  s 2 / 2 ) =   ∫ 0 ∞   cos ⁡ s x    e  −  x 2 / 2   dx   …  ( 6 )


  s = 0


   ( 6 )


  C =   ∫ 0 ∞   e  −  x 2 / 2   dx   …  ( 7 )


    ∫ 0 ∞   e  −  x 2   dx =  π / 2   …  ( 8 )


  x = v /  2


  dx = dv /  2


   ( 8 )


    ∫ 0 ∞   e  −  v 2 / 2  dv   2 =    π 2   so that     ∫ 0 ∞   e  −  x 2 / 2   dx =    2  π 2


   ( 7 )  and   ( 9 ) ⇒ C =  2  π / 2 .


   ( 4 ) ,  ( 5 )  and   ( 7 ) ⇒ I =  (  2  π / 2 )  e  −  s 2 / 2


  ∴  ( 3 ) ⇒  F s  { x  e  −  x 2 / 2 } = sI =   ( π / 2 )   s  e  −  s 2 / 2


   ( 1 / x ) ×  e  − ax


   F s  {    e  − ax x } =   ∫ 0 ∞     e  − ax x  sin ⁡ s x   dx = I ,  say.   …  ( 1 )


  ∴  dI ds =   ∫ 0 ∞     e  − ax x  ( x  cos ⁡ s x )   dx =   ∫ 0 ∞   e  − ax  cos ⁡ s x   dx =  a   a 2 +  s 2


  ∴  dI ds =   ∫ 0 ∞     e  − ax x  ( x  cos ⁡ s x )   dx =   ∫ 0 ∞   e  − ax  cos ⁡ s x   dx =  a   a 2 +  s 2


  dI =  { a /  (  a 2 +  s 2 ) }   ds


  I =    tan  − 1 ⁡   ( s / a ) + c


  c


  s = 0


   ( 1 )  and   ( 2 )


  c +    tan  − 1 ⁡ 0 = 0


  c = 0 .


  ∴


   ( 1 )  and   ( 2 )


  I =    tan  − 1 ⁡   ( s / a ) .


   F s  {  e  − ax / x } =    tan  − 1 ⁡   ( s / a )


  1 /  ( 1 +  x 2 )


  x /  ( 1 +  x 2 )


   F c  {  1  1 +  x 2 } =   ∫ 0 ∞     cos ⁡ s x  1 +  x 2   dx = I ,  say   …  ( 1 )


  ∴  dI ds =   ∫ 0 ∞    − x  sin ⁡ s x   dx  1 +  x 2 = −   ∫ 0 ∞    x  sin ⁡ s x  1 +  x 2   dx   …  ( 2 )


  ∴  dI ds =   ∫ 0 ∞    − x  sin ⁡ s x   dx  1 +  x 2 = −   ∫ 0 ∞    x  sin ⁡ s x  1 +  x 2   dx   …  ( 2 )


  or   dI ds = −   ∫ 0 ∞     x 2  sin ⁡ s x   dx  x  ( 1 +  x 2 ) = −   ∫ 0 ∞     [  ( 1 +  x 2 ) − 1 ]  sin ⁡ s x  x  ( 1 +  x 2 )   dx = −   ∫ 0 ∞     sin ⁡ s x x   dx +   ∫ 0 ∞     sin ⁡ s x  x  ( 1 +  x 2 )   dx


  ∴  dI ds = −  π 2 +   ∫ 0 ∞     sin ⁡ s x  x  ( 1 +  x 2 )   dx ,   as    ∫ 0 ∞     sin ⁡ s x x   dx =  π 2   …  ( 3 )


  ∴  dI ds = −  π 2 +   ∫ 0 ∞     sin ⁡ s x  x  ( 1 +  x 2 )   dx ,   as    ∫ 0 ∞     sin ⁡ s x x   dx =  π 2   …  ( 3 )


   ( 3 )


     d 2 I  d  s 2 =   ∫ 0 ∞    x  cos ⁡ s x  x  ( 1 +  x 2 )   dx =   ∫ 0 ∞     cos ⁡ s x  1 +  x 2   dx = I


  or   (  d 2 I / d  s 2 ) − I = 0   or   (  D 2 − 1 ) I = 0 ,   where  D = d / ds


  or   (  d 2 I / d  s 2 ) − I = 0   or   (  D 2 − 1 ) I = 0 ,   where  D = d / ds


  I = A  e  − s + B  e s


  A


  B


    …  ( 4 )


   ( 4 )


  dI / ds = − A  e  − s + B  e s   …  ( 5 )


  s = 0


   ( 1 )  and   ( 4 )


  A + B =   ∫ 0 ∞   dx  1 +  x 2 =    [    tan  − 1 ⁡ x ] 0 ∞ =  π 2 .   …  ( 6 )


  s = 0


   ( 3 )  and   ( 5 )


  − A + B = π / 2 .   …  ( 7 )


   ( 6 )  and   ( 7 )


  A = π / 2 , B = 0


   ( 1 )  and   ( 4 )


  I =  ( π / 2 ) ×  e  − s   or    F c  { 1 /  ( 1 +  x 2 ) } =  ( π / 2 ) ×  e  − s   …  ( 8 )


   F s  {  x  1 +  x 2 } =   ∫ 0 ∞    x  sin ⁡ s x  1 +  x 2   dx


  = − dI / ds ,  from   ( 2 )  of part (a)


  =  ( π / 2 ) ×  e  − s ,  from   ( 5 )  with  A = π / 2  and  B = 0 .


  =  ( π / 2 ) ×  e  − s ,  from   ( 5 )  with  A = π / 2  and  B = 0 .


  F  ( x ) =  {     cos ⁡ x ,  0 < x < a   0 ,  x > a


  𝐀 𝐧 𝐬 .    {  ( 1 − s )  sin ⁡   ( 1 + s ) a +  ( 1 + s )  sin ⁡   ( 1 − s ) a } / 2  ( 1 −  s 2 )


  F  ( x )


  F  ( x ) =  {    1 ,  0 ≤ x < 1   0 ,  x > 1


  𝐀 𝐧 𝐬 .    F s  { F  ( x ) } =  ( 1 −  cos ⁡ s ) / s ;    F c  { F  ( x ) } =  ( 1 / s ) ×  sin ⁡ s


  F  ( x )


     F ¯ c  ( s ) =  {     ( 1 / 2 π ) ×  ( a − s / 2 ) ,  s < 2 a   0 ,  s ≥ 2 a


  𝐀 𝐧 𝐬 .    ( 1 −  cos ⁡ 2 xa ) / 2  π 2  x 2


  F  ( x )


  F  ( x ) =  {    0 ,  0 < x < a   x ,  a ≤ x < b   0 ,  x > b


  𝐀 𝐧 𝐬 .    ( a  cos ⁡ s a − b  cos ⁡ s b ) / s +  (  sin ⁡ s b −  sin ⁡ s a ) /  s 2


  F  ( x )


     F ¯ c  ( s ) =  ( π / 2 ) ×  e  − s


  𝐀 𝐧 𝐬 .   1 /  ( 1 +  s 2 )


  2  e  − 5 x + 5  e  − 2 x


                                                                                                                                                                                      𝐀 𝐧 𝐬 .    ( 2 s ) /  (  s 2 + 25 ) +  ( 5 s ) /  (  s 2 + 4 )


   (  e ax +  e  − ax ) /  (  e  π x −  e  − π x )


  𝐀 𝐧 𝐬 .    (  sinh ⁡ s ) / 2  (  cos ⁡ a +  cosh ⁡ s ) ;    {  cos ⁡   ( a / 2 )  cosh ⁡   ( s / 2 ) } /  (  cos ⁡ a +  cosh ⁡ s )


   x  m − 1


  𝐀 𝐧 𝐬 .    F s  {  x  m − 1 } =  { Γ  ( m ) /  s m } ×  sin ⁡   ( m π / 2 ) ;    F c  {  x  m − 1 } =  { Γ  ( m ) /  s m } ×  cos ⁡   ( m π / 2 )


  1 /  (  x 2 +  a 2 )


  𝐀 𝐧 𝐬 .    ( π / 2 ) ×  e  − as


  F  ( x )


  π / 2


  𝐀 𝐧 𝐬 .   π / 2 x


  1 /  (  e  π x −  e  − π x )


   F s  ( cosech  π x ) =  ( 1 /  2 π ) ×  tanh ⁡   ( s / 2 ) .


  F  ( x ) = 1 / x


  𝐀 𝐧 𝐬 .   π / 2


   e  − x


  𝐀 𝐧 𝐬 .    F s  {  e  − x } = s /  ( 1 +  s 2 ) ;    F c  {  e  − x } = 1 /  ( 1 +  s 2 )


  f  ( x )


  f  ( x ) =  {     2 π / 2 ε ,   | x | < ε   0 ,   | x | > ε .


  𝐀 𝐧 𝐬 .    (  sin ⁡ s   ε ) /  ( s   ε )


  f  ( x )


   e  − as


   e  − as


  𝐀 𝐧 𝐬 .   (i)   F s  − 1  [  e  − as ] = 2 x / π  (  a 2 +  x 2 )   (ii)   F c  − 1  [  e  − as ] = 2 a / π  (  a 2 +  x 2 )


   (  sin ⁡ a x ) / x


  𝐀 𝐧 𝐬 .   π ,  if   | s | < a ;   0 ,  if   | s | > a .


   F c  {  x n }


   F s  {  x n }


  𝐀 𝐧 𝐬 .   (i)   [ π  s  n − 1 / 2 Γ  ( n ) ]  sec ⁡   ( n π / 2 )   (ii)   [ π  s  n − 1 / 2 Γ  ( n ) ] cosec  ( n π / 2 )


  F  {    cosh ⁡ a x   cosh ⁡ π x } =   2  cos ⁡   ( a / 2 )  cosh ⁡   ( s / 2 )   cos ⁡ a +  cosh ⁡ s , − π < a < π .


    ∫ 0 ∞ F  ( x )  cos ⁡ s x   dx =  {    1 − s ,  0 ≤ s ≤ 1   0 ,  s > 1


    ∫ 0 ∞       sin 2 ⁡ t   t 2   dt =  π 2


    ∫ 0 ∞ F  ( x )  cos ⁡ d x =  f c  ( s )   …  ( 1 )


   f c  ( s ) =  {    1 − s ,  0 ≤ s ≤ 1   0 ,  s > 1 .   …  ( 2 )


   f c  ( s )


  F  ( x )


  F  ( x )


  F  ( x ) =  F c  − 1  {  f c  ( s ) } =  2 π   ∫ 0 ∞   f c  ( s )  cos ⁡ s x   ds


  =  2 π  [   ∫ 0 1   f c  ( s )  cos ⁡ s x   ds +   ∫ 1 ∞   f c  ( s )  cos ⁡ s x   ds ] =  2 π  [   ∫ 0 1   ( 1 − s )  cos ⁡ s x   ds + 0 ] ,  using   ( 2 )


  =  2 π  [   ∫ 0 1   f c  ( s )  cos ⁡ s x   ds +   ∫ 1 ∞   f c  ( s )  cos ⁡ s x   ds ] =  2 π  [   ∫ 0 1   ( 1 − s )  cos ⁡ s x   ds + 0 ] ,  using   ( 2 )


  =  2 π  [    [  ( 1 − s )    sin ⁡ s x x ] 0 1 −   ∫ 0 1   ( − 1 )    sin ⁡ s x x   ds ] =  2 π  { 0 +  1 x    [ −    cos ⁡ s x x ] 0 1 } =  2  π  x 2  ( 1 −  cos ⁡ x ) .   …  ( 3 )


  =  2 π  [    [  ( 1 − s )    sin ⁡ s x x ] 0 1 −   ∫ 0 1   ( − 1 )    sin ⁡ s x x   ds ] =  2 π  { 0 +  1 x    [ −    cos ⁡ s x x ] 0 1 } =  2  π  x 2  ( 1 −  cos ⁡ x ) .   …  ( 3 )


   ( 1 ) ,  ( 2 )  and   ( 3 )


    ∫ 0 ∞   2  π  x 2  ( 1 −  cos ⁡ x )  cos ⁡ s x   dx =  {    1 − s ,  0 ≤ s ≤ 1   0 ,  s > 1   …  ( 4 )


  s → 0


   ( 4 )


   2 π   ∫ 0 ∞    1 −  cos ⁡ x   x 2   dx = 1   or    2 π   ∫ 0 ∞    2    sin 2 ⁡   ( x / 2 )   x 2   dx = 1   …  ( 5 )


  x = 2 t


  dx = 2 dt


   ( 5 )


   4 π   ∫ 0 ∞       sin 2 ⁡ t  4  t 2  ( 2 dt ) = 1   or     ∫ 0 ∞       sin 2 ⁡ t   t 2   dt =  π 2 .


    ∫ 0 ∞ f  ( x )  cos ⁡ λ x   dx =  e  − λ


    ∫ 0 ∞ f  ( x )  cos ⁡ λ x   dx =  f c  ( λ ) ,   …  ( 1 )


   f c  ( λ ) =  e  − λ .   …  ( 2 )


  λ


  s


   f c  ( λ )


  f  ( x )


  f  ( x )


  f  ( x ) =  F c  − 1  {  f c  ( λ ) } =  2 π   ∫ 0 ∞   f c  ( λ )  cos ⁡ λ x   d λ =  2 π   ∫ 0 ∞   e  − λ  cos ⁡ λ x   d λ ,  using   ( 2 )


  =  2 π    [    e  − λ  1 +  x 2  ( −  cos ⁡ λ x + x  sin ⁡ λ x ) ]  λ = 0 ∞ =  2  π  ( 1 +  x 2 ) .


  =  2 π    [    e  − λ  1 +  x 2  ( −  cos ⁡ λ x + x  sin ⁡ λ x ) ]  λ = 0 ∞ =  2  π  ( 1 +  x 2 ) .


  F  ( x )


    ∫ 0 ∞ F  ( x )  sin ⁡ x t   dx =  {    1 ,  0 ≤ t < 1   2 ,  1 ≤ t ≤ 2   0 ,  t ≥ 2 .


    ∫ 0 ∞ F  ( x )  sin ⁡ x t   dx =  f s  ( t ) ,   …  ( 1 )


   f s  ( t ) =  {    1 ,  0 ≤ t < 1   2 ,  1 ≤ t ≤ 2   0 ,  t ≥ 2 .   …  ( 2 )


  t


  s


   f s  ( t )


  F  ( x )


  F  ( x ) =  F s  − 1  {  f s  ( t ) } =  2 π   ∫ 0 ∞   f s  ( t )  sin ⁡ t x   dt =  2 π  [   ∫ 0 1   f s  ( t )  sin ⁡ t x   dt +   ∫ 1 2   f s  ( t )  sin ⁡ t x   dt +   ∫ 2 ∞   f s  ( t )  sin ⁡ t x   dt ]


  =  2 π  [   ∫ 0 1   sin ⁡ t x   dt +   ∫ 1 2   ( 2 ×  sin ⁡ t x )   dt + 0 ] =  2 π  {    [ −    cos ⁡ t x x ] 0 1 + 2    [ −    cos ⁡ t x x ] 1 2 }


  =  2 π  [   ∫ 0 1   sin ⁡ t x   dt +   ∫ 1 2   ( 2 ×  sin ⁡ t x )   dt + 0 ] =  2 π  {    [ −    cos ⁡ t x x ] 0 1 + 2    [ −    cos ⁡ t x x ] 1 2 }


  =  2 π  [ −    cos ⁡ x x +  1 x −   2  cos ⁡ 2 x x +   2  cos ⁡ x x ] =  2  π x  ( 1 +  cos ⁡ x − 2  cos ⁡ 2 x ) .


  =  2 π  [ −    cos ⁡ x x +  1 x −   2  cos ⁡ 2 x x +   2  cos ⁡ x x ] =  2  π x  ( 1 +  cos ⁡ x − 2  cos ⁡ 2 x ) .


    ∫ 0 ∞     cos ⁡ λ x   λ 2 + 1   d λ =  π 2  e  − x , x ≥ 0


    ∫ 0 ∞   e  − x  cos ⁡ λ x   dx =  1  1 +  λ 2   …  ( 1 )


   ( 1 )


    ∫ 0 ∞   e  − x  cos ⁡ λ x   dx =  f c  ( λ ) ,   …  ( 2 )


   f c  ( λ ) = 1 /  ( 1 +  λ 2 ) .   …  ( 3 )


  λ


  s


   f c  ( λ )


   e  − x


   e  − x =  F c  − 1  {  f c  ( λ ) } =  2 π   ∫ 0 ∞   f c  ( λ )  cos ⁡ λ x   d λ =  2 π   ∫ 0 ∞     cos ⁡ λ x  1 +  λ 2   d λ ,  using   ( 1 )


  ∴   ∫ 0 ∞     cos ⁡ λ x  1 +  λ 2   d λ =  π 2  e  − x .


  ∴   ∫ 0 ∞     cos ⁡ λ x  1 +  λ 2   d λ =  π 2  e  − x .


  F  ( x )


  G  ( x )


  − ∞ < x < ∞


  F ∗ G =   ∫  − ∞ ∞ F  ( u ) G  ( x − u )   du   or   F ∗ G =   ∫  − ∞ ∞ G  ( u ) F  ( x − u )   du .


  F  ( x )


  G  ( x )


  F  ( x )


  G  ( x )


  F  { F ∗ G } = F  { F  ( x ) } ⋅ F  { G  ( x ) } .


  L.H.S. = F  {   ∫  − ∞ ∞ F  ( u ) G  ( x − u )   du } ,   by definition of convolution


  =   ∫  − ∞ ∞   e isx  {   ∫  − ∞ ∞ F  ( u ) G  ( x − u )   du } dx ,   by definition of Fourier transform


  =   ∫  − ∞ ∞   e isx  {   ∫  − ∞ ∞ F  ( u ) G  ( x − u )   du } dx ,   by definition of Fourier transform


  =   ∫  − ∞ ∞ F  ( u )  {   ∫  − ∞ ∞   e isx G  ( x − u )   dx } du ,   changing the order of integration


  =   ∫  − ∞ ∞ F  ( u )  {   ∫  − ∞ ∞   e isx G  ( x − u )   dx } du ,   changing the order of integration


  =   ∫  − ∞ ∞ F  ( u )  {   ∫  − ∞ ∞   e  is  ( u + v ) G  ( v )   dv } du ,   putting  x − u = v  so that  dx = dv


  =   ∫  − ∞ ∞ F  ( u )  {   ∫  − ∞ ∞   e  is  ( u + v ) G  ( v )   dv } du ,   putting  x − u = v  so that  dx = dv


  =   ∫  − ∞ ∞   e isu F  ( u )  {   ∫  − ∞ ∞   e isv G  ( v )   dv } du =   ∫  − ∞ ∞   e isu F  ( u ) F  { G  ( x ) }   du ,   by definition


  = F  { G  ( x ) }   ∫  − ∞ ∞   e isu F  ( u )   du = F  { G  ( x ) } ⋅ F  { F  ( x ) } ,   by definition again


  = F  { G  ( x ) }   ∫  − ∞ ∞   e isu F  ( u )   du = F  { G  ( x ) } ⋅ F  { F  ( x ) } ,   by definition again


  f  ( s )


  g  ( s )


  F  ( x )


  G  ( x )


   ( i )    1  2 π   ∫  − ∞ ∞ f  ( s )   g  ( s ) ¯   ds =   ∫  − ∞ ∞ F  ( x )   G  ( x ) ¯   dx


   ( ii )    1  2 π   ∫  − ∞ ∞ | f  ( s ) |  ​ 2   ds =   ∫  − ∞ ∞ | F  ( x ) |  ​ 2   dx ,


   ( ii )    1  2 π   ∫  − ∞ ∞ | f  ( s ) |  ​ 2   ds =   ∫  − ∞ ∞ | F  ( x ) |  ​ 2   dx ,


   ( i )


  G  ( x ) =  1  2 π   ∫  − ∞ ∞ g  ( s )  e  − isx   ds   …  ( 1 )


   ( 1 )


    G  ( x ) ¯ =  1  2 π   ∫  − ∞ ∞    g  ( s ) ¯  e isx   ds   …  ( 2 )


  ∴   ∫  − ∞ ∞ F  ( x )   G  ( x ) ¯   dx =   ∫  − ∞ ∞ F  ( x )  {  1  2 π   ∫  − ∞ ∞    g  ( s ) ¯  e isx   ds } dx ,   using   ( 2 )


  ∴   ∫  − ∞ ∞ F  ( x )   G  ( x ) ¯   dx =   ∫  − ∞ ∞ F  ( x )  {  1  2 π   ∫  − ∞ ∞    g  ( s ) ¯  e isx   ds } dx ,   using   ( 2 )


  =  1  2 π   ∫  − ∞ ∞    g  ( s ) ¯  {   ∫  − ∞ ∞ F  ( x )  e isx   dx } ds ,   changing the order of integration


  =  1  2 π   ∫  − ∞ ∞    g  ( s ) ¯  {   ∫  − ∞ ∞ F  ( x )  e isx   dx } ds ,   changing the order of integration


  =  1  2 π   ∫  − ∞ ∞    g  ( s ) ¯ f  ( s )   ds ,   by definition of Fourier transform


  =  1  2 π   ∫  − ∞ ∞    g  ( s ) ¯ f  ( s )   ds ,   by definition of Fourier transform


   ( ii )


  G  ( x ) = F  ( x )


   ( i )


   1  2 π   ∫  − ∞ ∞ f  ( s )   f  ( s ) ¯   ds =   ∫  − ∞ ∞ F  ( x )   F  ( x ) ¯   dx   or    1  2 π   ∫  − ∞ ∞ | f  ( s ) |  ​ 2   ds =   ∫  − ∞ ∞ | F  ( x ) |  ​ 2   dx .


   ( i )    2 π   ∫ 0 ∞   f c  ( s )  g c  ( s )   ds =   ∫ 0 ∞ F  ( x ) G  ( x )   dx .


   ( ii )    2 π   ∫ 0 ∞   f s  ( s )  g s  ( s )   ds =   ∫ 0 ∞ F  ( x ) G  ( x )   dx .


   ( iii )    2 π   ∫ 0 ∞     [  f c  ( s ) ] 2   ds =   ∫ 0 ∞     [ F  ( x ) ] 2   dx .


   ( iii )    2 π   ∫ 0 ∞     [  f c  ( s ) ] 2   ds =   ∫ 0 ∞     [ F  ( x ) ] 2   dx .


   ( iv )    2 π   ∫ 0 ∞     [  f s  ( s ) ] 2   ds =   ∫ 0 ∞     [ F  ( x ) ] 2   dx .


   ( iv )    2 π   ∫ 0 ∞     [  f s  ( s ) ] 2   ds =   ∫ 0 ∞     [ F  ( x ) ] 2   dx .


  F  ( x )


  F  ( x ) =  {    1 ,  | x | < a   0 ,  | x | > a


    ∫ 0 ∞       sin 2 ⁡ a x   x 2   dx =   π a 2  


  F  ( x ) =  {    1 ,  − a < x < a   0 ,  x < − a  or  x > a .   …  ( 1 )


  f  ( s )


  F  ( x )


  f  ( s ) =   ∫  − ∞ ∞   e isx F  ( x )   dx =   ∫  − ∞  − a   e isx F  ( x )   dx +   ∫  − a a   e isx F  ( x )   dx +   ∫ a ∞   e isx F  ( x )   dx =   ∫  − a a   e isx   dx ,  by   ( 1 )


  =    [  1 is  e isx ]  − a a =  (  1 is ) ×  (  e isa −  e  − isa ) =  ( 2 / s ) ×  sin ⁡ s a .   …  ( 2 )


  =    [  1 is  e isx ]  − a a =  (  1 is ) ×  (  e isa −  e  − isa ) =  ( 2 / s ) ×  sin ⁡ s a .   …  ( 2 )


    ∫  − ∞ ∞     [ F  ( x ) ] 2   dx =  1  2 π   ∫  − ∞ ∞     [ f  ( s ) ] 2   ds


  or    ∫  − ∞  − a     [ F  ( x ) ] 2   dx +   ∫  − a a     [ F  ( x ) ] 2   dx +   ∫ a ∞     [ F  ( x ) ] 2   dx =  1  2 π   ∫  − ∞ ∞     [ f  ( s ) ] 2   ds


  or    ∫  − ∞  − a     [ F  ( x ) ] 2   dx +   ∫  − a a     [ F  ( x ) ] 2   dx +   ∫ a ∞     [ F  ( x ) ] 2   dx =  1  2 π   ∫  − ∞ ∞     [ f  ( s ) ] 2   ds


  or  0 +   ∫  − a a   (  1 2 )   dx + 0 =  1  2 π   ∫  − ∞ ∞     (   2  sin ⁡ s a s ) 2 ds ,   putting values of  F  ( x )  and  f  ( s )  from   ( 1 )  and   ( 2 )


  or  0 +   ∫  − a a   (  1 2 )   dx + 0 =  1  2 π   ∫  − ∞ ∞     (   2  sin ⁡ s a s ) 2 ds ,   putting values of  F  ( x )  and  f  ( s )  from   ( 1 )  and   ( 2 )


  or  2 a =  2 π   ∫  − ∞ ∞       sin 2 ⁡ a x   x 2   dx =  2 π × 2   ∫ 0 ∞       sin 2 ⁡ a x   x 2   dx ,   as       sin 2 ⁡ a x   x 2  is an even function of  x


  or  2 a =  2 π   ∫  − ∞ ∞       sin 2 ⁡ a x   x 2   dx =  2 π × 2   ∫ 0 ∞       sin 2 ⁡ a x   x 2   dx ,   as       sin 2 ⁡ a x   x 2  is an even function of  x


  Thus,    ∫ 0 ∞       sin 2 ⁡ a x   x 2   dx =   π a 2 .


  Thus,    ∫ 0 ∞       sin 2 ⁡ a x   x 2   dx =   π a 2 .


  F  ( x ) =  {    1 ,  | x | < a   0 ,  | x | > a


  f  ( s ) =   2  sin ⁡ s a s , s ≠ 0


    ∫ 0 ∞       sin 2 ⁡ a x x   dx =   π a 2


  f  ( s )


  F  ( x )


   ( i )     ∫ 0 ∞   dt   (  a 2 +  t 2 )  (  b 2 +  t 2 ) =  π  2 ab  ( a + b )


   ( ii )     ∫ 0 ∞     sin ⁡ a t  t  (  a 2 +  t 2 )   dt =  π 2 ×   1 −  e  −  a 2   a 2  


   ( ii )     ∫ 0 ∞     sin ⁡ a t  t  (  a 2 +  t 2 )   dt =  π 2 ×   1 −  e  −  a 2   a 2  


  F  { F  ( x ) } = f  ( s ) , t h e n F  { F ′  ( x ) } = − isf  ( s ) .


  F  ( x )


  f  ( s )


  F ′  ( x )


  F  ( x )


  − is       F  { F  ( x ) }


  F  {  F   ( n )  ( x ) } =    ( − is ) n F  { F  ( x ) }


   d n F / d  x n


    ( − i s )  n


  F  ( x )


   ( n − 1 )


  F  ( x )


  x → ± ∞


   f c n  ( s )


   f s n  ( s )


   f   ( n )  ( x )


   d n F / d  x n


   ( i )    f c  2 n  ( s ) = −   ∑  r = 0  n − 1     ( − 1 ) r  α  2 n − 2 r − 1  s  2 r +    ( − 1 ) n  s  2 n  f c  ( s )


   ( ii )    f c  2 n + 1  ( s ) = −   ∑  r = 0 n     ( − 1 ) r  α  2 n − 2 r  s  2 r +    ( − 1 ) n  s  2 n + 1  f s  ( s )


   ( ii )    f c  2 n + 1  ( s ) = −   ∑  r = 0 n     ( − 1 ) r  α  2 n − 2 r  s  2 r +    ( − 1 ) n  s  2 n + 1  f s  ( s )


   ( iii )    f s  2 n  ( s ) = −   ∑  r = 0 n     ( − 1 ) r  α  2 n − 2 r  s  2 r − 1 +    ( − 1 )  n + 1  s  2 n  f s  ( s )


   ( iii )    f s  2 n  ( s ) = −   ∑  r = 0 n     ( − 1 ) r  α  2 n − 2 r  s  2 r − 1 +    ( − 1 )  n + 1  s  2 n  f s  ( s )


   ( iv )    f s  2 n + 1  ( s ) = −   ∑  r = 0 n     ( − 1 ) r  α  2 n − 2 r + 1  s  2 r − 1 +    ( − 1 )  n + 1  s  2 n + 1  f c  ( s ) ,


   ( iv )    f s  2 n + 1  ( s ) = −   ∑  r = 0 n     ( − 1 ) r  α  2 n − 2 r + 1  s  2 r − 1 +    ( − 1 )  n + 1  s  2 n + 1  f c  ( s ) ,


   ( n − 1 )


  f  ( x )


  x → ∞


   F   ( n − 1 )  ( x ) →  α  n − 1


  x → 0


  F  {   ∫ a x F  ( x )   dx } =   f  ( s )   ( − is )


  f  ( s )


  F  ( x )


  F  ( x , y )


  x


     F ¯ x  ( p , y ) =   ∫  − ∞ ∞ F  ( x , y )  e ipx   dx ,


     F ¯ x  ( p , y )


  F  ( x , y )


  x


     F ¯ x  ( p , y )


  y


   F ¯  ( p , q )


   F ¯  ( p , q ) =   ∫  − ∞ ∞     F ¯ x  ( p , y )  e iqy   dy =   ∫  − ∞ ∞    ∫  − ∞ ∞ F  ( x , y )  e  i  ( px + qy )   dx   dy


  F  ( x , y ) =  1  4  π 2   ∫  − ∞ ∞    ∫  − ∞ ∞   F ¯  ( p , q )  e  − i  ( px + qy )   dp   dq .


  F  ( x , y )


  p


  q


  x


  y


  s


  0


  ∞


    F  s  {     𝜕 2 u  𝜕   x 2 } =   ∫ 0 ∞      𝜕 2 u  𝜕   x 2  sin ⁡  s x   d x =    [   𝜕 u  𝜕 x  sin ⁡  s x ] 0 ∞ − s   ∫ 0 ∞    𝜕 u  𝜕 x  cos ⁡  s x   d x ,  integrating by parts


  = − s   ∫ 0 ∞    𝜕 u  𝜕 x  cos ⁡  s x   d x ,  if    𝜕 u  𝜕 x → 0  as  x → ∞  which usually happens in physical problems


  = − s   ∫ 0 ∞    𝜕 u  𝜕 x  cos ⁡  s x   d x ,  if    𝜕 u  𝜕 x → 0  as  x → ∞  which usually happens in physical problems


  = − s  {    [ u  cos ⁡  s x ] 0 ∞ + s   ∫ 0 ∞  u  sin ⁡  s x   d x } = s    ( u )  x = 0 −   s 2     u -  s ,  assuming that  u → 0  as  x → ∞


  = − s  {    [ u  cos ⁡  s x ] 0 ∞ + s   ∫ 0 ∞  u  sin ⁡  s x   d x } = s    ( u )  x = 0 −   s 2     u -  s ,  assuming that  u → 0  as  x → ∞


  Thus    F  s  {   𝜕 2 u / 𝜕   x 2 } = s   u  ( 0 , t ) −   s 2     u -  s  ( s , t ) .     …  ( 1 )


  Thus    F  s  {   𝜕 2 u / 𝜕   x 2 } = s   u  ( 0 , t ) −   s 2     u -  s  ( s , t ) .     …  ( 1 )


  u  ( x , t )


  x


  t


      u -  s  ( s , t )


  u  ( x , t )


  x


  Next,    F  c  {     𝜕 2 u  𝜕   x 2 } =   ∫ 0 ∞      𝜕 2 u  𝜕   x 2  cos ⁡  s x   d x =    [   𝜕 u  𝜕 x  cos ⁡  s x ] 0 ∞ + s   ∫ 0 ∞    𝜕 u  𝜕 x  sin ⁡  s x   d x ,  integrating by parts


  = −    (   𝜕 u  𝜕 x )  x = 0 + s   ∫ 0 ∞    𝜕 u  𝜕 x  sin ⁡  s x   d x ,  assuming that    𝜕 u  𝜕 x → 0  as  x → ∞


  = −    (   𝜕 u  𝜕 x )  x = 0 + s   ∫ 0 ∞    𝜕 u  𝜕 x  sin ⁡  s x   d x ,  assuming that    𝜕 u  𝜕 x → 0  as  x → ∞


  = −    (   𝜕 u  𝜕 x )  x = 0 + s  {    [ u  sin ⁡  s x ] 0 ∞ − s   ∫ 0 ∞  u  cos ⁡  s x   d x } =    (   𝜕 u  𝜕 x )  x = 0 −   s 2   ∫ 0 ∞  u  ( x , t )  cos ⁡  s x   d x ,


  = −    (   𝜕 u  𝜕 x )  x = 0 + s  {    [ u  sin ⁡  s x ] 0 ∞ − s   ∫ 0 ∞  u  cos ⁡  s x   d x } =    (   𝜕 u  𝜕 x )  x = 0 −   s 2   ∫ 0 ∞  u  ( x , t )  cos ⁡  s x   d x ,


  u → 0


  x → ∞


  ∴   F  c  {   𝜕 2 u / 𝜕   x 2 } = −    ( 𝜕 u / 𝜕 x )  x = 0 −   s 2     u -  c  ( s , t ) ,     …  ( 2 )


      u -  c  ( s , t )


  u  ( x , t )


  x


    𝜕 2 u / 𝜕   x 2


  u  ( 0 , t )


  u


  x = 0


    u  x  ( 0 , t )


  𝜕 u / 𝜕 x


  x = 0


  𝜕 u / 𝜕 x


  − ∞


  ∞


  𝜕 u / 𝜕 t =   𝜕 2 u / 𝜕   x 2 , x > 0 , t > 0


  u  ( 0 , t ) = 0 , u  ( x , 0 ) =  {    1 ,  0 < x < 1   0 ,  x > 1 ,   u  ( x , t )  is bounded


  u  ( 0 , t )


     ( u )  x = 0


    ∫ 0 ∞    𝜕 u  𝜕 t  sin ⁡  s x   d x =   ∫ 0 ∞      𝜕 2 u  𝜕   x 2  sin ⁡  s x   d x


  or    d  d t   ∫ 0 ∞  u  sin ⁡  s x   d x =    [   𝜕 u  𝜕 x  sin ⁡  s x ] 0 ∞ − s   ∫ 0 ∞    𝜕 u  𝜕 x  cos ⁡  s x   d x


  or    d  d t   ∫ 0 ∞  u  sin ⁡  s x   d x =    [   𝜕 u  𝜕 x  sin ⁡  s x ] 0 ∞ − s   ∫ 0 ∞    𝜕 u  𝜕 x  cos ⁡  s x   d x


  or    d     u -  s  d t = − s   ∫ 0 ∞    𝜕 u  𝜕 x  cos ⁡  s x   d x ,  if    𝜕 u  𝜕 x → 0  as  x → ∞


  or    d     u -  s  d t = − s   ∫ 0 ∞    𝜕 u  𝜕 x  cos ⁡  s x   d x ,  if    𝜕 u  𝜕 x → 0  as  x → ∞


      u -  s  ( s , t )


  u  ( x , t )


  or    d     u -  s  d t = − s  {    [ u  cos ⁡  s x ] 0 ∞ + s   ∫ 0 ∞  u  sin ⁡  s x   d x } = s u  ( 0 , t ) −   s 2     u -  s ,  if  u → 0  as  x → ∞


  or  d     u -  s / d t = −   s 2     u -  s   or    ( 1 /     u -  s ) d     u -  s = −   s 2 d t ,   as  u  ( 0 , t ) = 0


  or  d     u -  s / d t = −   s 2     u -  s   or    ( 1 /     u -  s ) d     u -  s = −   s 2 d t ,   as  u  ( 0 , t ) = 0


  whose solution is      u -  s  ( s , t ) = c   e  −   s 2 t ,   c  being an arbitrary constant     …  ( 1 )


  whose solution is      u -  s  ( s , t ) = c   e  −   s 2 t ,   c  being an arbitrary constant     …  ( 1 )


  t = 0


  c =     u -  s  ( s , 0 )


  ∴ c =     u -  s  ( s , 0 ) =   ∫ 0 ∞  u  ( x , 0 )  sin ⁡  s x   d x =   ∫ 0 1  u  ( x , 0 )  sin ⁡  s x   d x +   ∫ 1 ∞  u  ( x , 0 )  sin ⁡  s x   d x


  =   ∫ 0 1   sin ⁡  s x   d x ,  using the given value of  u  ( x , 0 ) .


  ∴ c =    [  ( − 1 / s )  cos ⁡  s x ] 0 1 =  ( 1 −  cos ⁡  s ) / s


  ∴ c =    [  ( − 1 / s )  cos ⁡  s x ] 0 1 =  ( 1 −  cos ⁡  s ) / s


  ∴  ( 1 )  becomes      u -  s  ( s , t ) =  {  ( 1 −  cos ⁡  s ) / s }   e  −   s 2 t


  ∴  ( 1 )  becomes      u -  s  ( s , t ) =  {  ( 1 −  cos ⁡  s ) / s }   e  −   s 2 t


  u  ( x , t ) =  2  𝜋   ∫ 0 ∞    1 −  cos ⁡  s  s   e  −   s 2 t  sin ⁡  s x   d s ,  which is the required solution.


  u  ( x , t )


  x


  t


  x > 0


  u  ( 0 , t ) = 0


  x = 0


  u  ( x , 0 )


  x


  u  ( x , t )


  𝜕 U / 𝜕 t = 2  (   𝜕 2 U / 𝜕   x 2 )


  U  ( 0 , t ) = 0 , U  ( x , 0 ) =   e  − x , x > 0 , U  ( x , t )


  x > 0 , t > 0


  𝜕 U / 𝜕 t = 2  (   𝜕 2 U / 𝜕   x 2 ) ,   x > 0 , t > 0 ,     …  ( 1 )


  U  ( 0 , t ) = 0 ,   U  ( x , t )  is bounded     …  ( 2 )


  U  ( x , 0 ) =   e  − x , x > 0     …  ( 3 )


  U  ( 0 , t )


    ∫ 0 ∞    𝜕 U  𝜕 t  sin ⁡  s x   d x = 2   ∫ 0 ∞      𝜕 2 U  𝜕   x 2  sin ⁡  s x   d x


  or    d  d t   ∫ 0 ∞  U  ( x , t )  sin ⁡  s x   d x = 2  {    [   𝜕 U  𝜕 x  sin ⁡  s x ] 0 ∞ −   ∫ 0 ∞    𝜕 U  𝜕 x  ( s  cos ⁡  s x )   d x } ,  integrating by parts


  or    d  d t   ∫ 0 ∞  U  ( x , t )  sin ⁡  s x   d x = 2  {    [   𝜕 U  𝜕 x  sin ⁡  s x ] 0 ∞ −   ∫ 0 ∞    𝜕 U  𝜕 x  ( s  cos ⁡  s x )   d x } ,  integrating by parts


  or    d     U -  s  d t = − 2 s   ∫ 0 ∞    𝜕 U  𝜕 x  cos ⁡  s x   d x ,  if    𝜕 U  𝜕 x → 0  as  x → ∞ ,  assuming      U -  s  ( s , t ) =   ∫ 0 ∞  U  ( x , t )  sin ⁡  s x   d x


  or    d     U -  s  d t = − 2 s   ∫ 0 ∞    𝜕 U  𝜕 x  cos ⁡  s x   d x ,  if    𝜕 U  𝜕 x → 0  as  x → ∞ ,  assuming      U -  s  ( s , t ) =   ∫ 0 ∞  U  ( x , t )  sin ⁡  s x   d x


  or    d     U -  s  d t = − 2 s  {    [ U  ( x , t )  cos ⁡  s x ] 0 ∞ −   ∫ 0 ∞  U  ( x , t ) ⋅  ( − s  sin ⁡  s x )   d x }


  or    d     U -  s  d t = − 2 s  {    [ U  ( x , t )  cos ⁡  s x ] 0 ∞ −   ∫ 0 ∞  U  ( x , t ) ⋅  ( − s  sin ⁡  s x )   d x }


  or    d     U -  s  d t = − 2 s  { 0 − U  ( 0 , t ) + s   ∫ 0 ∞  U  ( x , t )  sin ⁡  s x   d x } ,  since given that  U  ( x , t ) → 0  as  x → ∞


  or  d     U -  s / d t = 2 s U  ( 0 , t ) − 2   s 2     U -  s = − 2   s 2     U -  s ,  as from (2),  U  ( 0 , t ) = 0


  or  d     U -  s / d t = 2 s U  ( 0 , t ) − 2   s 2     U -  s = − 2   s 2     U -  s ,  as from (2),  U  ( 0 , t ) = 0


  or   ( 1 /     U -  s ) d     U -  s = − 2   s 2 d t .


  or   ( 1 /     U -  s ) d     U -  s = − 2   s 2 d t .


     log ⁡    U -  s −  log ⁡  c = − 2   s 2 t   or       U -  s  ( s , t ) = c   e  − 2   s 2 t     …  ( 4 )


    ∫ 0 ∞  U  ( x , 0 )  sin ⁡  s x   d x =   ∫ 0 ∞    e  − x  sin ⁡  s x   d x


  or      U -  s  ( s , 0 ) =    [     e  − x  1 +   s 2  ( −  sin ⁡  s x − s  cos ⁡  s x ) ] 0 ∞ =   s  1 +   s 2     …  ( 5 )


  or      U -  s  ( s , 0 ) =    [     e  − x  1 +   s 2  ( −  sin ⁡  s x − s  cos ⁡  s x ) ] 0 ∞ =   s  1 +   s 2     …  ( 5 )


  t = 0


  c = s /  ( 1 +   s 2 )


  ∴ From (4),      U -  s  ( s , t ) =  { s /  ( 1 +   s 2 ) }   e  − 2   s 2 t .


  U  ( x , t ) =  2  𝜋   ∫ 0 ∞    s  1 +   s 2   e  − 2   s 2 t  sin ⁡  s x   d s .


  𝜕 V / 𝜕 t = k  (   𝜕 2 V / 𝜕   x 2 )


  x > 0 , t > 0


  V =   V 0


  x = 0 , t > 0


  V = 0


  t = 0 , x > 0


  𝜕 V / 𝜕 t = k  (   𝜕 2 V / 𝜕   x 2 ) ,   x > 0 , t > 0 ,     …  ( 1 )


  V  ( 0 , t ) =   V 0 ,     …  ( 2 )


  V  ( x , 0 ) = 0 .     …  ( 3 )


    ∫ 0 ∞    𝜕 V  𝜕 t  sin ⁡  s x   d x = k   ∫ 0 ∞      𝜕 2 V  𝜕   x 2  sin ⁡  s x   d x


  or    d  d t   ∫ 0 ∞  V  ( x , t )  sin ⁡  s x   d x = k  [    [   𝜕 V  𝜕 x  sin ⁡  s x ] 0 ∞ −   ∫ 0 ∞    𝜕 V  𝜕 x s  cos ⁡  s x   d x ] ,  integrating by parts


  or    d  d t   ∫ 0 ∞  V  ( x , t )  sin ⁡  s x   d x = k  [    [   𝜕 V  𝜕 x  sin ⁡  s x ] 0 ∞ −   ∫ 0 ∞    𝜕 V  𝜕 x s  cos ⁡  s x   d x ] ,  integrating by parts


  or    d     V -  s  d t = − k s   ∫ 0 ∞    𝜕 V  𝜕 x  cos ⁡  s x   d x ,  if    𝜕 V  𝜕 x → 0 ,  as  x → ∞ ,  assuming      V -  s  ( s , t ) =   ∫ 0 ∞  V  ( x , t )  sin ⁡  s x   d x


  or    d     V -  s  d t = − k s  {    [ V  ( x , t )  cos ⁡  s x ] 0 ∞ −   ∫ 0 ∞  V  ( x , t ) ⋅  ( − s  sin ⁡  s x )   d x }


  or    d     V -  s  d t = − k s  {    [ V  ( x , t )  cos ⁡  s x ] 0 ∞ −   ∫ 0 ∞  V  ( x , t ) ⋅  ( − s  sin ⁡  s x )   d x }


  or    d     V -  s  d t = − k s  { 0 − V  ( 0 , t ) + s   ∫ 0 ∞  V  ( x , t )  ( − s  sin ⁡  s x )   d x }  assuming that  V  ( x , t ) → 0  as  x → ∞


  or    d     V -  s  d t = − k s  { 0 − V  ( 0 , t ) + s   ∫ 0 ∞  V  ( x , t )  ( − s  sin ⁡  s x )   d x }  assuming that  V  ( x , t ) → 0  as  x → ∞


  or  d     V -  s / d t = k s   V 0 − k   s 2     V -  s   or   d     V -  s / d t + k   s 2     V -  s = k s   V 0 ,  by (2)


  or  d     V -  s / d t = k s   V 0 − k   s 2     V -  s   or   d     V -  s / d t + k   s 2     V -  s = k s   V 0 ,  by (2)


  I.F. =   e   ∫  k   s 2 d t =   e  k   s 2 t


  and solution is    e  k   s 2 t     V -  s  ( s , t ) =  ∫   ( k s   V 0 )   e  k   s 2 t   d t =   k s   V 0  k   s 2   e  k   s 2 t + c


  or      V -  s  ( s , t ) =   V 0 / s + c   e  − k   s 2 t .     …  ( 4 )


  or      V -  s  ( s , t ) =   V 0 / s + c   e  − k   s 2 t .     …  ( 4 )


    ∫ 0 ∞  V  ( x , 0 )  sin ⁡  s x   d x = 0   or       V -  s  ( s , 0 ) = 0 .     …  ( 5 )


  t = 0


  0 =   V 0 / s + c   so that   c = −   V 0 / s .


  ∴ From (4),      V -  s  ( s , t ) =  (   V 0 / s )  ( 1 −   e  − k   s 2 t )


  V  ( x , t ) =  2  𝜋   ∫ 0 ∞      V 0  s  ( 1 −   e  − k   s 2 t )  sin ⁡  s x   d s =   2   V 0  𝜋  [   ∫ 0 ∞     sin ⁡  s x  s   d s −   ∫ 0 ∞   1  s   e  − k   s 2 t  sin ⁡  s x   d s ]


  =   2   V 0  𝜋  [   𝜋 2 −   ∫ 0 ∞   1  s   e  − k   s 2 t  sin ⁡  s x   d s ] ,   as     ∫ 0 ∞     sin ⁡  s x  s   d x =   𝜋 2


  =   2   V 0  𝜋  [   𝜋 2 −   ∫ 0 ∞   1  s   e  − k   s 2 t  sin ⁡  s x   d s ] ,   as     ∫ 0 ∞     sin ⁡  s x  s   d x =   𝜋 2


  ∴ V  ( x , t ) =   V 0  [ 1 −  2  𝜋   ∫ 0 ∞   1  s   e  − k   s 2 t  sin ⁡  s x   d s ]     …  ( 7 )


  ∴ V  ( x , t ) =   V 0  [ 1 −  2  𝜋   ∫ 0 ∞   1  s   e  − k   s 2 t  sin ⁡  s x   d s ]     …  ( 7 )


    ∫ 0 ∞    e  −   𝛼 2   x 2  cos ⁡ 2 𝛽 x   d x =    𝜋  2 𝛼   e  −   𝛽 2 /   𝛼 2     …  ( 8 )


  𝛽


  0


  𝛽


    ∫ 0  𝛽   [   ∫ 0 ∞    e  −   𝛼 2   x 2  cos ⁡ 2 𝛽 x   d x ] d 𝛽 =    𝜋  2 𝛼   ∫ 0  𝛽    e  −   𝛽 2 /   𝛼 2 d 𝛽


  or    ∫ 0 ∞    e  −   𝛼 2   x 2  [   ∫ 0  𝛽   cos ⁡ 2 𝛽 x   d 𝛽 ] d x =    𝜋  2 𝛼   ∫ 0  𝛽 / 𝛼    e  −   u 2 𝛼   d u


  or    ∫ 0 ∞    e  −   𝛼 2   x 2  [   ∫ 0  𝛽   cos ⁡ 2 𝛽 x   d 𝛽 ] d x =    𝜋  2 𝛼   ∫ 0  𝛽 / 𝛼    e  −   u 2 𝛼   d u


  𝛽 / 𝛼 = u


  d 𝛽 = 𝛼   d u


  or    ∫ 0 ∞    e  −   𝛼 2   x 2    [    sin ⁡ 2 𝛽 x  2 x ] 0  𝛽 d x =    𝜋 2   ∫ 0  𝛽 / 𝛼    e  −   u 2 d u   or     ∫ 0 ∞      e  −   𝛼 2   x 2  sin ⁡ 2 𝛽 x  x d x =   𝜋 2 ⋅  2   𝜋   ∫ 0  𝛽 / 𝛼    e  −   u 2 d u


  or    ∫ 0 ∞      e  −   𝛼 2   x 2  sin ⁡ 2 𝛽 x  x d x =   𝜋 2 erf  ( 𝛽 / 𝛼 ) ,   as   erf  ( t ) =  2   𝜋   ∫ 0  t    e  −   x 2 d x


  or    ∫ 0 ∞      e  −   𝛼 2   x 2  sin ⁡ 2 𝛽 x  x d x =   𝜋 2 erf  ( 𝛽 / 𝛼 ) ,   as   erf  ( t ) =  2   𝜋   ∫ 0  t    e  −   x 2 d x


  or    ∫ 0 ∞      e  −   𝛼 2   s 2  sin ⁡ 2 𝛽 s  s d s =   𝜋 2 erf  (   𝛽  𝛼 )   ⋅  or      ∫ 0 ∞      e  − k t   s 2  sin ⁡  s x  s d s =   𝜋 2 erf  (   x  2  k t )


  or    ∫ 0 ∞      e  −   𝛼 2   s 2  sin ⁡ 2 𝛽 s  s d s =   𝜋 2 erf  (   𝛽  𝛼 )   ⋅  or      ∫ 0 ∞      e  − k t   s 2  sin ⁡  s x  s d s =   𝜋 2 erf  (   x  2  k t )


  𝛼 =  k t


  𝛽 = x / 2


  V  ( x , t ) =   V 0  [ 1 − erf  ( x / 2  k t ) ]     …  ( 9 )


  or  V  ( x , t ) =   V 0   erfc    ( x / 2  k t )     …  ( 10 )


  or  V  ( x , t ) =   V 0   erfc    ( x / 2  k t )     …  ( 10 )


  V


  x > 0


  0 < y < b


  V = f  ( x )


  y = 0 , 0 < x < ∞


  V = 0


  y = b , 0 < x < ∞


  V = 0


  x = 0 , 0 < y < b


  V =  2  𝜋   ∫ 0 ∞  f  ( u ) d u   ∫ 0 ∞     sinh ⁡   ( b − y ) s   sinh ⁡  s b  sin ⁡  x s  sin ⁡  u s   d s .


    𝜕 2 V / 𝜕   x 2 +   𝜕 2 V / 𝜕   y 2 = 0 ,   0 < x < ∞ ,   0 < y < b     …  ( 1 )


  V  ( x , 0 ) = f  ( x ) , 0 < x < ∞ ,     …  ( 2 )


  V  ( x , b ) = 0 , 0 < x < ∞     …  ( 3 )


  V  ( 0 , y ) = 0 , 0 < y < b .     …  ( 4 )


  y


  t


  x


  y


  t


    ∫ 0 ∞      𝜕 2 V  𝜕   x 2  sin ⁡  s x   d x +   ∫ 0 ∞      𝜕 2 V  𝜕   y 2  sin ⁡  s x   d x = 0


     [   𝜕 V  𝜕 x  sin ⁡  s x ] 0 ∞ −   ∫ 0 ∞    𝜕 V  𝜕 x s  cos ⁡  s x   d x +     d 2  d   y 2   ∫ 0 ∞  V  ( x , y )  sin ⁡  s x   d x = 0 ,  integrating by parts


     [   𝜕 V  𝜕 x  sin ⁡  s x ] 0 ∞ −   ∫ 0 ∞    𝜕 V  𝜕 x s  cos ⁡  s x   d x +     d 2  d   y 2   ∫ 0 ∞  V  ( x , y )  sin ⁡  s x   d x = 0 ,  integrating by parts


  or  − s   ∫ 0 ∞    𝜕 V  𝜕 x  cos ⁡  s x   d x +     d 2     V -  s  d   y 2 = 0 ,  if    𝜕 V  𝜕 x → 0  as  x → ∞ ,  assuming      V -  s  ( s , y ) =   ∫ 0 ∞  V  ( x , y )  sin ⁡  s x   d x


  or  − s   ∫ 0 ∞    𝜕 V  𝜕 x  cos ⁡  s x   d x +     d 2     V -  s  d   y 2 = 0 ,  if    𝜕 V  𝜕 x → 0  as  x → ∞ ,  assuming      V -  s  ( s , y ) =   ∫ 0 ∞  V  ( x , y )  sin ⁡  s x   d x


  or  − s  {    [ V  ( x , y )  cos ⁡  s x ] 0 ∞ −   ∫ 0 ∞  V  ( x , y )  ( − s  sin ⁡  s x )   d x } +     d 2     V -  s  d   y 2 = 0 ,  integrating by parts


  or  − s  {    [ V  ( x , y )  cos ⁡  s x ] 0 ∞ −   ∫ 0 ∞  V  ( x , y )  ( − s  sin ⁡  s x )   d x } +     d 2     V -  s  d   y 2 = 0 ,  integrating by parts


  − s  { − V  ( 0 , y ) + s     V -  s } +  (   d 2     V -  s / d   y 2 ) = 0 ,  if  V → 0  as  x → ∞


  − s  { − V  ( 0 , y ) + s     V -  s } +  (   d 2     V -  s / d   y 2 ) = 0 ,  if  V → 0  as  x → ∞


  −   s 2 +  (   d 2     V -  s / d   y 2 ) = 0 ,  using (4)


  −   s 2 +  (   d 2     V -  s / d   y 2 ) = 0 ,  using (4)


   (   D 2 −   s 2 )     V -  s = 0 ,   D ≡ d / d y ,  whose general solution is


   (   D 2 −   s 2 )     V -  s = 0 ,   D ≡ d / d y ,  whose general solution is


      V -  s  ( s , y ) = A  cosh ⁡  s y + B  sinh ⁡  s y ,  where  A  and  B  are arbitrary constants     …  ( 5 )


      V -  s  ( s , y ) = A  cosh ⁡  s y + B  sinh ⁡  s y ,  where  A  and  B  are arbitrary constants     …  ( 5 )


    ∫ 0 ∞  V  ( x , 0 )  sin ⁡  s x   d x =   ∫ 0 ∞  f  ( x )  sin ⁡  s x   d x   and     ∫ 0 ∞  V  ( x , b )  sin ⁡  s x   d x = 0


      V -  s  ( s , 0 ) =   ∫ 0 ∞  f  ( u )  sin ⁡  s u   d u     …  ( 6 )


      V -  s  ( s , 0 ) =   ∫ 0 ∞  f  ( u )  sin ⁡  s u   d u     …  ( 6 )


      V -  s  ( s , b ) = 0     …  ( 7 )


      V -  s  ( s , b ) = 0     …  ( 7 )


  y = 0


    ∫ 0 ∞  f  ( u )  sin ⁡  s u   d u = A .     …  ( 8 )


  y = b


  0 =  cosh ⁡  s b   ∫ 0 ∞  f  ( u )  sin ⁡  s u   d u + B  sinh ⁡  s b   ⇒   B = −    cosh ⁡  s b   sinh ⁡  s b   ∫ 0 ∞  f  ( u )  sin ⁡  s u   d u     …  ( 9 )


  A


  B


      V -  s  ( s , y ) =  cosh ⁡  s y   ∫ 0 ∞  f  ( u )  sin ⁡  s u   d u −    sinh ⁡  s y  cosh ⁡  s b   sinh ⁡  s b   ∫ 0 ∞  f  ( u )  sin ⁡  s u   d u


  ∴     V -  s  ( s , y ) =   ∫ 0 ∞  f  ( u )  sin ⁡  s u  [  cosh ⁡  s y −    sinh ⁡  s y  cosh ⁡  s b   sinh ⁡  s b ] d u =   ∫ 0 ∞  f  ( u )  sin ⁡  s u    sinh ⁡   ( b − y ) s   sinh ⁡  s b   d u .


  V  ( x , y ) =  2  𝜋   ∫ 0 ∞      V -  s  ( x , y )  sin ⁡  s x   d s =  2  𝜋   ∫ 0 ∞   sin ⁡  s x  [   ∫ 0 ∞  f  ( u )    sin ⁡  s u  sinh ⁡   ( b − y ) s   sinh ⁡  s b   d u ] d s


  V  ( x , y ) =  2  𝜋   ∫ 0 ∞  f  ( u )   d u   ∫ 0 ∞     sinh ⁡   ( b − y ) s   sinh ⁡  s b  sin ⁡  s u  sin ⁡  s x   d s ,  on changing the order of integration


  V  ( x , y ) =  2  𝜋   ∫ 0 ∞  f  ( u )   d u   ∫ 0 ∞     sinh ⁡   ( b − y ) s   sinh ⁡  s b  sin ⁡  s u  sin ⁡  s x   d s ,  on changing the order of integration


  U


  0 ≤ x < ∞


  𝜕 U / 𝜕 t = k  (   𝜕 2 U / 𝜕   x 2 )


  U = 0


  t = 0 , x ≥ 0


  𝜕 U / 𝜕 x = − 𝜇


  x = 0


  t > 0


  U  ( x , t ) =   2 𝜇  𝜋   ∫ 0 ∞     cos ⁡  s x    s 2  ( 1 −   e  − k   s 2 t ) d s


  𝜕 U / 𝜕 t = k  (   𝜕 2 U / 𝜕   x 2 )     …  ( 1 )


     ( 𝜕 U / 𝜕 x )  x = 0 = − 𝜇     …  ( 2 )


     ( 𝜕 U / 𝜕 x )  x = 0 = − 𝜇     …  ( 2 )


  U  ( x , 0 ) = 0 , x ≥ 0 .     …  ( 3 )


    ∫ 0 ∞    𝜕 U  𝜕 t  cos ⁡  s x   d x = k   ∫ 0 ∞      𝜕 2 U  𝜕   x 2  cos ⁡  s x   d x


  or    d  d t   ∫ 0 ∞  U  ( x , t )  cos ⁡  s x   d x = k  {    [   𝜕 U  𝜕 x  cos ⁡  s x ] 0 ∞ −   ∫ 0 ∞    𝜕 U  𝜕 x  ( − s  sin ⁡  s x )   d x } ,  integrating by parts


  or    d  d t   ∫ 0 ∞  U  ( x , t )  cos ⁡  s x   d x = k  {    [   𝜕 U  𝜕 x  cos ⁡  s x ] 0 ∞ −   ∫ 0 ∞    𝜕 U  𝜕 x  ( − s  sin ⁡  s x )   d x } ,  integrating by parts


  or    d     U -  c  d t = − k    (   𝜕 U  𝜕 x )  x = 0 + k s   ∫ 0 ∞    𝜕 U  𝜕 x  sin ⁡  s x   d x ,  if    𝜕 U  𝜕 x → 0  as  x → ∞ ,  assuming      U -  c =   ∫ 0 ∞  U  ( x , t )  cos ⁡  s x   d x


  or    d     U -  c  d t = − k    (   𝜕 U  𝜕 x )  x = 0 + k s   ∫ 0 ∞    𝜕 U  𝜕 x  sin ⁡  s x   d x ,  if    𝜕 U  𝜕 x → 0  as  x → ∞ ,  assuming      U -  c =   ∫ 0 ∞  U  ( x , t )  cos ⁡  s x   d x


  or    d     U -  c  d t = k 𝜇 + k s  {    [ U  ( x , t )  sin ⁡  s x ] 0 ∞ −   ∫ 0 ∞  U  ( x , t ) s  cos ⁡  s x   d x } ,  by (2)


  or    d     U -  c  d t = k 𝜇 + k s  {    [ U  ( x , t )  sin ⁡  s x ] 0 ∞ −   ∫ 0 ∞  U  ( x , t ) s  cos ⁡  s x   d x } ,  by (2)


  or  d     U -  c / d t = k 𝜇 + k s  ( 0 − s     U -  c ) ,  if  U → 0  as  x → ∞


  or   ( d     U -  c / d t ) + k   s 2     U -  c = k 𝜇 ,  which is a linear equation     …  ( 4 )


  or   ( d     U -  c / d t ) + k   s 2     U -  c = k 𝜇 ,  which is a linear equation     …  ( 4 )


  I.F. of (4) =   e   ∫  k   s 2 d t =   e  k   s 2 t  and so general solution of (4) is


  I.F. of (4) =   e   ∫  k   s 2 d t =   e  k   s 2 t  and so general solution of (4) is


    e  k   s 2 t     U -  c  ( s , t ) =  ∫   ( k 𝜇 )   e  k   s 2 t d t + c = k 𝜇     e  k   s 2 t  k   s 2 + c .


    e  k   s 2 t     U -  c  ( s , t ) =  ∫   ( k 𝜇 )   e  k   s 2 t d t + c = k 𝜇     e  k   s 2 t  k   s 2 + c .


  ∴     U -  c  ( s , t ) = 𝜇 /   s 2 + c   e  − k   s 2 t     …  ( 5 )


  ∴     U -  c  ( s , t ) = 𝜇 /   s 2 + c   e  − k   s 2 t     …  ( 5 )


    ∫ 0 ∞  U  ( x , 0 )  cos ⁡  s x   d x = 0   or       U -  c  ( s , 0 ) = 0 .     …  ( 6 )


  t = 0


  0 = 𝜇 /   s 2 + c   so that   c = − 𝜇 /   s  2 .


  ∴ From (5),      U -  c  ( s , t ) =  ( 𝜇 /   s 2 ) ×  ( 1 −   e  − k   s 2 t ) .


  ∴ Taking the inverse Fourier cosine transform, we get


  ∴ Taking the inverse Fourier cosine transform, we get


  U  ( x , t ) =  2  𝜋   ∫ 0 ∞    𝜇    s 2  ( 1 −   e  − k   s 2 t )  cos ⁡  s x   d s =   2 𝜇  𝜋   ∫ 0 ∞     cos ⁡  s x    s 2  ( 1 −   e  − k   s 2 t ) d s


  U  ( x , t ) =  2  𝜋   ∫ 0 ∞    𝜇    s 2  ( 1 −   e  − k   s 2 t )  cos ⁡  s x   d s =   2 𝜇  𝜋   ∫ 0 ∞     cos ⁡  s x    s 2  ( 1 −   e  − k   s 2 t ) d s


  𝜕 u / 𝜕 t =   𝜕 2 u / 𝜕   x 2 , x > 0 , t > 0


    u  x  ( 0 , t ) = 0 , u  ( x , t )


  u  ( x , 0 ) =  {    x ,  0 ≤ x ≤ 1   0 ,  x > 1


    u  x  ( 0 , t )


    ∫ 0 ∞    𝜕 u  𝜕 t  cos ⁡  s x   d x =   ∫ 0 ∞      𝜕 2 u  𝜕   x 2  cos ⁡  s x   d x


  or    d  d t   ∫ 0 ∞  u  cos ⁡  s x   d x =    [   𝜕 u  𝜕 x  cos ⁡  s x ] 0 ∞ + s   ∫ 0 ∞    𝜕 u  𝜕 x  sin ⁡  s x   d x ,  integrating by parts


  or    d  d t   ∫ 0 ∞  u  cos ⁡  s x   d x =    [   𝜕 u  𝜕 x  cos ⁡  s x ] 0 ∞ + s   ∫ 0 ∞    𝜕 u  𝜕 x  sin ⁡  s x   d x ,  integrating by parts


  or    d     u -  c  d t = −    (   𝜕 u  𝜕 x )  x = 0 + s  [    [ u  sin ⁡  s x ] 0 ∞ − s   ∫ 0 ∞  u  cos ⁡  s x   d x ] ,     …  ( 1 )


  or    d     u -  c  d t = −    (   𝜕 u  𝜕 x )  x = 0 + s  [    [ u  sin ⁡  s x ] 0 ∞ − s   ∫ 0 ∞  u  cos ⁡  s x   d x ] ,     …  ( 1 )


  𝜕 u / 𝜕 x → 0


  x → ∞


      u -  c  ( s , t )


  u  ( x , t )


  ∴  ( 1 ) ⇒ d     u -  c / d t = −   s 2     u -  c   or    ( 1 /     u -  c ) d     u -  c = −   s 2 d t .


   [ ∵ given    u  x  ( 0 , t ) = 0  and let  u → 0  as  x → ∞ ]


   [ ∵ given    u  x  ( 0 , t ) = 0  and let  u → 0  as  x → ∞ ]


     log ⁡    u -  c −  log ⁡  A = −   s 2 t   or       u -  c  ( s , t ) = A   e  −   s 2 t .     …  ( 2 )


  t = 0


  A =     u -  c  ( s , 0 )


  A =     u -  c  ( s , 0 ) =   ∫ 0 ∞  u  ( x , 0 )  cos ⁡  s x   d x =   ∫ 0 1  u  ( x , 0 )  cos ⁡  s x   d x +   ∫ 1 ∞  u  ( x , 0 )  cos ⁡  s x   d x =   ∫ 0 1  x  cos ⁡  s x   d x


   [ using the given value of  u  ( x , 0 ) ]


   [ using the given value of  u  ( x , 0 ) ]


  =    [ x    sin ⁡  s x  s ] 0 1 −   ∫ 0 1 1 ×    sin ⁡  s x  s   d x =    sin ⁡  s  s +    [    cos ⁡  s x    s 2 ] 0 1 =    sin ⁡  s  s +    cos ⁡  s − 1    s 2


  =    [ x    sin ⁡  s x  s ] 0 1 −   ∫ 0 1 1 ×    sin ⁡  s x  s   d x =    sin ⁡  s  s +    [    cos ⁡  s x    s 2 ] 0 1 =    sin ⁡  s  s +    cos ⁡  s − 1    s 2


  ∴  ( 2 )  becomes      u -  c  ( s , t ) =  (    sin ⁡  s  s +    cos ⁡  s − 1    s 2 )   e  −   s 2 t .


  ∴  ( 2 )  becomes      u -  c  ( s , t ) =  (    sin ⁡  s  s +    cos ⁡  s − 1    s 2 )   e  −   s 2 t .


  u  ( x , t ) =  2  𝜋   ∫ 0 ∞   (    sin ⁡  s  s +    cos ⁡  s − 1    s 2 )   e  −   s 2 t  cos ⁡  s x   d x


  or  s  {    [ U  ( x , y )  sin ⁡  s x ] 0 ∞ −   ∫ 0 ∞  U  ( x , y ) s  cos ⁡  s x   d x } +  (   d 2     U -  c / d   y 2 ) = 0 ,  integrating by parts again,


  or  s  {    [ U  ( x , y )  sin ⁡  s x ] 0 ∞ −   ∫ 0 ∞  U  ( x , y ) s  cos ⁡  s x   d x } +  (   d 2     U -  c / d   y 2 ) = 0 ,  integrating by parts again,


  0 . −   s 2     U -  c +  (   d 2     U -  c / d   y 2 ) = 0 ,  if  U  ( x , y ) → 0  as  x → ∞


  0 . −   s 2     U -  c +  (   d 2     U -  c / d   y 2 ) = 0 ,  if  U  ( x , y ) → 0  as  x → ∞


  or   (   D 2 −   s 2 )     U -  c = 0 ,  where  D ≡ d / d y .


  or   (   D 2 −   s 2 )     U -  c = 0 ,  where  D ≡ d / d y .


      U -  c  ( s , y ) =   C 1   e  s y +   C 2   e  − s y ,   C 1 ,   C 2  being arbitrary constants     …  ( 4 )


      U -  c  ( s , y )


    C 1 = 0


      U -  c  ( s , y )


  y → ∞


  ∴  ( 4 )  reduces to      U -  c  ( s , y ) =   C 2   e  − s y     …  ( 5 )


  Again,    ∫ 0 ∞  U  ( x , 0 )  cos ⁡  s x   d x =   ∫ 0  a  U  ( x , 0 )  cos ⁡  s x   d x +   ∫  a ∞  U  ( x , 0 )  cos ⁡  s x   d x


  Again,    ∫ 0 ∞  U  ( x , 0 )  cos ⁡  s x   d x =   ∫ 0  a  U  ( x , 0 )  cos ⁡  s x   d x +   ∫  a ∞  U  ( x , 0 )  cos ⁡  s x   d x


  or      U -  c  ( s , 0 ) =   ∫ 0  a   cos ⁡  s x   d x + 0 ,  by (2) and (3)


  or      U -  c  ( s , 0 ) =   ∫ 0  a   cos ⁡  s x   d x + 0 ,  by (2) and (3)


  or      U -  c  ( s , 0 ) =    [  ( 1 / s ) ×  sin ⁡  s x ] 0  a =  ( 1 / s ) ×  sin ⁡  s a .     …  ( 6 )


  or      U -  c  ( s , 0 ) =    [  ( 1 / s ) ×  sin ⁡  s x ] 0  a =  ( 1 / s ) ×  sin ⁡  s a .     …  ( 6 )


  y = 0


    C 2 =  (  sin ⁡  s a ) / s .


  ∴ From (5),      U -  c  ( s , y ) =  {  ( 1 / s ) ×  sin ⁡  s a }   e  − s y .


  ∴ Taking the inverse Fourier cosine transform, we get


  ∴ Taking the inverse Fourier cosine transform, we get


  U  ( x , y ) =  2  𝜋   ∫ 0 ∞     sin ⁡  s a  s   e  − s y  cos ⁡  s x   d s =  1  𝜋   ∫ 0 ∞      e  − s y  s  [  sin ⁡   ( a + x ) s +  sin ⁡   ( a − x ) s ] d s


  U  ( x , y ) =  2  𝜋   ∫ 0 ∞     sin ⁡  s a  s   e  − s y  cos ⁡  s x   d s =  1  𝜋   ∫ 0 ∞      e  − s y  s  [  sin ⁡   ( a + x ) s +  sin ⁡   ( a − x ) s ] d s


  =  1  𝜋  [   ∫ 0 ∞    e  − s y   s  − 1  sin ⁡   ( a + x ) s   d s +   ∫ 0 ∞    e  − s y   s  − 1  sin ⁡   ( a − x ) s   d s ]


  =  1  𝜋  [    tan  − 1 ⁡   (   a + x  y ) +    tan  − 1 ⁡   (   a − x  y ) ] ,  as    ∫ 0 ∞    e  − s x   x  − 1  sin ⁡  r x   d x =    tan  − 1 ⁡    r  s


  =  1  𝜋  [    tan  − 1 ⁡   (   a + x  y ) +    tan  − 1 ⁡   (   a − x  y ) ] ,  as    ∫ 0 ∞    e  − s x   x  − 1  sin ⁡  r x   d x =    tan  − 1 ⁡    r  s


  θ


  z


  y


  ∂ θ / ∂ t = k  (  ∂ 2 θ / ∂  x 2 )


  − ∞ < x < ∞


  θ = f  ( x )


  t = 0 , f  ( x )


  x


  𝜕 𝜃 / 𝜕 t = k  (   𝜕 2 𝜃 / 𝜕   x 2 ) , − ∞ < x < ∞ ,     …  ( 1 )


  𝜃  ( x , 0 ) = f  ( x ) .     …  ( 2 )


    ∫  − ∞ ∞    𝜕 𝜃  𝜕 t   e  i s x d x = k   ∫  − ∞ ∞      𝜕 2 𝜃  𝜕   x 2   e  i s x d x


  or    d  d t   ∫  − ∞ ∞  𝜃  ( x , t )   e  i s x d x = k    ( − i s ) 2 F  { 𝜃  ( x , t ) } ,  using theorem 2, Art. 1.22


  or    d  d t   ∫  − ∞ ∞  𝜃  ( x , t )   e  i s x d x = k    ( − i s ) 2 F  { 𝜃  ( x , t ) } ,  using theorem 2, Art. 1.22


  or    d   𝜃 -  d t = − k   s 2   𝜃 - ,  where    𝜃 -  ( s , t ) = F  { 𝜃  ( x , t ) } =   ∫  − ∞ ∞  𝜃  ( x , t )   e  i s x d x


  or    d   𝜃 -  d t = − k   s 2   𝜃 - ,  where    𝜃 -  ( s , t ) = F  { 𝜃  ( x , t ) } =   ∫  − ∞ ∞  𝜃  ( x , t )   e  i s x d x


    𝜃 -  ( s , t ) = A   e  − k   s 2 t , A  being an arbitrary constant     …  ( 3 )


    ∫  − ∞ ∞  𝜃  ( x , 0 )   e  i s x d x =   ∫  − ∞ ∞  f  ( x )   e  i s x d x   or     𝜃 -  ( s , 0 ) =   f -  ( s )     …  ( 4 )


  t = 0


    f -  ( s ) = A .


  ∴ From (3),    𝜃 -  ( s , t ) =   f -  ( s )   e  − k   s 2 t


  𝜃  ( x , t ) =  1  2 𝜋   ∫  − ∞ ∞    f -  ( s )   e  − k   s 2 t   e  − i s x d s =  1  2 𝜋   ∫  − ∞ ∞    f -  ( s )   e  − k   s 2 t − i s x d s ,


    f -  ( s ) =   ∫  − ∞ ∞  f  ( x )   e  i s x d x .


  U  ( x , y )


  ∂ U / ∂ x =  ∂ 2 U / ∂  y 2


  x ≥ 0 , − ∞ < y < ∞


  U = f  ( y )


  x = 0


  U  ( x , y ) =  1  2 π   ∫  − ∞ ∞   f -  ( s )  e  −  s 2 x − isy ds ,  where   f -  ( s )  is the Fourier transform of  f  ( y ) .


    𝜕 4 V / 𝜕   x 4 +   𝜕 2 V / 𝜕   y 2 = 0 , − ∞ < x < ∞ , y ≥ 0


  V


  x → ± ∞


  V = f  ( x ) , 𝜕 V / 𝜕 y = 0


  y = 0


    𝜕 4 V / 𝜕   x 4 +   𝜕 2 V / 𝜕   y 2 = 0     …  ( 1 )


  V → 0 ,   𝜕 V / 𝜕 x → 0 ,     𝜕 2 V / 𝜕   x 2 → 0 ,     𝜕 3 V / 𝜕   x 3 → 0 ,   as  x → ± ∞ ,     …  ( 2 )


  V  ( x , 0 ) = f  ( x )     …  ( 3 )


  V  ( x , 0 ) = f  ( x )     …  ( 3 )


     ( 𝜕 V / 𝜕 y )  y = 0 = 0     …  ( 4 )


    ∫ 0 ∞      𝜕 4 V  𝜕   x 4   e  i s x d x +   ∫ 0 ∞      𝜕 2 V  𝜕   y 2   e  i s x d x = 0


  Or     ( − i s ) 4 F  { V  ( x , y ) } +     d 2  d   y 2   ∫ 0 ∞  V  ( x , y )   e  i s x d x = 0 ,  by theorem 2 of Art. 6.14.


  Or     ( − i s ) 4 F  { V  ( x , y ) } +     d 2  d   y 2   ∫ 0 ∞  V  ( x , y )   e  i s x d x = 0 ,  by theorem 2 of Art. 6.14.


  Or    s 4   V - +     d 2   V -  d   y 2 = 0 ,   where  F  { V  ( x , y ) } =   V -  ( s , y ) =   ∫ 0 ∞  V  ( x , y )   e  i s x d x .


  Or    s 4   V - +     d 2   V -  d   y 2 = 0 ,   where  F  { V  ( x , y ) } =   V -  ( s , y ) =   ∫ 0 ∞  V  ( x , y )   e  i s x d x .


  Or   (   D 2 +   s 4 )   V - = 0 ,   where  D ≡ d / d y ,


  Or   (   D 2 +   s 4 )   V - = 0 ,   where  D ≡ d / d y ,


    V -  ( s , y ) =   C 1    cos ⁡  s 2 y +   C 2    sin ⁡  s 2 y     …  ( 5 )


  d   V - / d y = −   C 1   s 2    sin ⁡  s 2 y +   C 2   s 2    cos ⁡  s 2 y .     …  ( 6 )


    ∫ 0 ∞     (   𝜕 V  𝜕 y )  y = 0   e  i s x d x = 0   or      (   d   V ¯  d y )  y = 0 = 0


  y = 0


  0 =   C 2   s 2


    C 2 = 0


  ∴


    V ¯  ( s , y ) =   C 1    cos ⁡  s 2 y


    ∫ 0 ∞  V  ( x , t )   e  i s x d x =   ∫ 0 ∞  f  ( x )   e  i s x d x   or     V ¯  ( s , 0 ) =   f ¯  ( s )


    f ¯  ( s ) =   ∫ 0 ∞  f  ( x )   e  i s x d x


  y = 0


    f ¯  ( s ) =   C 1


  ∴


    V ¯  ( s , y ) =   f ¯  ( s )    cos ⁡  s 2 y


  V  ( x , y ) =  1  2 𝜋   ∫  − ∞ ∞    f ¯  ( s )    cos ⁡  s 2 y     e  − i s x d s ,   where    f ¯  ( s )  is given by (10).


  V =  1  2  π t   ∫  − ∞ ∞ f  ( u )  exp ⁡   { −      ( x − u ) 2  4 t } du


    ∂ V  ∂ t =    ∂ 2 V  ∂  x 2 ,   − ∞ < x < ∞ ,   t > 0 ;   V = f  ( x ) ;   when  t = 0 .


    ∫  − ∞ ∞    𝜕 V  𝜕 t   e  i s x d x =   ∫  − ∞ ∞      𝜕 2 V  𝜕   x 2   e  i s x d x


    d  d t   ∫  − ∞ ∞  V   e  i s x d x =    ( − i s ) 2 F  { V  ( x , t ) } ,  by theorem 2 of Art. 1.22


    d   V ¯  d t = −   s 2   V ¯ ,   where     V ¯  ( s , t ) =   ∫  − ∞ ∞  V  ( x , t )   e  i s x d x


   ( 1 /   V ¯ ) d   V ¯ = −   s 2 d t   so that     V ¯  ( s , t ) = A   e  −   s 2 t


  t = 0


  A =   V ¯  ( s , 0 )


  ∴


  A =   V ¯  ( s , 0 ) =   ∫  − ∞ ∞  V  ( x , 0 )   e  i s x d x =   ∫  − ∞ ∞  f  ( x )   e  i s x d x =   ∫  − ∞ ∞  f  ( u )   e  i s u d u


  A =   V ¯  ( s , 0 ) =   ∫  − ∞ ∞  V  ( x , 0 )   e  i s x d x =   ∫  − ∞ ∞  f  ( x )   e  i s x d x =   ∫  − ∞ ∞  f  ( u )   e  i s u d u


   [ ∵ V = f  ( x )  when  t = 0 ⇒ V  ( x , 0 ) = f  ( x ) ]


   [ ∵ V = f  ( x )  when  t = 0 ⇒ V  ( x , 0 ) = f  ( x ) ]


  ∴


    V ¯  ( s , t ) =   e  −   s 2 t   ∫  − ∞ ∞  f  ( u )   e  i s u d u


  V  ( x , t ) =  1  2 𝜋   ∫  − ∞ ∞   [   e  −   s 2 t   ∫  − ∞ ∞  f  ( u )   e  i s u d u ]   e  − i s x d s =  1  2 𝜋   ∫  − ∞ ∞  f  ( u )  [   ∫  − ∞ ∞    e  −   s 2 t − i s  ( x − u ) d s ] d u


   [ changing the order of integration ]


   [ changing the order of integration ]


   1  2 𝜋   ∫  − ∞ ∞  f  ( u )  [   ∫  − ∞ ∞    e  − t  [   s 2 + i s  ( x − u ) / t ] d s ] d u =  1  2 𝜋   ∫  − ∞ ∞  f  ( u )  [   ∫  − ∞ ∞    e  − t  {    [ s + i  ( x − u ) / 2 t ] 2 +    ( x − u ) 2 / 4   t 2 } d s ] d u


   1  2 𝜋   ∫  − ∞ ∞  f  ( u )  [   ∫  − ∞ ∞    e  − t  [   s 2 + i s  ( x − u ) / t ] d s ] d u =  1  2 𝜋   ∫  − ∞ ∞  f  ( u )  [   ∫  − ∞ ∞    e  − t  {    [ s + i  ( x − u ) / 2 t ] 2 +    ( x − u ) 2 / 4   t 2 } d s ] d u


   1  2 𝜋   ∫  − ∞ ∞  f  ( u )   e  −    ( x − u ) 2 / 4 t  [   ∫  − ∞ ∞    e  − t    { s + i  ( x − u ) / 2 t } 2 d s ] d u =  1  2 𝜋   ∫  − ∞ ∞   1   t f  ( u )   e  −    ( x − u ) 2 / 4 t  [   ∫  − ∞ ∞    e  −   y 2 d y ] d u


   1  2 𝜋   ∫  − ∞ ∞  f  ( u )   e  −    ( x − u ) 2 / 4 t  [   ∫  − ∞ ∞    e  − t    { s + i  ( x − u ) / 2 t } 2 d s ] d u =  1  2 𝜋   ∫  − ∞ ∞   1   t f  ( u )   e  −    ( x − u ) 2 / 4 t  [   ∫  − ∞ ∞    e  −   y 2 d y ] d u


   [ Putting   t  { s + i  ( x − u ) / 2 t } = y   so that  d s = d y /  t ]


   [ Putting   t  { s + i  ( x − u ) / 2 t } = y   so that  d s = d y /  t ]


   1  2 𝜋  t   ∫  − ∞ ∞  f  ( u )   e  −    ( x − u ) 2 / 4 t  𝜋   d u ,   as    ∫  − ∞ ∞    e  −   y 2 d y =  𝜋


   1  2 𝜋  t   ∫  − ∞ ∞  f  ( u )   e  −    ( x − u ) 2 / 4 t  𝜋   d u ,   as    ∫  − ∞ ∞    e  −   y 2 d y =  𝜋


  =  1  2  𝜋 t   ∫  − ∞ ∞  f  ( u )  exp ⁡   { −      ( x − u ) 2  4 t } d u .


  =  1  2  𝜋 t   ∫  − ∞ ∞  f  ( u )  exp ⁡   { −      ( x − u ) 2  4 t } d u .


  y  ( x , t )


  f  ( x )


  − ∞ < x < ∞


  y  ( x , t ) =  [ f  ( x + ct ) + f  ( x − ct ) ] / 2


    𝜕 2 y / 𝜕   t 2 =   c 2  (   𝜕 2 y / 𝜕   x 2 ) ,   − ∞ < x < ∞ ,   t > 0


  y  ( x , 0 ) = Initial displacement = f  ( x )


    y  t  ( x , 0 ) = Initial velocity = 0


    ∫  − ∞ ∞      𝜕 2 y  𝜕   t 2   e  i s x d x =   c 2   ∫  − ∞ ∞      𝜕 2 y  𝜕   x 2   e  i s x d x


      d 2  d   t 2   ∫  − ∞ ∞  y   e  i s x d x =    ( − i s ) 2   c 2 F  { y  ( x , t ) } ,  by theorem 2 of Art. 1.22


      d 2   y ¯  d   t 2 +   c 2   s 2   y ¯ = 0 ,   where   F  { y  ( x , t ) } =   y ¯  ( s , t ) =   ∫  − ∞ ∞  y  ( x , t )   e  i s x d x


   (   D 2 +   c 2   s 2 )   y ¯ = 0 ,   where  D = d / d t .  Its solution is given by


    y ¯  ( s , t ) = A  cos ⁡   ( c s t ) + B  sin ⁡   ( c s t ) ,  where  A  and  B  are arbitrary constants


    y ¯  ( s , t ) = A  cos ⁡   ( c s t ) + B  sin ⁡   ( c s t ) ,  where  A  and  B  are arbitrary constants


      y ¯  t  ( s , t ) = 𝜕   y ¯ / 𝜕 t = − A c s  sin ⁡   ( c s t ) + B c s  cos ⁡   ( c s t ) .


    y ¯  ( s , 0 ) =   ∫  − ∞ ∞  f  ( x )   e  i s x d x =   f ¯  ( s )  say


      y ¯  t  ( s , 0 ) =   ∫  − ∞ ∞ 0 .   e  i s x d x = 0 .


  t = 0


  0 = B c s


  B = 0


  t = 0


  B = 0


    f ¯  ( s ) = A


  ∴


    y ¯  ( s , t ) =   f ¯  ( s )  cos ⁡   ( c s t )


  y  ( x , t ) =  1  2 𝜋   ∫  − ∞ ∞    f ¯  ( s )  cos ⁡  c s t     e  − i s x d s =  1  2 𝜋   ∫  − ∞ ∞    f ¯  ( s )  (     e  i c s t +   e  − i c s t 2 )   e  − i s x d s


  =  1 2  [  1  2 𝜋   ∫  − ∞ ∞    f ¯  ( s )   e  − i s  ( x − c t ) d s +  1  2 𝜋   ∫  − ∞ ∞    f ¯  ( s )   e  − i s  ( x + c t ) d s ]


  =  1 2  [  1  2 𝜋   ∫  − ∞ ∞    f ¯  ( s )   e  − i s  ( x − c t ) d s +  1  2 𝜋   ∫  − ∞ ∞    f ¯  ( s )   e  − i s  ( x + c t ) d s ]


  =  [ f  ( x + c t ) + f  ( x − c t ) ] / 2 ,  by inversion formula for Fourier transform.


  =  [ f  ( x + c t ) + f  ( x − c t ) ] / 2 ,  by inversion formula for Fourier transform.


  z = f  ( x , y )


  z  ( x , y ) =  1  4  π 2   ∫  − ∞ ∞    ∫  − ∞ ∞ F  ( p , q )  cos ⁡   { ct    (  p 2 +  q 2 )  1 / 2 }  e  − i  ( px + qy ) dp   dq ,


  F  ( p , q )


  f  ( x , y )


  z


  xy


  t ≥ 0


   ∇ 2 z =  ( 1 /  c 2 ) ×  (  ∂ 2 z / ∂  t 2 ) ,   i . e . ,    ∂ 2 z / ∂  t 2 =  c 2  (  ∂ 2 z / ∂  x 2 +  ∂ 2 z / ∂  y 2 )


   c 2 = T / ρ


  t = 0


  z = f  ( x , y )


  ∂ z / ∂ t = 0


  z  ( x , y ) =  1  4   𝜋 2   ∫  − ∞ ∞    ∫  − ∞ ∞  F  ( p , q )  cos ⁡   { c t    (   p 2 +   q 2 )  1 / 2 }   e  − i  ( p x + q y ) d p   d q ,


  F  ( p , q ) =   ∫  − ∞ ∞    ∫  − ∞ ∞  f  ( x , y )   e  i  ( p x + q y ) d x   d y   and     𝛻 2 =   𝜕 2 / 𝜕   x 2 +   𝜕 2 / 𝜕   y 2


    𝜕 2 z / 𝜕   t 2 =   c 2  (   𝜕 2 z / 𝜕   x 2 +   𝜕 2 z / 𝜕   y 2 )


  z  ( x , y , 0 ) = f  ( x , y )


     ( 𝜕 z / 𝜕 t )  t = 0 = 0


    ∫  − ∞ ∞    ∫  − ∞ ∞      𝜕 2 z  𝜕   t 2   e  i  ( p x + q y ) d x   d y =   c 2   ∫  − ∞ ∞    ∫  − ∞ ∞   (     𝜕 2 z  𝜕   x 2 +     𝜕 2 z  𝜕   y 2 )   e  i  ( p x + q y ) d x   d y


      d 2   z ¯  d   t 2 =   c 2  ( −   p 2 −   q 2 )   z ¯   or    [   D 2 +   c 2  (   p 2 +   q 2 ) ]   z ¯ = 0 ,   D ≡ d / d t


    z ¯  ( p , q , t ) =   ∫  − ∞ ∞    ∫  − ∞ ∞  z  ( x , y , t )   e  i  ( p x + q y ) d x   d y


  z  ( x , y , t )


    D 2 +   c 2  (   p 2 +   q 2 ) = 0


  D = ± i c    (   p 2 +   q 2 )  1 / 2


    z ¯  ( p , q , t ) =   C 1  cos ⁡   { c t    (   p 2 +   q 2 )  1 / 2 } +   C 2  sin ⁡   { c t    (   p 2 +   q 2 )  1 / 2 } ,     C 1 ,   C 2  being arbitrary constants


    z ¯  ( p , q , 0 ) = F  ( p , q )


     ( d   z ¯ / d t )  t = 0 = 0 ,


  F  ( p , q ) =   ∫  − ∞ ∞    ∫  − ∞ ∞  f  ( x , y )   e  i  ( p x + q y ) d x   d y


  d   z ¯ / d t = −   C 1 c    (   p 2 +   q 2 )  1 / 2  sin ⁡   { c t    (   p 2 +   q 2 )  1 / 2 }


  +   C 2 c    (   p 2 +   q 2 )  1 / 2  cos ⁡   { c t    (   p 2 +   q 2 )  1 / 2 } .


  t = 0


  0 =   C 2 c    (   p 2 +   q 2 )  1 / 2


    C 2 = 0


  ∴


    z ¯  ( p , q , t ) =   C 1  cos ⁡   { c t    (   p 2 +   q 2 )  1 / 2 } .


  t = 0


    C 1 = F  ( p , q )


    z ¯  ( p , q , t ) = F  ( p , q )  cos ⁡   { c t    (   p 2 +   q 2 )  1 / 2 } .


  z  ( x , y , t ) =  1  4   𝜋 2   ∫  − ∞ ∞    ∫  − ∞ ∞  F  ( p , q )  cos ⁡   { c t    (   p 2 +   q 2 )  1 / 2 }   e  − i  ( p x + q y ) d p   d q .


   F s  − 1  {  e  − ap / p }


   e  − bx


   ( i )   ∫ 0 ∞     cos ⁡ s x   s 2 +  b 2 dx =  π  2 b  e  − bx    ( ii )   ∫ 0 ∞    s  sin ⁡ s x   s 2 +  b 2 dx =  π 2  e  − bx


  k  (  ∂ 2 u / ∂  x 2 ) = ∂ u / ∂ t ,   − ∞ < x < ∞ , t > 0


  u  ( x , t )


   u x  ( x , t )


  | x | → ∞


  u  ( x , 0 ) = f  ( x ) , − ∞ < x < ∞


  𝐀 𝐧 𝐬 .   u  ( x , t ) =  1   4 π kt   ∫  − ∞ ∞ f  ( s )  e  −  {    ( x − s ) 2 / 4 kt } ds


  x ≥ 0


  x = 0


  f  ( x )


  𝜕 u / 𝜕 t = k  (   𝜕 2 u / 𝜕   x 2 ) ,   0 < x < ∞ , t > 0


  u  ( 0 , t ) = 0 , t > 0


  u  ( x , 0 ) = f  ( x ) , 0 < x < ∞


  u  ( x , t ) =  2  𝜋   ∫ 0 ∞      f ¯  s  ( s )   e  − k   s 2 t  sin ⁡  s x   d s ,   where      f ¯  s  ( s ) =   ∫ 0 ∞  f  ( x )  sin ⁡  s x   d x


   ∂ 2 u / ∂  t 2 =  c 2  (  ∂ 2 u / ∂  x 2 ) ,   0 < x < ∞ , t > 0


  u  ( x , 0 ) = f  ( x )


   u t  ( 0 , t ) = g  ( x )


  𝐀 𝐧 𝐬 .   u  ( x , t ) =  ( 1 / 2 ) ×  { f  ( x + ct ) + f  ( x − ct ) } +  1  2 c   ∫  x − ct  x + ct g  ( s )   ds ,   where  g  ( s ) =   ∫ 0 ∞ g  ( x )  sin ⁡ s x   dx


  y > 0


   ∂ 2 u / ∂  x 2 +  ∂ 2 u / ∂  y 2 = 0 ,   − ∞ < x < ∞ , y > 0


  u  ( x , 0 ) = f  ( x ) ,   − ∞ < x < ∞


  u


  y → ∞


  u


  ∂ u / ∂ x


  | x | → ∞


  x > 0


   ∂ 2 u / ∂  x 2 +  ∂ 2 u / ∂  y 2 = 0 ,   − ∞ < y < ∞ , x > 0


  u  ( 0 , y ) = f  ( y ) ,   − ∞ < y < ∞


  u


  x → ∞


  u


  ∂ u / ∂ y


  | y | → ∞


  𝐀 𝐧 𝐬 .  (a)   u  ( x , y ) =   y  𝜋   ∫  − ∞ ∞    f  ( 𝜉 ) d 𝜉     ( 𝜉 − x ) 2 +   y 2      ( 𝐛 )   u  ( x , y ) =   x  𝜋   ∫  − ∞ ∞    f  ( 𝜉 ) d 𝜉    x 2 +    ( y − 𝜉 ) 2


  y = f  ( x )


  x =   x 0 ,   x 0 + h ,   x 0 + 2 h , … ,   x 0 + n h


  y =   y 0 ,   y 1 ,   y 2 , … ,   y  n


    y 1 −   y 0 ,   y 2 −   y 1 , … ,   y  n −   y  n − 1


  Δ   y 0 , Δ   y 1 , … , Δ   y  n − 1


  𝛥


  Δ   y  r =   y  r + 1 −   y  r


   Δ 2   y  r = Δ   y  r + 1 − Δ   y  r


  p


   Δ  p   y  r =  Δ  p − 1   y  r + 1 −  Δ  p − 1   y  r


  x


  y


    y 0


  Δ   y 0 ,  Δ 2   y 0 ,  Δ 3   y 0 , …


   Δ  n   y 0 =   y  n −  (   n 1 )   y  n − 1 +  (   n 2 )   y  n − 2 − … +    ( − 1 )  n   y 0


  𝜟


  Δ  [ f  ( x ) ± 𝜙  ( x ) ] = Δ f  ( x ) ± Δ 𝜙  ( x )


  Δ  [ c ⋅ f  ( x ) ] = c ⋅ Δ f  ( x )


   Δ  m  Δ  n f  ( x ) =  Δ  m + n f  ( x )


  𝛻


  𝛻   y  r =   y  r −   y  r − 1


    𝛻 2   y  r = 𝛻   y  r − 𝛻   y  r − 1


    𝛻  p   y  r =   𝛻  p − 1   y  r −   𝛻  p − 1   y  r − 1


    𝛻  p   y  r =   𝛻  p − 1   y  r −   𝛻  p − 1   y  r − 1


  𝛿


  𝛿   y  1 / 2 =   y 1 −   y 0


  𝛿   y  r =   y  r + 1 / 2 −   y  r − 1 / 2


  𝛿   y  r =   y  r + 1 / 2 −   y  r − 1 / 2


  𝜇


  𝜇   y  r =  1 2  (   y  r + 1 / 2 +   y  r − 1 / 2 )


   Δ 2   y 


   Δ 3   y 


   Δ 4   y 


   Δ 5   y 


    x 0


    y 0


  Δ   y 0


    x 0 + h


    y 1


   Δ 2   y 0


  Δ   y 1


   Δ 3   y 0


    x 0 + 2 h


    y 2


   Δ 2   y 1


   Δ 4   y 0


  Δ   y 2


   Δ 3   y 1


   Δ 5   y 0


    x 0 + 3 h


    y 3


   Δ 2   y 2


   Δ 4   y 1


  Δ   y 3


   Δ 3   y 2


    x 0 + 4 h


    y 4


   Δ 2   y 3


  Δ   y 4


    x 0 + 5 h


    y 5


   ∇ 2


   ∇ 3


   ∇ 4


   ∇ 5


    x 0


    y 0


    x 0 + h


    y 1


  𝛻   y 1


    x 0 + 2 h


    y 2


  𝛻   y 2


    𝛻 2   y 2


    x 0 + 3 h


    y 3


  𝛻   y 3


    𝛻 2   y 3


    𝛻 3   y 3


    x 0 + 4 h


    y 4


  𝛻   y 4


    𝛻 2   y 4


    𝛻 3   y 4


    𝛻 4   y 4


    x 0 + 5 h


    y 5


  𝛻   y 5


    𝛻 2   y 5


    𝛻 3   y 5


    𝛻 4   y 5


    𝛻 5   y 5


    𝛿 2 y


    𝛿 3 y


    𝛿 4 y


    𝛿 5 y


    x 0


    y 0


  𝛿   y  1 / 2


    x 0 + h


    y 1


    𝛿 2   y 1


  𝛿   y  3 / 2


    𝛿 3   y  3 / 2


    x 0 + 2 h


    y 2


    𝛿 2   y 2


    𝛿 4   y 2


  𝛿   y  5 / 2


    𝛿 3   y  5 / 2


    𝛿 5   y  5 / 2


    x 0 + 3 h


    y 3


    𝛿 2   y 3


    𝛿 4   y 3


  𝛿   y  7 / 2


    𝛿 3   y  7 / 2


    x 0 + 4 h


    y 4


    𝛿 2   y 4


  𝛿   y  9 / 2


    x 0 + 5 h


    y 5


  n


  f  ( x ) = a   x  n + b   x  n − 1 + c   x  n − 2 + … + k


  n


   Δ  n f  ( x ) = a ⋅ n ! ⋅  h  n


  n + 1


   Δ  n + 1 f  ( x ) = 0


     [ x ]  n


     [ x ]  n = x  ( x − h )  ( x − 2 h ) …  ( x −  ( n − 1 ) h )


  h = 1


     [ x ]  n = x  ( x − 1 )  ( x − 2 ) …  ( x − n + 1 )


  Δ    [ x ]  n = n ⋅ h ⋅    [ x ]  n − 1


   Δ  n    [ x ]  n = n ! ⋅  h  n


   Δ  n + 1    [ x ]  n = 0


  𝜖


    y 5


  + 𝜖 , − 𝜖


  + 𝜖 , − 2 𝜖 , + 𝜖


  + 𝜖 , − 3 𝜖 , + 3 𝜖 , − 𝜖


  + 𝜖 , − 4 𝜖 , + 6 𝜖 , − 4 𝜖 , + 𝜖


     ( 1 − 𝜖 )  n


  Δ    tan  − 1 ⁡   ( x ) =    tan  − 1 ⁡   ( x + h ) −    tan  − 1 ⁡   ( x ) =    tan  − 1 ⁡   (  h  1 + h x +   x 2 )


   Δ 10  [  ( 1 − a x )  ( 1 − b   x 2 )  ( 1 − c   x 3 )  ( 1 − d   x 4 ) ] = a b c d ⋅  ( 10 ! )


  y = 2   x 3 − 3   x 2 + 3 x − 10


  y = 2    [ x ] 3 + 3    [ x ] 2 + 2  [ x ] − 10


  y


   Δ 4 y = 16


  ∴ The   other   fourth   order   differences   must   also   be   16 .


   Δ 4   y 1 = 16 =  Δ 3   y 2 −  Δ 3   y 1


   Δ 3   y 2 =  Δ 3   y 1 +  Δ 4   y 1 = 8 + 16 = 24


   Δ 3   y 2 =  Δ 3   y 1 +  Δ 4   y 1 = 8 + 16 = 24


   Δ 2   y 3 =  Δ 2   y 2 +  Δ 3   y 2 = 4 + 24 = 28


   Δ 2   y 3 =  Δ 2   y 2 +  Δ 3   y 2 = 4 + 24 = 28


  Δ   y 4 = Δ   y 3 +  Δ 2   y 3 = 2 + 28 = 30


  Δ   y 4 = Δ   y 3 +  Δ 2   y 3 = 2 + 28 = 30


    y 5 =   y 4 + Δ   y 4 = 1 + 30 = 31


   Δ 4   y 2 = 16


   Δ 3   y 3 = 40 ,  Δ 2   y 4 = 68 , Δ   y 5 = 98 ,   y 6 = 129


   Δ 4   y 3 = 16


   Δ 3   y 4 = 56 ,  Δ 2   y 5 = 124 , Δ   y 6 = 222 ,   y 7 = 351


    x 3 − 2   x 2 + x − 1


   Δ 4 f  ( x ) = 0


  u =   x 4 − 12   x 3 + 24   x 2 − 30 x + 9


   Δ 5 u = 0


  3   x 4 − 4   x 3 + 6   x 2 + 2 x + 1


    x 4 − 6   x 3 + 11   x 2 − 5 x + 8


  h = 1


  2   x 3 + 3   x 2 − 5 x + 4


   log ⁡ 100 = 2


   log ⁡ 101 = 2 . 0043


   log ⁡ 103 = 2 . 0128


   log ⁡ 104 = 2 . 0170


   log ⁡ 102


     x :  0  1  2  3  4   f  ( x ) :  1  3  9  −  81


     x :  0  5  10  15  20  25   y :  6  10  −  17  −  31


  8 , 3 , 0 , − 1 , 0


  0 , 7 , 26 , 63 , 124 , 215 , 342 , 511 .


  f  ( 3 )


     x :  0  1  2  3  4  5  6   f  ( x ) :  1  2  33  254  1025  3126  7777


  𝛥


  𝛻


  𝛿


  E


  𝜇


  E


  x


  h


  E f  ( x ) = f  ( x + h ) ,     E 2 f  ( x ) = f  ( x + 2 h ) ,     E 3 f  ( x ) = f  ( x + 3 h )   etc.


    E  − 1


    E  − 1 f  ( x ) = f  ( x − h )


    y  x


  f  ( x )


  E   y  x =   y  x + h


    E  − 1   y  x =   y  x − h


    E  n   y  x =   y  x + n h


  n


  𝜇


  𝜇   y  x =  1 2  (   y  x +  1 2 h +   y  x −  1 2 h )


  E


  𝛥 , 𝛻 , 𝛿 , 𝜇


  E


  𝛥 = E − 1


  𝛻 = 1 −   E  − 1


  𝛿 =   E  1 / 2 −   E  − 1 / 2


  𝜇 =  1 2  (   E  1 / 2 +   E  − 1 / 2 )


  Δ = E 𝛻 = 𝛻 E = 𝛿   E  1 / 2


  E =   e  h D


  Δ   y  x =   y  x + h −   y  x = E   y  x −   y  x =  ( E − 1 )   y  x


  𝛥


  E


  Δ = E − 1   or   E = 1 + Δ


  E


    y  x


  1 + 𝛥


    y  x


  E


  𝛥


  𝛻   y  x =   y  x −   y  x − h =   y  x −   E  − 1   y  x =  ( 1 −   E  − 1 )   y  x


  ∴ 𝛻 = 1 −   E  − 1


  𝛿   y  x =   y  x +  1 2 h −   y  x −  1 2 h =   E  1 / 2   y  x −   E  − 1 / 2   y  x =  (   E  1 / 2 −   E  − 1 / 2 )   y  x


  ∴ 𝛿 =   E  1 / 2 −   E  − 1 / 2


  𝜇   y  x =  1 2  (   y  x +  1 2 h +   y  x −  1 2 h ) =  1 2  (   E  1 / 2   y  x +   E  − 1 / 2   y  x ) =  1 2  (   E  1 / 2 +   E  − 1 / 2 )   y  x


  ∴ 𝜇 =  1 2  (   E  1 / 2 +   E  − 1 / 2 )


  E 𝛻   y  x = E  (   y  x −   y  x − h ) = E   y  x − E   y  x − h =   y  x + h −   y  x = Δ   y  x


  ∴ E 𝛻 = 𝛥


  𝛻 E   y  x = 𝛻   y  x + h =   y  x + h −   y  x = Δ   y  x


  𝛻 E   y  x = 𝛻   y  x + h =   y  x + h −   y  x = Δ   y  x


  ∴ 𝛻 E = 𝛥


  ∴ 𝛻 E = 𝛥


  𝛿   E  1 / 2   y  x = 𝛿   y  x +  1 2 h =   y  x +  1 2 h +  1 2 h −   y  x +  1 2 h −  1 2 h =   y  x + h −   y  x = Δ   y  x


  𝛿   E  1 / 2   y  x = 𝛿   y  x +  1 2 h =   y  x +  1 2 h +  1 2 h −   y  x +  1 2 h −  1 2 h =   y  x + h −   y  x = Δ   y  x


  ∴ 𝛿   E  1 / 2 = Δ


  ∴ 𝛿   E  1 / 2 = Δ


  Hence  Δ = E 𝛻 = 𝛻 E = 𝛿   E  1 / 2


  Hence  Δ = E 𝛻 = 𝛻 E = 𝛿   E  1 / 2


  E f  ( x ) = f  ( x + h ) = f  ( x ) + h f ′  ( x ) +    h 2  2 ! f ′ ′  ( x ) + …   [by Taylor's series]


  = f  ( x ) + h D f  ( x ) +    h 2  2 !   D 2 f  ( x ) + …


  =  ( 1 + h D +    h 2   D 2  2 ! +    h 3   D 3  3 ! + … ) f  ( x ) =   e  h D f  ( x )


  ∴ E =   e  h D


  ∴ E =   e  h D


  Cor.  E = 1 + Δ =   e  h D


  E


    e  x =  (    Δ 2  E )   e  x ⋅   E   e  x   Δ 2   e  x


  h


   (    Δ 2  E )   e  x =  Δ 2 ⋅   E  − 1   e  x =  Δ 2   e  x − h =  Δ 2   e  x ⋅   e  − h =   e  − h  Δ 2   e  x


  ∴ R.H.S. =   e  − h  Δ 2   e  x ⋅   E   e  x   Δ 2   e  x =   e  − h E   e  x =   e  − h ⋅   e  x + h =   e  x


  h D =  log ⁡   ( 1 + Δ ) = −  log ⁡   ( 1 − 𝛻 ) =    sinh  − 1 ⁡   ( 𝜇 𝛿 )


   (   E  1 / 2 +   E  − 1 / 2 )    ( 1 + Δ )  1 / 2 = 2 + Δ


  Δ =  1 2   𝛿 2 + 𝛿  1 +   𝛿 2 / 4


   Δ 3   y 2 =   𝛻 3   y 5


    e  h D = E = 1 + Δ


  ∴ h D =  log ⁡   ( 1 + Δ )


  Also  h D =  log ⁡  E = −  log ⁡   (   E  − 1 ) = −  log ⁡   ( 1 − 𝛻 )    [ ∵   E  − 1 = 1 − 𝛻 ]


  Also  h D =  log ⁡  E = −  log ⁡   (   E  − 1 ) = −  log ⁡   ( 1 − 𝛻 )    [ ∵   E  − 1 = 1 − 𝛻 ]


  𝜇 =  1 2  (   E  1 / 2 +   E  − 1 / 2 )


  𝛿 =   E  1 / 2 −   E  − 1 / 2


  𝜇 𝛿 =  1 2  (   E  1 / 2 +   E  − 1 / 2 )  (   E  1 / 2 −   E  − 1 / 2 )


  𝜇 𝛿 =  1 2  (   E  1 / 2 +   E  − 1 / 2 )  (   E  1 / 2 −   E  − 1 / 2 )


  =  1 2  ( E −   E  − 1 ) =  1 2  (   e  h D −   e  − h D ) =  sinh ⁡   ( h D )


  =  1 2  ( E −   E  − 1 ) =  1 2  (   e  h D −   e  − h D ) =  sinh ⁡   ( h D )


  i.e.  h D =    sinh  − 1 ⁡   ( 𝜇 𝛿 )


  i.e.  h D =    sinh  − 1 ⁡   ( 𝜇 𝛿 )


  Hence  h D =  log ⁡   ( 1 + Δ ) = −  log ⁡   ( 1 − 𝛻 ) =    sinh  − 1 ⁡   ( 𝜇 𝛿 )


  Hence  h D =  log ⁡   ( 1 + Δ ) = −  log ⁡   ( 1 − 𝛻 ) =    sinh  − 1 ⁡   ( 𝜇 𝛿 )


   (   E  1 / 2 +   E  − 1 / 2 )    ( 1 + Δ )  1 / 2


  =  (   E  1 / 2 +   E  − 1 / 2 )   E  1 / 2 = E + 1 = 1 + Δ + 1 = 2 + Δ


   1 2   𝛿 2 + 𝛿  1 +   𝛿 2 / 4


  =  1 2    (   E  1 / 2 −   E  − 1 / 2 ) 2 +  (   E  1 / 2 −   E  − 1 / 2 )  1 +    (   E  1 / 2 −   E  − 1 / 2 ) 2 / 4


  =  1 2  ( E +   E  − 1 − 2 ) +  (   E  1 / 2 −   E  − 1 / 2 )   [  ( E +   E  − 1 + 2 ) / 4 ]


  =  1 2  ( E +   E  − 1 − 2 ) +  (   E  1 / 2 −   E  − 1 / 2 )   [  ( E +   E  − 1 + 2 ) / 4 ]


  =  1 2  ( E +   E  − 1 − 2 ) +  (   E  1 / 2 −   E  − 1 / 2 )  (   E  1 / 2 +   E  − 1 / 2 ) / 2


  =  1 2  ( E +   E  − 1 − 2 ) +  (   E  1 / 2 −   E  − 1 / 2 )  (   E  1 / 2 +   E  − 1 / 2 ) / 2


  =  1 2  [  ( E +   E  − 1 − 2 ) +  ( E −   E  − 1 ) ] =  1 2  ( 2 E − 2 ) = E − 1 = Δ


   Δ 3   y 2 =    ( E − 1 ) 3   y 2    [ ∵ Δ = E − 1 ]


  =  (   E 3 − 3   E 2 + 3 E − 1 )   y 2


  =   y 5 − 3   y 4 + 3   y 3 −   y 2   …  ( 1 )


  =   y 5 − 3   y 4 + 3   y 3 −   y 2   …  ( 1 )


    𝛻 3   y 5 =    ( 1 −   E  − 1 ) 3   y 5    [ ∵ 𝛻 = 1 −   E  − 1 ]


    𝛻 3   y 5 =    ( 1 −   E  − 1 ) 3   y 5    [ ∵ 𝛻 = 1 −   E  − 1 ]


  =  ( 1 − 3   E  − 1 + 3   E  − 2 −   E  − 3 )   y 5


  =  ( 1 − 3   E  − 1 + 3   E  − 2 −   E  − 3 )   y 5


  =   y 5 − 3   y 4 + 3   y 3 −   y 2   …  ( 2 )


  =   y 5 − 3   y 4 + 3   y 3 −   y 2   …  ( 2 )


   Δ 3   y 2 =   𝛻 3   y 5


    u 1 x +   u 2   x 2 +   u 3   x 3 + … =   x  1 − x   u 1 +    (   x  1 − x ) 2 Δ   u 1 +    (   x  1 − x ) 3  Δ 2   u 1 + …


    u 0 +     u 1 x  1 ! +     u 2   x 2  2 ! +     u 3   x 3  3 ! + … =   e  x  (   u 0 + x Δ   u 0 +     x 2  2 !  Δ 2   u 0 +     x 3  3 !  Δ 3   u 0 + … )


  = x   u 1 +   x 2 E   u 1 +   x 3   E 2   u 1 + …


  = x  ( 1 + x E +   x 2   E 2 + … )   u 1 = x ⋅  1  1 − x E   u 1 ,   taking sum of infinite G.P.


  = x  [  1  1 − x  ( 1 + Δ ) ]   u 1    [ ∵ E = 1 + Δ ]


  = x  [  1  1 − x  ( 1 + Δ ) ]   u 1    [ ∵ E = 1 + Δ ]


  = x  (  1  1 − x − x Δ )   u 1 =   x  1 − x    ( 1 −   x Δ  1 − x )  − 1   u 1


  = x  (  1  1 − x − x Δ )   u 1 =   x  1 − x    ( 1 −   x Δ  1 − x )  − 1   u 1


  =   x  1 − x  ( 1 +   x Δ  1 − x +     x 2  Δ 2     ( 1 − x ) 2 + … )   u 1


  =   x  1 − x  ( 1 +   x Δ  1 − x +     x 2  Δ 2     ( 1 − x ) 2 + … )   u 1


  =   x  1 − x   u 1 +     x 2     ( 1 − x ) 2 Δ   u 1 +     x 3     ( 1 − x ) 3  Δ 2   u 1 + … = R.H.S.


  =   x  1 − x   u 1 +     x 2     ( 1 − x ) 2 Δ   u 1 +     x 3     ( 1 − x ) 3  Δ 2   u 1 + … = R.H.S.


  =   u 0 +   x  1 ! E   u 0 +     x 2  2 !   E 2   u 0 +     x 3  3 !   E 3   u 0 + …


  =  ( 1 +   x E  1 ! +     x 2   E 2  2 ! +     x 3   E 3  3 ! + … )   u 0 =   e  x E   u 0 =   e  x  ( 1 + Δ )   u 0 =   e  x ⋅   e  x Δ   u 0


  =   e  x  ( 1 +   x Δ  1 ! +     x 2  Δ 2  2 ! +     x 3  Δ 3  3 ! + … )   u 0


  =   e  x  ( 1 +   x Δ  1 ! +     x 2  Δ 2  2 ! +     x 3  Δ 3  3 ! + … )   u 0


  =   e  x  (   u 0 +   x  1 ! Δ   u 0 +     x 2  2 !  Δ 2   u 0 +     x 3  3 !  Δ 3   u 0 + … ) = R.H.S.


  =   e  x  (   u 0 +   x  1 ! Δ   u 0 +     x 2  2 !  Δ 2   u 0 +     x 3  3 !  Δ 3   u 0 + … ) = R.H.S.


   (    Δ 2  E )   u  x


   (    Δ 2   u  x  E   u  x )


  h


   Δ  E  sin ⁡  x


     ( Δ + 𝛻 ) 2  (   x 2 + x ) ,    ( h = 1 )


   (    Δ 2  E )   x 3


     Δ 2   x 3  E   x 3


     Δ 2  E  sin ⁡   ( x + h ) +    Δ 2  sin ⁡   ( x + h )  E  sin ⁡   ( x + h )


  Δ = 1 −   e  − h D


  D =  2 h    sinh  − 1 ⁡   (   𝛿 2 )


   ( 1 + Δ )  ( 1 − 𝛻 ) = 1


  Δ 𝛻 = 𝛻 Δ =   𝛿 2


  𝛿 = Δ    ( 1 + Δ )  − 1 / 2 = 𝛻    ( 1 − 𝛻 )  − 1 / 2


    𝜇 2 = 1 +     𝛿 2 4


  𝛿  (   E  1 / 2 +   E  − 1 / 2 ) = Δ   E  − 1 + Δ


  𝛿 = Δ   E  − 1 / 2 = 𝛻   E  1 / 2


  𝜇 𝛿 =  1 2  ( Δ + 𝛻 )


  1 +   𝛿 2 / 2 =   ( 1 +   𝛿 2   𝜇 2 )


  Δ = 𝜇 𝛿 +     𝛿 2 2


    E  1 / 2 =    ( 1 +     𝛿 2 4 )  1 / 2 +     𝛿 2 2


    E  r =    ( 𝜇 +  1 2 𝛿 )  2 r


  𝛥 − 𝛻 = 𝛥 𝛻


  Δ + 𝛻 =  Δ  𝛻 −   𝛻 Δ


  𝛻 = Δ   E  − 1 =   E  − 1 Δ = 1 −   E  − 1


  E =   ∑  i = 0 ∞    𝛻  i


    𝛻 2 =  h 2   D 2 −  h 3   D 3 +  7 12  h 4   D 4 − …


    ∑  k = 0  n − 1   Δ 2   f  k = Δ   f  n − Δ   f 0


    𝛻  r   f  k =  Δ  r   f  k − r


  Δ  (   f  k 2 ) =  (   f  k +   f  k + 1 ) Δ   f  k


    u 0 +   u 1 +   u 2 + … +   u  n =  ​  n + 1  C 1   u 0 +  ​  n + 1  C 2 Δ   u 0 +  ​  n + 1  C 3  Δ 2   u 0 + … +  ​  n + 1  C  n + 1  Δ  n   u 0


   Δ  n   u  x =   u  x + n −  ​  n  C 1   u  x + n − 1 +  ​  n  C 2   u  x + n − 2 + … +    ( − 1 )  n   u  x


    y  x =   y  n −  ​  n − x  C 1 Δ   y  n − 1 +  ​  n − x  C 2  Δ 2   y  n − 2 − … +    ( − 1 )  n − x  Δ  n − x   y  n −  ( n − x )


    y  k =   ∑  i = 0  k     k  C  i  Δ  i   y 0


   1 3 +  2 3 +  3 3 + … +   n 3


   1 3 ,  2 3 ,  3 3 , …


    u 0 ,   u 1 ,   u 2 , …


  S =   u 0 +   u 1 +   u 2 + … +   u  n − 1


  =  ( 1 + E +   E 2 + … +   E  n − 1 )   u 0    [ ∵   u 1 = E   u 0 ,   u 2 =   E 2   u 0  etc. ]


  =  ( 1 + E +   E 2 + … +   E  n − 1 )   u 0    [ ∵   u 1 = E   u 0 ,   u 2 =   E 2   u 0  etc. ]


  =     E  n − 1  E − 1   u 0 =      ( 1 + Δ )  n − 1 Δ   u 0


  =     E  n − 1  E − 1   u 0 =      ( 1 + Δ )  n − 1 Δ   u 0


  =  1 Δ  [ 1 + n Δ +   n  ( n − 1 )  2 !  Δ 2 +   n  ( n − 1 )  ( n − 2 )  3 !  Δ 3 + … +  Δ  n − 1 ]   u 0


  =  1 Δ  [ 1 + n Δ +   n  ( n − 1 )  2 !  Δ 2 +   n  ( n − 1 )  ( n − 2 )  3 !  Δ 3 + … +  Δ  n − 1 ]   u 0


  =  [ n +   n  ( n − 1 )  2 ! Δ   u 0 +   n  ( n − 1 )  ( n − 2 )  3 !  Δ 2   u 0 + … ]


  =  [ n +   n  ( n − 1 )  2 ! Δ   u 0 +   n  ( n − 1 )  ( n − 2 )  3 !  Δ 2   u 0 + … ]


  Δ   u 0 =   u 1 −   u 0 =  2 3 −  1 3 = 7


   Δ 2   u 0 =   u 2 − 2   u 1 +   u 0 =  3 3 − 2 ⋅  2 3 +  1 3 = 12


   Δ 3   u 0 =   u 3 − 3   u 2 + 3   u 1 −   u 0 =  4 3 − 3 ⋅  3 3 + 3 ⋅  2 3 −  1 3 = 6


   Δ 4   u 0 ,  Δ 5   u 0 , …


    u  r =   r 3


  S = n +   n  ( n − 1 ) 2 ⋅ 7 +   n  ( n − 1 )  ( n − 2 ) 6 ⋅ 12 +   n  ( n − 1 )  ( n − 2 )  ( n − 3 ) 24 ⋅ 6


  =     n 2 4  (   n 2 + 2 n + 1 ) =    [   n  ( n + 1 ) 2 ] 2


    u 0 +   u 1 x +   u 2   x 2 + … ∞ =     u 0  1 − x +   x Δ   u 0     ( 1 − x ) 2 +     x 2  Δ 2   u 0     ( 1 − x ) 3 + … ∞


  1 ⋅ 2 + 2 ⋅ 3 x + 3 ⋅ 4   x 2 + … ∞


    u 0 +   u 1 x +   u 2   x 2 + … ∞ =  ( 1 + x E +   x 2   E 2 +   x 3   E 3 + … ∞ )   u 0


  =  1  1 − x E   u 0 =  1  1 − x  ( 1 + Δ )   u 0


  =  1   ( 1 − x ) − x Δ   u 0 =  1   ( 1 − x )    ( 1 −   x  1 − x Δ )  − 1   u 0


  =  1   ( 1 − x ) − x Δ   u 0 =  1   ( 1 − x )    ( 1 −   x  1 − x Δ )  − 1   u 0


  =  1  1 − x  { 1 −   x Δ  1 − x +     x 2  Δ 2   ( 1 −   x 2 ) + … }   u 0


  =  1  1 − x  { 1 −   x Δ  1 − x +     x 2  Δ 2   ( 1 −   x 2 ) + … }   u 0


  =     u 0  1 − x +   x     ( 1 − x ) 2 Δ   u 0 +     x 2     ( 1 − x ) 3  Δ 2   u 0 + … ∞


  =     u 0  1 − x +   x     ( 1 − x ) 2 Δ   u 0 +     x 2     ( 1 − x ) 3  Δ 2   u 0 + … ∞


    u 0 = 2


  4


    u 1 = 6


  2


  6


  0


    u 2 = 12


  2


  8


  0


    u 3 = 20


  2


  10


    u 4 = 30


    u 0 = 2 , Δ   u 0 = 4 ,  Δ 2   u 0 = 2 ,  Δ 3   u 0 =  Δ 4   u 0  etc. all  = 0


  1 ⋅ 2 + 2 ⋅ 3 x + 3 ⋅ 4   x 2 + … ∞


  =   u 0 +   u 1 x +   u 2   x 2 + … ∞


  =     u 0  1 − x +   x     ( 1 − x ) 2 Δ   u 0 +     x 2     ( 1 − x ) 3  Δ 2   u 0 + … ∞


  =     u 0  1 − x +   x     ( 1 − x ) 2 Δ   u 0 +     x 2     ( 1 − x ) 3  Δ 2   u 0 + … ∞


  =  2  1 − x +   4 x     ( 1 − x ) 2 +   2   x 2     ( 1 − x ) 3 =  2     ( 1 − x ) 3


   1 2 +  2 2 +  3 2 + … +  n 2


  2 ⋅ 5 + 5 ⋅ 8 + 8 ⋅ 11 + 11 ⋅ 14 + …   to   n   terms


  1 ⋅ 2 ⋅ 3 + 2 ⋅ 3 ⋅ 4 + 3 ⋅ 4 ⋅ 5 + …   to   n   terms


    ∑  x = 1 n x  ( x + 2 )  ( x + 4 )


   u 0 +    u 1 x  1 ! +    u 2  x 2  2 ! + … =  e x  (  u 0 +  x  1 ! Δ  u 0 +    x 2  2 !  Δ 2  u 0 + … )


   1 3 +    2 3  1 ! x +    3 3  2 !   x 2 +    4 3  3 !   x 3 + … ∞


  1 +   4 x  1 ! +   10   x 2  2 ! +   20   x 3  3 ! +   35   x 4  4 ! +   56   x 5  5 ! + … ∞


  1 ⋅ 3 + 3 ⋅ 5 x + 5 ⋅ 7   x 2 + 7 ⋅ 9   x 3 + … ∞ .


    ∑  r = 1  n    u  r =  ​  n  C 1   u 1 +  ​  n  C 2 Δ   u 1 +  ​  n  C 3  Δ 2   u 1 + … +  Δ  n − 1   u 1


   1 4 +  2 4 +  3 4 + … +   n 4


  1 ⋅ 2 Δ   x  n − 2 ⋅ 3  Δ 2   x  n + 3 ⋅ 4  Δ 3   x  n − 4 ⋅ 5  Δ 4   x  n + …  to  n  terms


  Δ   x  n −  1 2  Δ 2   x  n +   1 ⋅ 3  2 ⋅ 4  Δ 3   x  n −   1 ⋅ 3 ⋅ 5  2 ⋅ 4 ⋅ 6  Δ 4   x  n + …  to  n  terms =    ( x + 1 / 2 )  n −    ( x − 1 / 2 )  n


  y = f  ( x )


     x :    x 0    x 1    x 2  …    x  n   y :    y 0    y 1    y 2  …    y  n


  y


  x =   x  i


    x 0


    x  n


  f  ( x )


  y


  x


  f  ( x )


  f  ( x )


   (   x  i ,   y  i )


  f  ( x )


  𝜙  ( x )


  f  ( x )


  𝜙  ( x )


  𝜙  ( x )


  𝜙  ( x )


  y = f  ( x )


    y 0 ,   y 1 , … ,   y  n


    x 0 ,   x 1 , … ,   x  n


  x


  x


    x  i =   x 0 + i h    ( i = 0 , 1 , … )


  y  ( x )


  n t h


  x


  y  (   x 0 ) =   y 0 , y  (   x 1 ) =   y 1 , … , y  (   x  n ) =   y  n


  y  ( x ) =   a 0 +   a 1  ( x −   x 0 ) +   a 2  ( x −   x 0 )  ( x −   x 1 ) +   a 3  ( x −   x 0 )  ( x −   x 1 )  ( x −   x 2 ) + … +   a  n  ( x −   x 0 )  ( x −   x 1 ) …  ( x −   x  n − 1 )   …  ( 1 )


  x =   x 0 ,   x 1 , … ,   x  n


    y 0 =   a 0 ,     y 1 =   a 0 +   a 1  (   x 1 −   x 0 ) ,     y 2 =   a 0 +   a 1  (   x 2 −   x 0 ) +   a 2  (   x 2 −   x 0 )  (   x 2 −   x 1 )


    a 0 =   y 0


  Δ   y 0 =   y 1 −   y 0 =   a 1  (   x 1 −   x 0 ) =   a 1 h


  ∴   a 1 =  1 h Δ   y 0


  Δ   y 1 =   y 2 −   y 1 =   a 1  (   x 2 −   x 1 ) +   a 2  (   x 2 −   x 0 )  (   x 2 −   x 1 ) =   a 1 h +   a 2 ⋅ 2 h ⋅ h = Δ   y 0 + 2  h 2   a 2


  ∴   a 2 =  1  2  h 2  ( Δ   y 1 − Δ   y 0 ) =  1  2 !  h 2  Δ 2   y 0


    a 3 =  1  3 !  h 3  Δ 3   y 0


  y  ( x ) =   y 0 +   Δ   y 0 h  ( x −   x 0 ) +    Δ 2   y 0  2 !  h 2  ( x −   x 0 )  ( x −   x 1 ) +    Δ 3   y 0  3 !  h 3  ( x −   x 0 )  ( x −   x 1 )  ( x −   x 2 ) + …   …  ( 2 )


  y


  x =   x 0 + p h


  x −   x 0 = p h ,   x −   x 1 = x −   x 0 −  (   x 1 −   x 0 ) = p h − h =  ( p − 1 ) h ,


  x −   x 2 = x −   x 1 −  (   x 2 −   x 1 ) =  ( p − 1 ) h − h =  ( p − 2 ) h   etc.


  x −   x 2 = x −   x 1 −  (   x 2 −   x 1 ) =  ( p − 1 ) h − h =  ( p − 2 ) h   etc.


  y  ( x ) = y  (   x 0 + p h ) =   y  p


    y  p =   y 0 + p Δ   y 0 +   p  ( p − 1 )  2 !  Δ 2   y 0 +   p  ( p − 1 )  ( p − 2 )  3 !  Δ 3   y 0 + … +   p  ( p − 1 ) …  ( p − n + 1 )  n !  Δ  n   y 0   …  ( 3 )


    y 0


    y 0


  y = f  ( x )


    y 0 ,   y 1 ,   y 2 , …


    x 0 ,   x 0 + h ,   x 0 + 2 h , …


  x


  f  ( x )


  x =   x 0 + p h


  p


  p


  E


    E  p f  ( x ) = f  ( x + p h )


  Thus    y  p = f  (   x 0 + p h ) =   E  p f  (   x 0 ) =    ( 1 + Δ )  p   y 0    [ ∵ E = 1 + Δ ]


  Thus    y  p = f  (   x 0 + p h ) =   E  p f  (   x 0 ) =    ( 1 + Δ )  p   y 0    [ ∵ E = 1 + Δ ]


  =  { 1 + p Δ +   p  ( p − 1 )  2 !  Δ 2 +   p  ( p − 1 )  ( p − 2 )  3 !  Δ 3 + … }   y 0   …  ( 4 )


    y  p =   y 0 + p Δ   y 0 +   p  ( p − 1 )  2 !  Δ 2   y 0 +   p  ( p − 1 )  ( p − 2 )  3 !  Δ 3   y 0 + …


  ( using   Binomial   theorem


  y = f  ( x )


  n t h


   Δ  n + 1   y 0


    y  p =   y 0 + p Δ   y 0 +   p  ( p − 1 )  2 !  Δ 2   y 0 +   p  ( p − 1 )  ( p − 2 )  3 !  Δ 3   y 0 + … +   p  ( p − 1 )  ( p − n − 1 )  n !  Δ  n   y 0


  y


  y


   y 0


  y = f  ( x )


    y 0 ,   y 1 ,   y 2 , …


    x 0


    x 0 + h


    x 0 + 2 h


  …


  x


  f  ( x )


  x =   x  n + p h


  p


    y  p = f  (   x  n + p h ) =   E  p f  (   x  n ) =    ( 1 − 𝛻 )  − p   y  n   [ ∵   E  − 1 = 1 − 𝛻


  =  [ 1 + p 𝛻 +   p  ( p + 1 )  2 !   𝛻 2 +   p  ( p + 1 )  ( p + 2 )  3 !   𝛻 3 + … ]   y  n


  =  [ 1 + p 𝛻 +   p  ( p + 1 )  2 !   𝛻 2 +   p  ( p + 1 )  ( p + 2 )  3 !   𝛻 3 + … ]   y  n


  ( using   Binomial   theorem


    y  p =   y  n + p 𝛻   y  n +   p  ( p + 1 )  2 !   𝛻 2   y  n +   p  ( p + 1 )  ( p + 2 )  3 !   𝛻 3   y  n + …   …  ( 1 )


   y n


   y n


  y


  y


   y n


  y = d i s t a n c e :


  y


  x = 218   ft


  x = 410


  − 0 . 39


  − 0 . 24


  − 0 . 07


  − 0 . 16


  − 0 . 05


  − 0 . 13


  − 0 . 01


  − 0 . 11


    x 0 = 200


    y 0 = 15 . 04


  Δ   y 0 = 1 . 77


   Δ 2   y 0 = − 0 . 16


   Δ 3 = 0 . 03


  x = 218


  h = 50


    ∴   p =   x −   x 0 h =  18 50 = 0 . 36


  ∴  


    y 218 =   y 0 + p Δ   y 0 +   p  ( p − 1 )  2 !  Δ 2   y 0 +   p  ( p − 1 )  ( p − 2 )  3 !  Δ 3   y 0 +   p  ( p − 1 )  ( p − 2 )  ( p − 3 )  4 !  Δ 4   y 0 + …


  f  ( 218 ) = 15 . 04 + 0 . 36  ( 1 . 77 ) +   0 . 36  ( − 0 . 64 ) 2  ( − 0 . 16 ) +   0 . 36  ( − 0 . 64 )  ( − 1 . 64 ) 6  ( 0 . 03 ) +   0 . 36  ( − 0 . 64 )  ( − 1 . 64 )  ( − 2 . 64 ) 24  ( − 0 . 01 )


  = 15 . 04 + 0 . 637 + 0 . 018 + 0 . 002 + 0 . 0004


  = 15 . 04 + 0 . 637 + 0 . 018 + 0 . 002 + 0 . 0004


  = 15 . 697   i . e .   15 . 7   n a u t i c a l   m i l e s .


  = 15 . 697   i . e .   15 . 7   n a u t i c a l   m i l e s .


  x = 410


  ∴  


    x  n = 400 , p =   x −   x  n h =  10 50 = 0 . 2


    y  n = 21 . 27 , 𝛻   y  n = 1 . 37 ,   𝛻 2   y  n = − 0 . 11 ,   𝛻 3   y  n = 0 . 02  etc.


  ∴  


    y 410 =   y 400 + p 𝛻   y 400 +   p  ( p + 1 )  2 !   𝛻 2   y 400 +   p  ( p + 1 )  ( p + 2 )  3 !   𝛻 3   y 400 +   p  ( p + 1 )  ( p + 2 )  ( p + 3 )  4 !   𝛻 4   y 400


  = 21 . 27 + 0 . 2  ( 1 . 37 ) +   0 . 2  ( 1 . 2 )  2 !  ( − 0 . 11 ) +   0 . 2  ( 1 . 2 )  ( 2 . 2 )  3 !  ( 0 . 02 ) +   0 . 2  ( 1 . 2 )  ( 2 . 2 )  ( 3 . 2 )  4 !  ( − 0 . 01 )


  = 21 . 27 + 0 . 2  ( 1 . 37 ) +   0 . 2  ( 1 . 2 )  2 !  ( − 0 . 11 ) +   0 . 2  ( 1 . 2 )  ( 2 . 2 )  3 !  ( 0 . 02 ) +   0 . 2  ( 1 . 2 )  ( 2 . 2 )  ( 3 . 2 )  4 !  ( − 0 . 01 )


  = 21 . 27 + 0 . 274 − 0 . 0132 + 0 . 0018 − 0 . 0007


  = 21 . 27 + 0 . 274 − 0 . 0132 + 0 . 0018 − 0 . 0007


  = 21 . 53   n a u t i c a l   m i l e s .


  = 21 . 53   n a u t i c a l   m i l e s .


    𝒚  𝒙


    y  x


    y  x


    y  x


    y  x


    y  x


  − 25


  − 16


  − 4


    y 45


    x 0 = 40


  x = 45


  p =   x −   x 0 h =  5 10 = 0 . 5   [ ∵ h = 10


  ∴  


    y 45 =   y 40 + p Δ   y 40 +   p  ( p − 1 )  2 !  Δ 2   y 40 +   p  ( p − 1 )  ( p − 2 )  3 !  Δ 3   y 40 +   p  ( p − 1 )  ( p − 2 )  ( p − 3 )  3 !  Δ 4   y 40


  = 31 + 0 . 5 × 42 +   0 . 5  ( − 0 . 5 ) 2 × 9 +   0 . 5  ( − 0 . 5 )  ( − 1 . 5 ) 6 ×  ( − 25 ) +   0 . 5  ( − 0 . 5 )  ( − 1 . 5 )  ( − 2 . 5 ) 24 × 37


  = 31 + 0 . 5 × 42 +   0 . 5  ( − 0 . 5 ) 2 × 9 +   0 . 5  ( − 0 . 5 )  ( − 1 . 5 ) 6 ×  ( − 25 ) +   0 . 5  ( − 0 . 5 )  ( − 1 . 5 )  ( − 2 . 5 ) 24 × 37


  = 31 + 21 − 1 . 125 − 1 . 5625 − 1 . 4453


  = 31 + 21 − 1 . 125 − 1 . 5625 − 1 . 4453


  = 47 . 87 ,   o n   s i m p l i f i c a t i o n .


  = 47 . 87 ,   o n   s i m p l i f i c a t i o n .


  = 48 − 31 = 17


  f  ( 1 . 6 )


  f  ( x )


  y


  x = 1 . 85


  2 . 4


  y =   e  x


  x


    x 0 − 2 h ,   x 0 − h ,   x 0 ,   x 0 + h ,   x 0 + 2 h


  y = f  ( x )


    y  − 2 ,   y  − 1 ,   y 0 ,   y 1 ,   y 2


    x 0 − 2 h


    y  − 2


  Δ   y  − 2  ( = 𝛿   y  − 3 / 2 )


    x 0 − h


    y  − 1


   Δ 2   y  − 2  ( =   𝛿 2   y  − 1 )


  Δ   y  − 1  ( = 𝛿   y  − 1 / 2 )


   Δ 3   y  − 2  ( =   𝛿 3   y  − 1 / 2 )


    x 0


    y 0


   Δ 2   y  − 1  ( =   𝛿 2   y 0 )


   Δ 4   y  − 2  ( =   𝛿 4   y 0 )


  Δ   y 0  ( = 𝛿   y  1 / 2 )


   Δ 3   y  − 1  ( =   𝛿 3   y  1 / 2 )


    x 0 + h


    y 1


   Δ 2   y 0  ( =   𝛿 2   y 1 )


  Δ   y 1  ( = 𝛿   y  3 / 2 )


    x 0 + 2 h


    y 2


    𝒚  𝒙


  − 25


  − 16


  − 4


    y 45


    x 0 = 40


  x = 45


  p =   x −   x 0 h =  5 10 = 0 . 5   [ ∵ h = 10


  ∴  


    y 45 =   y 40 + p Δ   y 40 +   p  ( p − 1 )  2 !  Δ 2   y 40 +   p  ( p − 1 )  ( p − 2 )  3 !  Δ 3   y 40 +   p  ( p − 1 )  ( p − 2 )  ( p − 3 )  3 !  Δ 4   y 40


  = 31 + 0 . 5 × 42 +   0 . 5  ( − 0 . 5 ) 2 × 9 +   0 . 5  ( − 0 . 5 )  ( − 1 . 5 ) 6 ×  ( − 25 ) +   0 . 5  ( − 0 . 5 )  ( − 1 . 5 )  ( − 2 . 5 ) 24 × 37


  = 31 + 21 − 1 . 125 − 1 . 5625 − 1 . 4453


  = 31 + 21 − 1 . 125 − 1 . 5625 − 1 . 4453


  = 47 . 87 ,   o n   s i m p l i f i c a t i o n .


  = 47 . 87 ,   o n   s i m p l i f i c a t i o n .


  = 48 − 31 = 17


  f  ( x )


  f  ( 4 )


  − 2


  − 1


    x 0 = 0


  p =   x − 0 h = x   [ ∵ h = 1


  ∴  


  f  ( x ) = f  ( 0 ) +   x 1 Δ f  ( 0 ) +   x  ( x − 1 )  1 . 2  Δ 2 f  ( 0 ) +   x  ( x − 1 )  ( x − 2 )  1 . 2 . 3  Δ 3 f  ( 0 )


  = 1 + x  ( 1 ) +   x  ( x − 1 ) 2  ( − 2 ) +   x  ( x − 1 )  ( x − 2 ) 6  ( 12 )


  = 1 + x  ( 1 ) +   x  ( x − 1 ) 2  ( − 2 ) +   x  ( x − 1 )  ( x − 2 ) 6  ( 12 )


  = 2   x 3 − 7   x 2 + 6 x + 1 ,


  = 2   x 3 − 7   x 2 + 6 x + 1 ,


  f  ( 4 )


    x  n = 3 , x = 4


  p =   x −   x  n h = 1   [ ∵ h = 1


  f  ( 4 ) = f  ( 3 ) + p 𝛻 f  ( 3 ) +   p  ( p + 1 )  1 . 2   𝛻 2 f  ( 3 ) +   p  ( p + 1 )  ( p + 2 )  1 . 2 . 3   𝛻 3 f  ( 3 )


  = 10 + 9 + 10 + 12 = 41


  = 10 + 9 + 10 + 12 = 41


  x = 4


  y


  y


   ∆ 2 y


   ∆ 3 y


   ∆ 5


    x 0 = 3 , x = 1


  h = 1


  p = − 2


  y  ( 1 ) = 4 . 8 +    ( − 2 ) 1 × 3 . 6 +    ( − 2 )  ( − 3 )  1 . 2 × 2 . 5 +    ( − 2 )  ( − 3 )  ( − 4 )  1 . 2 . 3 × 0 . 5 = 3 . 1


    x  n = 9


  x = 10 , h = 1


  p = 1


  y  ( 10 ) = 73 . 9 +  1 1 × 21 . 1 +   1  ( 2 )  1 . 2 × 4 . 5 +   1  ( 2 )  ( 3 )  1 . 2 . 3 × 0 . 5 = 100 .


  f  ( 1 . 6 )


  f  ( x )


  y


  x = 1 . 85


  2 . 4


  y =   e  x


  f  ( 1 . 15 ) = 1 . 0723 , f  ( 1 . 20 ) = 1 . 0954 , f  ( 1 . 25 ) = 1 . 1180


  f  ( 1 . 30 ) = 1 . 1401


  f  ( 1 . 28 )


     sin ⁡ 45 ∘ = 0 . 7071 ,    sin ⁡ 50 ∘ = 0 . 7660 ,    sin ⁡ 55 ∘ = 0 . 8192 ,    sin ⁡ 60 ∘ = 0 . 8660


     sin ⁡ 52 ∘


  f  ( x )


  f  ( 0 . 7 )


  A


  d


  A


  y


  y


  x = 5


  x


  y


  − 1


  − 1


    u 1 = 40 ,   u 3 = 45 ,   u 5 = 54


    u 2


    u 4


    u  − 1 = 10 ,   u 1 = 8 ,   u 2 = 10 ,   u 4 = 50


    u 0


    u 3


    y 0 = 3 ,   y 1 = 12 ,   y 2 = 81 ,   y 3 = 200 ,   y 4 = 100 ,   y 5 = 8


   Δ 5   y 0


    ∑ 1 10  f  ( x ) = 500426 ,   ∑ 4 10  f  ( x ) = 329240 ,   ∑ 7 10  f  ( x ) = 175212


  f  ( 10 ) = 40365


  f  ( 1 )


  x


  y = f  ( x )


    y 0 ,   y 1 , … ,   y  n


  x =   x 0 ,   x 1 , … ,   x  n


  f  ( x ) =    ( x −   x 1 )  ( x −   x 2 ) …  ( x −   x  n )   (   x 0 −   x 1 )  (   x 0 −   x 2 ) …  (   x 0 −   x  n )   y 0 +    ( x −   x 0 )  ( x −   x 2 ) …  ( x −   x  n )   (   x 1 −   x 0 )  (   x 1 −   x 2 ) …  (   x 1 −   x  n )   y 1


  + … +    ( x −   x 0 )  ( x −   x 1 ) …  ( x −   x  n − 1 )   (   x  n −   x 0 )  (   x  n −   x 1 ) …  (   x  n −   x  n − 1 )   y  n


  + … +    ( x −   x 0 )  ( x −   x 1 ) …  ( x −   x  n − 1 )   (   x  n −   x 0 )  (   x  n −   x 1 ) …  (   x  n −   x  n − 1 )   y  n


  y = f  ( x )


   (   x 0 ,   y 0 ) ,  (   x 1 ,   y 1 ) , … ,  (   x  n ,   y  n )


  n + 1


  x


  y


  f  ( x )


  x


  n


  y = f  ( x ) =   a 0  ( x −   x 1 )  ( x −   x 2 ) …  ( x −   x  n ) +   a 1  ( x −   x 0 )  ( x −   x 2 ) …  ( x −   x  n )


  +   a 2  ( x −   x 0 )  ( x −   x 1 )  ( x −   x 3 ) …  ( x −   x  n ) + … +   a  n  ( x −   x 0 )  ( x −   x 1 ) …  ( x −   x  n − 1 )


  x =   x 0 , y =   y 0


    y 0 =   a 0  (   x 0 −   x 1 )  (   x 0 −   x 2 ) …  (   x 0 −   x  n )


    a 0 =   y 0 /  [  (   x 0 −   x 1 )  (   x 0 −   x 2 ) …  (   x 0 −   x  n ) ]


    a 0 =   y 0 /  [  (   x 0 −   x 1 )  (   x 0 −   x 2 ) …  (   x 0 −   x  n ) ]


  x =   x 1 , y =   y 1


    a 1 =   y 1 /  [  (   x 1 −   x 0 )  (   x 1 −   x 2 ) …  (   x 1 −   x  n ) ]


    a 2 ,   a 3 …   a  n


    a 0 ,   a 1 , … ,   a  n


   x i


   ( x −   x 0 )  ( x −   x 1 ) …  ( x −   x  n )


    f  ( x )   ( x −   x 0 )  ( x −   x 1 ) …  ( x −   x  n ) =     y 0   (   x 0 −   x 1 )  (   x 0 −   x 2 ) …  (   x 0 −   x  n ) ⋅  1  x −   x 0


  +     y 1   (   x 1 −   x 0 )  (   x 1 −   x 2 ) …  (   x 1 −   x  n ) ⋅  1  x −   x 1 + …


  +     y 1   (   x 1 −   x 0 )  (   x 1 −   x 2 ) …  (   x 1 −   x  n ) ⋅  1  x −   x 1 + …


  +     y  n   (   x  n −   x 0 )  (   x  n −   x 1 ) …  (   x  n −   x  n − 1 ) ⋅  1  x −   x  n


  +     y  n   (   x  n −   x 0 )  (   x  n −   x 1 ) …  (   x  n −   x  n − 1 ) ⋅  1  x −   x  n


   (   x 0 ,   y 0 ) ,  (   x 1 ,   y 1 ) ,  (   x 2 ,   y 2 ) , …


    x 0 ,   x 1


   [   x 0 ,   x 1 ] =     y 1 −   y 0    x 1 −   x 0


   [   x 1 ,   x 2 ] =     y 2 −   y 1    x 2 −   x 1


   [   x 2 ,   x 3 ] =     y 3 −   y 2    x 3 −   x 2


    x 0 ,   x 1 ,   x 2


   [   x 0 ,   x 1 ,   x 2 ] =    [   x 1 ,   x 2 ] −  [   x 0 ,   x 1 ]    x 2 −   x 0


    x 0 ,   x 1 ,   x 2 ,   x 3


   [   x 0 ,   x 1 ,   x 2 ,   x 3 ] =    [   x 1 ,   x 2 ,   x 3 ] −  [   x 0 ,   x 1 ,   x 2 ]    x 3 −   x 0   and so on.


   [  x 0 ,  x 1 ] =    y 0   x 0 −  x 1 +    y 1   x 1 −  x 0 =  [  x 1 ,  x 0 ] ,  [  x 0 ,  x 1 ,  x 2 ]


  =     y 0   (   x 0 −   x 1 )  (   x 0 −   x 2 ) +     y 1   (   x 1 −   x 0 )  (   x 1 −   x 2 ) +     y 2   (   x 2 −   x 0 )  (   x 2 −   x 1 )


  =  [   x 1 ,   x 2 ,   x 0 ]  or   [   x 2 ,   x 0 ,   x 1 ]  and so on.


  =  [   x 1 ,   x 2 ,   x 0 ]  or   [   x 2 ,   x 0 ,   x 1 ]  and so on.


  n t h


  n t h


    x 1 −   x 0 =   x 2 −   x 1 = … =   x  n −   x  n − 1 = h


   [   x 0 ,   x 1 ] =     y 1 −   y 0    x 1 −   x 0 =   Δ   y 0 h


   [   x 0 ,   x 1 ,   x 2 ] =    [   x 1 ,   x 2 ] −  [   x 0 ,   x 1 ]    x 2 −   x 0 =  1  2 h  {   Δ   y 1 h −   Δ   y 0 h }


   [   x 0 ,   x 1 ,   x 2 ] =    [   x 1 ,   x 2 ] −  [   x 0 ,   x 1 ]    x 2 −   x 0 =  1  2 h  {   Δ   y 1 h −   Δ   y 0 h }


  =  1  2 !  h 2  Δ 2   y 0  and in general,   [   x 0 ,   x 1 ,   x 2 , … ,   x  n ] =  1  n !  h  n  Δ  n   y  0 .


  =  1  2 !  h 2  Δ 2   y 0  and in general,   [   x 0 ,   x 1 ,   x 2 , … ,   x  n ] =  1  n !  h  n  Δ  n   y  0 .


  n t h


   Δ  n   y 0


  n t h


    y 0 ,   y 1 , … ,   y  n


  y = f  ( x )


    x 0 ,   x 1 , … ,   x  n


   [ x ,   x 0 ] =   y −   y 0  x −   x 0


  y =   y 0 +  ( x −   x 0 )  [ x ,   x 0 ]


   [ x ,   x 0 ,   x 1 ] =    [ x ,   x 0 ] −  [   x 0 ,   x 1 ]  x −   x 1


   [ x ,   x 0 ] =  [   x 0 ,   x 1 ] +  ( x −   x 1 )  [ x ,   x 0 ,   x 1 ]


   [ x ,   x 0 ]


  y =   y 0 +  ( x −   x 0 )  [   x 0 ,   x 1 ] +  ( x −   x 0 )  ( x −   x 1 )  [ x ,   x 0 ,   x 1 ]


   [ x ,   x 0 ,   x 1 ,   x 2 ] =    [ x ,   x 0 ,   x 1 ] −  [   x 0 ,   x 1 ,   x 2 ]  x −   x 2


   [ x ,   x 0 ,   x 1 ] =  [   x 0 ,   x 1 ,   x 2 ] +  ( x −   x 2 )  [ x ,   x 0 ,   x 1 ,   x 2 ]


   [ x ,   x 0 ,   x 1 ]


  y =   y 0 +  ( x −   x 0 )  [   x 0 ,   x 1 ] +  ( x −   x 0 )  ( x −   x 1 )  [   x 0 ,   x 1 ,   x 2 ] +  ( x −   x 0 )  ( x −   x 1 )  ( x −   x 2 )  [ x ,   x 0 ,   x 1 ,   x 2 ]


  y = f  ( x ) =   y 0 +  ( x −   x 0 )  [   x 0 ,   x 1 ] +  ( x −   x 0 )  ( x −   x 1 )  [   x 0 ,   x 1 ,   x 2 ]


  +  ( x −   x 0 )  ( x −   x 1 )  ( x −   x 2 )  [   x 0 ,   x 1 ,   x 2 ,   x 3 ] + …


  +  ( x −   x 0 )  ( x −   x 1 )  ( x −   x 2 )  [   x 0 ,   x 1 ,   x 2 ,   x 3 ] + …


  +  ( x −   x 0 )  ( x −   x 1 ) …  ( x −   x  n )  [ x ,   x 0 ,   x 1 , … ,   x  n ]


  +  ( x −   x 0 )  ( x −   x 1 ) …  ( x −   x  n )  [ x ,   x 0 ,   x 1 , … ,   x  n ]


  f  ( x )


  f  ( 9 )


    x 0 = 5


    x 1 = 7


    x 2 = 11


    x 3 = 13


    x 4 = 17


    y 0 = 150


    y 1 = 392


    y 2 = 1452


    y 3 = 2366


    y 4 = 5202


  x = 9


  f  ( 9 ) =    ( 9 − 7 )  ( 9 − 11 )  ( 9 − 13 )  ( 9 − 17 )   ( 5 − 7 )  ( 5 − 11 )  ( 5 − 13 )  ( 5 − 17 ) × 150 +    ( 9 − 5 )  ( 9 − 11 )  ( 9 − 13 )  ( 9 − 17 )   ( 7 − 5 )  ( 7 − 11 )  ( 7 − 13 )  ( 7 − 17 ) × 392


  +    ( 9 − 5 )  ( 9 − 7 )  ( 9 − 13 )  ( 9 − 17 )   ( 11 − 5 )  ( 11 − 7 )  ( 11 − 13 )  ( 11 − 17 ) × 1452


  +    ( 9 − 5 )  ( 9 − 7 )  ( 9 − 13 )  ( 9 − 17 )   ( 11 − 5 )  ( 11 − 7 )  ( 11 − 13 )  ( 11 − 17 ) × 1452


  +    ( 9 − 5 )  ( 9 − 7 )  ( 9 − 11 )  ( 9 − 17 )   ( 13 − 5 )  ( 13 − 7 )  ( 13 − 11 )  ( 13 − 17 ) × 2366


  +    ( 9 − 5 )  ( 9 − 7 )  ( 9 − 11 )  ( 9 − 17 )   ( 13 − 5 )  ( 13 − 7 )  ( 13 − 11 )  ( 13 − 17 ) × 2366


  +    ( 9 − 5 )  ( 9 − 7 )  ( 9 − 11 )  ( 9 − 13 )   ( 17 − 5 )  ( 17 − 7 )  ( 17 − 11 )  ( 17 − 13 ) × 5202


  +    ( 9 − 5 )  ( 9 − 7 )  ( 9 − 11 )  ( 9 − 13 )   ( 17 − 5 )  ( 17 − 7 )  ( 17 − 11 )  ( 17 − 13 ) × 5202


  = −  50 3 +  3136 15 +  3872 3 −  2366 3 +  578 5 = 810


  = −  50 3 +  3136 15 +  3872 3 −  2366 3 +  578 5 = 810


  x = 9


  f  ( 9 ) = 150 +  ( 9 − 5 ) × 121 +  ( 9 − 5 )  ( 9 − 7 ) × 24 +  ( 9 − 5 )  ( 9 − 7 )  ( 9 − 11 ) × 1


  = 150 + 484 + 192 − 16 = 810 .


  = 150 + 484 + 192 − 16 = 810 .


  f  ( x )


  x


  f  ( x )


  − 4


  − 404


  − 1


  − 28


  − 14


  f  ( x ) = f  (   x 0 ) +  ( x −   x 0 )  [   x 0 ,   x 1 ] +  ( x −   x 0 )  ( x −   x 1 )  [   x 0 ,   x 1 ,   x 2 ] + …


  = 1245 +  ( x + 4 )  ( − 404 ) +  ( x + 4 )  ( x + 1 )  ( 94 )


  = 1245 +  ( x + 4 )  ( − 404 ) +  ( x + 4 )  ( x + 1 )  ( 94 )


  +  ( x + 4 )  ( x + 1 )  ( x − 0 )  ( − 14 ) +  ( x + 4 )  ( x + 1 ) x  ( x − 2 )  ( 3 )


  +  ( x + 4 )  ( x + 1 )  ( x − 0 )  ( − 14 ) +  ( x + 4 )  ( x + 1 ) x  ( x − 2 )  ( 3 )


  = 3   x 4 − 5   x 3 + 6   x 2 − 14 x + 5 .


  = 3   x 4 − 5   x 3 + 6   x 2 − 14 x + 5 .


  y


  x = 10


  x


  y


  y


   140 ∘


     log 10 ⁡ 654 = 2 . 8156


     log 10 ⁡ 658 = 2 . 8182


     log 10 ⁡ 659 = 2 . 8189


     log 10 ⁡ 661 = 2 . 8202


     log 10 ⁡ 656


    y 0 = − 12


    y 1 = 0


    y 3 = 6


    y 4 = 12


    y 2


  f  ( x )


  f  ( x )


  y  ( 1 ) = − 3 , y  ( 3 ) = 9 , y  ( 4 ) = 30 , y  ( 6 ) = 132


  y


  f  ( 0 ) = − 18 , f  ( 1 ) = 0 , f  ( 3 ) = 0 , f  ( 5 ) = − 248 , f  ( 6 ) = 0 , f  ( 9 ) = 13104


  f  ( x )


      x 2 + 6 x − 1   (   x 2 − 1 )  ( x − 4 )  ( x − 6 )


  f  ( x ) =   x 2 + 6 x − 1


  x = − 1 , 1 , 4 , 6


  x


     log 10 ⁡  x


     log 10 ⁡  x


     log 10 ⁡ 310


  f  ( x )


  f  ( x )


  f  ( 8 )


  f  ( 15 )


  f  ( x )


  x


  y


  x


  y


  x =    ( y −   y 1 )  ( y −   y 2 ) …  ( y −   y  n )   (   y 0 −   y 1 )  (   y 0 −   y 2 ) …  (   y 0 −   y  n )   x 0 +    ( y −   y 0 )  ( y −   y 2 ) …  ( y −   y  n )   (   y 1 −   y 0 )  (   y 1 −   y 2 ) …  (   y 1 −   y  n )   x 1


  + … +    ( y −   y 0 )  ( y −   y 1 ) …  ( y −   y  n − 1 )   (   y  n −   y 0 )  (   y  n −   y 1 ) …  (   y  n −   y  n − 1 ) …


  + … +    ( y −   y 0 )  ( y −   y 1 ) …  ( y −   y  n − 1 )   (   y  n −   y 0 )  (   y  n −   y 1 ) …  (   y  n −   y  n − 1 ) …


  x


  y


  y


  x


  y = 12


    x 0 = 1 . 2 ,   x 1 = 2 . 1 ,   x 2 = 2 . 8 ,   x 3 = 4 . 1 ,   x 4 = 4 . 9 ,   x 5 = 6 . 2


    y 0 = 4 . 2 ,   y 1 = 6 . 8 ,   y 2 = 9 . 8 ,   y 3 = 13 . 4 ,   y 4 = 15 . 5 ,   y 5 = 19 . 6


  y = 12


  x =    ( 12 − 6 . 8 )  ( 12 − 9 . 8 )  ( 12 − 13 . 4 )  ( 12 − 15 . 5 )  ( 12 − 19 . 6 )   ( 4 . 2 − 6 . 8 )  ( 4 . 2 − 9 . 3 )  ( 4 . 2 − 13 . 4 )  ( 4 . 2 − 15 . 5 )  ( 4 . 2 − 19 . 6 ) × 1 . 2


  +    ( 12 − 4 . 2 )  ( 12 − 9 . 8 )  ( 12 − 13 . 4 )  ( 12 − 15 . 5 )  ( 12 − 19 . 6 )   ( 6 . 8 − 4 . 2 )  ( 6 . 8 − 9 . 8 )  ( 6 . 8 − 13 . 4 )  ( 6 . 8 − 15 . 5 )  ( 6 . 8 − 19 . 6 ) × 2 . 1


  +    ( 12 − 4 . 2 )  ( 12 − 9 . 8 )  ( 12 − 13 . 4 )  ( 12 − 15 . 5 )  ( 12 − 19 . 6 )   ( 6 . 8 − 4 . 2 )  ( 6 . 8 − 9 . 8 )  ( 6 . 8 − 13 . 4 )  ( 6 . 8 − 15 . 5 )  ( 6 . 8 − 19 . 6 ) × 2 . 1


  +    ( 12 − 4 . 2 )  ( 12 − 6 . 8 )  ( 12 − 13 . 4 )  ( 12 − 15 . 5 )  ( 12 − 19 . 6 )   ( 9 . 8 − 4 . 2 )  ( 9 . 8 − 6 . 8 )  ( 9 . 8 − 13 . 4 )  ( 9 . 8 − 15 . 5 )  ( 9 . 8 − 19 . 6 ) × 2 . 8


  +    ( 12 − 4 . 2 )  ( 12 − 6 . 8 )  ( 12 − 13 . 4 )  ( 12 − 15 . 5 )  ( 12 − 19 . 6 )   ( 9 . 8 − 4 . 2 )  ( 9 . 8 − 6 . 8 )  ( 9 . 8 − 13 . 4 )  ( 9 . 8 − 15 . 5 )  ( 9 . 8 − 19 . 6 ) × 2 . 8


  +    ( 12 − 4 . 2 )  ( 12 − 6 . 8 )  ( 12 − 9 . 8 )  ( 12 − 15 . 5 )  ( 12 − 19 . 6 )   ( 13 . 4 − 4 . 2 )  ( 13 . 4 − 6 . 8 )  ( 13 . 4 − 9 . 8 )  ( 13 . 4 − 15 . 5 )  ( 13 . 4 − 19 . 6 ) × 4 . 1


  +    ( 12 − 4 . 2 )  ( 12 − 6 . 8 )  ( 12 − 9 . 8 )  ( 12 − 15 . 5 )  ( 12 − 19 . 6 )   ( 13 . 4 − 4 . 2 )  ( 13 . 4 − 6 . 8 )  ( 13 . 4 − 9 . 8 )  ( 13 . 4 − 15 . 5 )  ( 13 . 4 − 19 . 6 ) × 4 . 1


  +    ( 12 − 4 . 2 )  ( 12 − 6 . 8 )  ( 12 − 9 . 8 )  ( 12 − 13 . 4 )  ( 12 − 19 . 6 )   ( 15 . 5 − 4 . 2 )  ( 15 . 5 − 6 . 8 )  ( 15 . 5 − 9 . 8 )  ( 15 . 5 − 13 . 4 )  ( 15 . 5 − 19 . 6 ) × 4 . 9


  +    ( 12 − 4 . 2 )  ( 12 − 6 . 8 )  ( 12 − 9 . 8 )  ( 12 − 13 . 4 )  ( 12 − 19 . 6 )   ( 15 . 5 − 4 . 2 )  ( 15 . 5 − 6 . 8 )  ( 15 . 5 − 9 . 8 )  ( 15 . 5 − 13 . 4 )  ( 15 . 5 − 19 . 6 ) × 4 . 9


  +    ( 12 − 4 . 2 )  ( 12 − 6 . 8 )  ( 12 − 9 . 8 )  ( 12 − 13 . 4 )  ( 12 − 15 . 5 )   ( 19 . 6 − 4 . 2 )  ( 19 . 6 − 6 . 8 )  ( 19 . 6 − 9 . 8 )  ( 19 . 6 − 13 . 4 )  ( 19 . 6 − 15 . 5 ) × 6 . 2


  +    ( 12 − 4 . 2 )  ( 12 − 6 . 8 )  ( 12 − 9 . 8 )  ( 12 − 13 . 4 )  ( 12 − 15 . 5 )   ( 19 . 6 − 4 . 2 )  ( 19 . 6 − 6 . 8 )  ( 19 . 6 − 9 . 8 )  ( 19 . 6 − 13 . 4 )  ( 19 . 6 − 15 . 5 ) × 6 . 2


  = 0 . 022 − 0 . 234 + 1 . 252 + 3 . 419 − 0 . 964 + 0 . 055 = 3 . 55 .


  = 0 . 022 − 0 . 234 + 1 . 252 + 3 . 419 − 0 . 964 + 0 . 055 = 3 . 55 .


    y  p =   y 0 + p Δ   y 0 +   p  ( p − 1 )  2 !  Δ 2   y 0 +   p  ( p − 1 )  ( p − 2 )  3 !  Δ 3   y 0 + …


  p =  1  Δ   y 0  [   y  p −   y 0 −   p  ( p − 1 )  2 !  Δ 2   y 0 −   p  ( p − 1 )  ( p − 2 )  3 !  Δ 3   y 0 − … ]


  p


    p 1 =  (   y  p −   y 0 ) / Δ   y 0


  p


    p 1


    p 2 =  1  Δ   y 0  [   y  p −   y 0 −     p 1  (   p 1 − 1 )  2 !  Δ 2   y 0 ]


  p


    p 2


    p 3 =  1  Δ   y 0  [   y  p −   y 0 −     p 2  (   p 2 − 1 )  2 !  Δ 2   y 0 −     p 2  (   p 2 − 1 )  (   p 2 − 2 )  3 !  Δ 3   y 0 ]


  p


    x 3 + x − 3 = 0


  1 . 2


   Δ 2 y


   Δ 3 y    


   Δ 4 y


  − 0 . 2


  − 1


  − 0 . 1


  − 0 . 569


  − 0 . 072


  1 . 2


  1 . 3


  x = 1 . 2


  y =   y 0 + x   Δ   y 0 + Δ   y  − 1 2 +     x 2 2  Δ 2   y  − 1 +   x  (   x 2 − 1 ) 6    (  Δ 3   y  − 1 +  Δ 3   y  − 2 ) 2 ,  we get


  0 = − 0 . 072 + x ⋅   0 . 569 + 0 . 467 2 +     x 2 2  ( 0 . 072 ) +   x  (   x 2 − 1 ) 6   0 . 006 + 0 . 006 2    ( ∵ y = 0 )


  0 = − 0 . 072 + x ⋅   0 . 569 + 0 . 467 2 +     x 2 2  ( 0 . 072 ) +   x  (   x 2 − 1 ) 6   0 . 006 + 0 . 006 2    ( ∵ y = 0 )


  or  0 = − 0 . 072 + 0 . 532 x + 0 . 036   x 2 + 0 . 001   x 3


  or  0 = − 0 . 072 + 0 . 532 x + 0 . 036   x 2 + 0 . 001   x 3


  x =   0 . 072  0 . 532 −   0 . 036  0 . 532   x 2 −   0 . 001  0 . 532   x 3


  ∴  First approximation    x   ( 1 ) =   0 . 072  0 . 532 = 0 . 1353


  ∴  First approximation    x   ( 1 ) =   0 . 072  0 . 532 = 0 . 1353


  x =   x   ( 1 )


  Second approximation    x   ( 2 ) = 0 . 1353 − 0 . 067    ( 0 . 1353 ) 2 − 1 . 8797    ( 0 . 1353 ) 3 = 0 . 134


  = 1 . 2 + 0 . 1 × 0 . 134 = 1 . 2134 .


  x


  f  ( x ) = 15


  f  ( x )


  t


  A = 85


  A


  f  ( x ) = 0


  f  ( 30 ) = − 30 , f  ( 34 ) = − 13 , f  ( 38 ) = 3  and  f  ( 42 ) = 18

